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- .. . ■ ^ Weface. , , : ■ . : ,.;( \;.vM-..;; 

Hlstorl^feBM^'c^ci^s haa immtdpeO. dMA d#;the aearoh;, for- ntethods ^for^.^^S^ 

l^euli, if liotl^^sBlWL*, tg flic ^ri, a partlpiili- period; ^ ^;'v-.'; 
ifiifcTv1f -of-.dl&coveiy 1%- espealally hara lii;the .fiwe -of ,cBloi^^ 

Sx^^kiMm'^n^^ km^lataa the' prBatlon .of rbho^^^rtjeet hafl. exlstei,^;^; 

^oi^hm^&3^,^^BiB. Initliily Ahe: techniques were vlewpd praemotloa^yj ■ o^; 
^ If 'tii^'^^rreasonable S^^ they werft cdnBldered ao^qd. Bul^^equintly^ J 

^ theleeiT^ wS^hrqugb Buah analyai- that the..fuii:pi^^ei|;;pf.«if pitaesr ^ 

"^■rflWhods'™T?W ^rfeUjLzedv -' - ■ : ■ ■ . v ,.- .. ' 

; ■■ " mi Sfeb'caaaul*is;^pel not totempt to par^3ie^;#W, hlgtorlcar dewlopment 
; Uut, It is rdoted^ln. the'^Si' for ^aolutlonB to, prolii^ms./,;.;Krotlems aa-e used ' ;s 
- ■ tp^Sveal the lnipkaiirias«: 'jSete ■IsaueB axe thfe;^|rt»^^d to tirM, of ^-jj 
^ , (sometlmeaNlnconffiiete) mat^ematl«a .moaela. ^ The- moduli] :in turfj- BUggeat^ ' r- . . 

9onsl4etatlons tljat \ motivate the atuay of . the ■thearetlcal ptrijcture of. the 
" fiourse^' Shin th^fie 'ii^^^ br expre a sed precis* ly Bo that'w w reason^ 

;, about>hem locally'. ' Flnali^^e^aoiirBa rAturna egaln to problemB and 
S' . appll^p 'the "theory :whl,oh h ; i; . . " . - 



.1 



'^V f^^-ckc^^ g^qmtSftfka ai;^«ralc strands of eErliar^ eDUries 

. VV.4d^6ffari- tk^ mq^^^'^geniral^^epark^ for'fui^ther, atudy of mathematics an4 
^j:-' ItV-appk-qatidns.^';;^^^^ ±B\hp natural wp^^qna of :the secondaTy;" aph^ol .inat% 

. ypT oaaid ^o fi^agBt "^'- lu^. . ^ ■ — 

^^•'f-J^.v•>^Caic4ua\ls■ in tfaneltlon f rom '^he WUfgeB, tJo the High scho'iljfelow ' ■,■ 

tm 'increisingly nAny ^ supeilotf' et^dSiitB Vpn^lete.the SMSG a comWaB^^ . ^ 
curri^lum by the end' of.,tK:e'''elWenth\;irftde,/the^>rfind toward a c^lMa\iB ^l^rae 
'.qffkred ■ In -tliB twelfth grade;: lobSieratiiig;- Students takini sd^'^^cqursp " '. 
.-V-uauaaiy. hopsr' for, advanced' Standing ^^e other hai^d,,,qoUBie_S . . ■ 

:V^'arAn^Bnslfying^demndB upon _:th|sy\^ inBtltutlo^B, -Ve-^,' .V'/,'^? 

rel,uctat,,t-'to .allow Bdvaheed.' standing for prior work" ,ln the chlc4us; pn-tM , \ 
■ ground's it may- not prpviae;. an'radequate conceptual .haals tor further; work' 
V--- ■^ in mthematici.^V ■■■ ^ ' % ■ ■ - ' / . ' ^■'/.■■' ^/'^--^^t 

'■; ■ "The'inffliediate '^urposi^t '^hlStBxt is to bridge the transition ' from' high ; 

'acHool to college hy supplying a one year ialculus .oourBe which pTOvidee an 
adfequate' aonceptuai hasis for. advanced standing in the programs Of leading 
insfitutlofts -:and,, at „the ?ame time; ,iB designed meet the needs of high 
, . . Bchaol, students and ^teaoh'ers . "The couree has not been hound rto the , sjilahus 
' of the'Advanced Elacemant-.ProgBa^ of the%lleie Entrance Examination; /Sokrd: . 

^.slnce'thatUyllato |an .qn34^, ref leatjlw ourrloulim of the moment, ^^en, so, , . 
: : 'all the Bignif leant lalcvaua toplcr'ara' eovlrrt in depth; a student ^o maiterB , 
■': ^' oui^. suggested, minimal course should do well, on the- calculus queBtlonBJdr past , 
, * Mvanced p]j_^cemant IxaiilnatlonB , , ■ W'S^^,' ' , -. . ' ■:; ' , ' ;. 

; 4' We expect that the o'tudent who takes calculus In. high school is'suffl- 

" clently prepared 'tb undertake" a coursa which ' enoourages a matiire attitude 
.'' ■ concerning an^yBls, _ ^ *" , ■ 

■ ■ V.'\Thp:authorB hope, to ^lnvqj=ve the studepi.in the excfitlng elvterprlse'- of , 
explorihg,rMvirig;s^ftJe^ text' they address the student as 

^ : 'a. mature person, curious and vltftlly interested in relating to other dlaciplin^ , 
the' im&diate knowledge to he •acquired. His desire to order the. wsrld in a 
rakona'^'iystem- needf to be ■'satisfied ^ he wuitj^be, concemed wlth^the^oalculAis.. . • 
' as it. wa|' conceived and.oontlnueB to .grow. For that ^ason anj traditional 
""^^iWial kf doubtful current utility li pruned or even omitted ritogethfr la ^ • 
this 'TjookV'' On the .other, hand, , novelty for its own sake la'avoldedi although . 
■*ifiW ffit't^rs' in"'th^^i3rt are uneonvetitianBl-, ■ none . are ..,lnoluded..£sr /tl:iat,.,r.laBon,...,„: 



■•■il 



,the =SJ^G ierias of texts 'and may be. used^^"^ 



V rap&pAulat^li ' of ^iiantial^ Ideas to strengthen real number, and function 
cpnqep^/pertinenp to the priculus,; - .^ , / ^ = 

. / .v Wb. appeal to th^ stu^nt's^ intuition in the developmfnt o£ the/text^ The ' 
, qarefully selfcted j^mge of problem*, together with ;'the anai5rtlcai discussion ' 



. of ; question simple, and profound^ in the appendices invite, the > most Siscrdm- 



" dnatlnj reader to. explore, and pursue ' according ito his^ indi-vidual ablj^ities^^ 
' ' etamina- ^d; interests'. " " ^ ' ' ' 

^ -No. absolute time -.ec ale la su^gefeted .beeause the course does |iot corres- 

, ppnd exactly to|^traditional syllabi*. The total coverage in a year' course '■ ' 

- ' will' vaiy -graatiy,- 'A rich treatment pursuing depth rather thin breadth 

might use. the full year to cover the fundamental calculus of Chapiers 1-6 ^ 

together with^some. of the related appendices. PreMminary experience indi- 

'3 eates thatf Chapters 1-11^ 'which correspond approximately to thi scope of the 

traditional' one year course^ can and will be covered by a substantial fraction 

... /bf clasees using %hm text & and many will, want to puaii on fu2"they into^ the^ 

' I'tfter chapterE.^, - " 

■ ^ ^ '4 ' ' . ■ '1 ' ' ' 

; We ^shouldVlike. to know h|w the^ approaeh of this text works out ^ in^the 

blaasroo mj, t^ ^niqw yqur^ry€^i^nB arvi those =of yiur students. We inyite.you 

to tell us of our errors of Dmlssion and Commission* 
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The' Deriyative 
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Zeroises' 1^-1. * • 
■. Solutions ^ Ecercises 1-i ^ * 
1=^^ /Solutions Exercisefe' 1-2^ , 
1-3 ^^olutlons Exercises 1-3 ^ - 

' . . ! ■ S • . ■ ' .' ^ 

Solutions \Exercisss 2-2 . u:^ 

'2-3; fialuiiDnB ' Exercises 2-3 • 

Solutiona MnTciBei 2-%^ % ^ 
■■ ■■ ■ ■ ■ ■ *■ 

2.5. Solutions ■ 'MaraLagB S-5 . • 
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Chapter 3 . ^ ifMITS ^ GONTDftJITY. . . . , 

^^-1* So^autione Exercises 3^1 ^ -^ ^ 
"3 ^ g , ■ Se f in it ibn' of ' Lin^it orf a ' Fun ct ion ; ■ 

Solutions acercises 3^^ * ' * ' * ' * * 

3=3*' Epsilonio fechnique 

*i ,&lutions ExerGisep''3-3 ^ • ^ • - ^ ' ' 
Limit Theorems . . ^ * ^ * v * ^ - s - * ■ 
Solutions Exercises 3-k . * . - * - * • * ^ 

3-5! The Idea Continuity ^ \^ ^ ^ ^ ^ 

; " Solutions. Exercises 3-5 ^ ■ v,* 

3^g. .Properties \of Functions ^Continuous at^a Point 
■ - Bblutions E^erciies 3-^^^ .... 



Solutions Exercises 3-6h. 
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i. Solutions Exarolaes 3-7 ■ ' ■ ^ ' " ' ' 
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SolutlionB Exercises 



. ; 13^,, 

.20 
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1^ 
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tfonstralnetf Ixtremfe VaJ.ue Problems* , 
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FOTonoNs: ATO ^smi REPrasEroATiaiTs 
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.Solutldne Ecerf'cisei ^2-1- , 
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Solutions Ecerelsee A2-2 ^ < \ • * 

Inverse Functions , . . . . - * * • * • 
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MDnotone FunctiDns ^ 
Solutione Scercises Ag-U 
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Solut^^s Zeroises A2-6 

Suggested Test Itemg and Solutions Appendix : 

- * i 

> : ' 

i 

mTHMVTlCAL JHWCTION 
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Solutions Kcercises A3=l • 
Solutions Ibcerelees A3-Sa 
Solutions Ejcercises A3-ah 
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Appendlx k FACTIONS COITTimJOUS ON AN INTraVAL 
AU-i ^ Solutlone Ecerel'ees A^^-1 
AU-2 Solutions &cercisee Ah^2 . p * * • 
Solutions Exercises Ak^2 



Appendix 5 BSPUCITLY m^INED FUNCTIONS AND TIffilB DmCVATlVlS 
Solutions &e1bc|ses AJ . • ^ 
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Teacher's Coirmienta^\ f '[ ,° ; • ._ 



taiaster 1 sate rtheHone for the .coHrs^ The initial InvestfgMion is . 
e^qjioratory, tentative^^ auid incoiitlete . mie e^^lorgtory phase is; the tifl^^,of \ 
^difeveiyj the time j?f. davelbpment of intuitions and perceptions, tater "We ; 
shaol ft^ame precise" deflnit^^^ and rigormis proof s, This ia ^ the '^ : 
geneJLi plan of thi text. As thi^ copse progresses, the span between the 
InitlaJ. asqploratory phase ana the ultimate phase of vigorous proof is; ; . ^ 
shortenea, , , i 

The Chapter 'imist not be overdone (aoe Suggeatad Time Scbedulet\ The al r • 
ha^fuil df queitlons which cannot he laid to rest hef ore the. course has 
heen oonpletea. The stufl^nt la not ejected to understand ell of the calculus 
efter re^ng the Introduction j the idea is only to excite his Interest and 
curiosityW Btlnnilato his awarehhsi-of"the fact that he li embarking on a 
new and Interesting Buhject, ■ , ■ 



TCl-1. Best Value FrOblenis . ■ The Derivative . ' ' 

Jn the "parcel poet" exai^e In the te'xt which heginB on page 2 we assume 
" - that ;a 'solution to the problem exi rts . Later we shall eitabllsh the exlitence 
%. of a solution* * ^ * ^ 

\ We givtfhere baother procedure for * showing that a square eross-section is 

- best for a given girth^ If we denote the length, width, and height df the 
< carton % ^i- , w", and h , respecti^ly, then th&^g^th is + .2h and our ; 
. problem is maximize ^he volume . ' ' ' 



V ^ Jwh ^ \ 



Where i , w% h satisfy the conditions 

^ ^ i + 2w H- 2h T2 ; 

i > w >^-, i > h ^ p * . ' , ' ^ ^ 

We reduce this problem to one of maximizing a function of a slngf? Variable 



^aapi^ mwt m ]mQv the; cwreqt value of / i .J^^ss^^mBximm^ ';;,Our . 

. .proMem WOul'd -thin;te .to maximize ,wh. wjiere, w-Sajid.' h eatiafy 



1 



;lt.NfoilD^s that ^ h ; .CSee foqtnqte-j._ p. af this text or SMSG.^ Inter- 
, madlkte Mathematlc? . . p * gl\^ ^ 'Sc. ^ ft ^ ^,.m216/=1x^ k ) . 

■ ■ ' . . V , : ^ercises .l-i . ■ * \ ^\ : : 

' ' - J,^"'-. " ' . ' - ' . ^ ■/ ^ ■ ^ ^ . 

v^- In Seotion 1-1 w eirphaslze _the "prdU in, 
genar.ai.^ the .moat difficult ptot 'of ma^imtim and hdnlmum problems eonsiatg dt 
flndli^= the^ function t^fflixi ml ze or minimize* Since no general rule can he -"\ 
given for doing this ^ the student- Aty fin# some of the problems In Exe^cle'e. 
1-1 quite challetiglngi 



^ ^ Eseentlally^ the ^question Involves the ahillty to translate aii English 
-statement to a mathematical equivalent ^^^G, Flrs^ Course in Alge^ra^ Chap- 
ter k) ^ f&nilia^^lty mtli|' hasic mensuration formtilas of geometrSr^ and a soung 
...imdaratfaiding ..of ...the concept of a function^Lad related ideas ( Appendix -g) . 



These problems ^e included at this time as a. prelimlnaj^y baekgrourid tor 
the solution of the same ar^d similar proTs^ms in Chapter 5\ It is not neces-i^ 
sary (and certainly not syggesfed) that the student- eompletp each problefi in X 
Exercrfe 1^1 before going on to the next section, Spiral asslgnmerit.s are 
reGonttnended; mathematical maturity aiid an a^^e elation of functi^naJL relation- 
shipg^ are 'factors in the student^ s success \^lth problems of this sort. If 
u^d judiciously these problems i^ill motivate the coiirsej' if uieed indiscrim- 
inately they may ^cause Indigestion. ' 

^ In acercises 1-1 the rtudent is asked to write an equation describing the 
function and is not required to solve ^the given pro'blem. ' if he is curious 
about th*e, solution he should be encouraged to use the prdcedures of Section 
1- 1 to- appr ox ipat e the an s we r . Alt hoi4g h he run s 1 nt o difficulties he wi 1 1 be 
led to appreciate the llmltatlons^^eC, aloebra ' and th©j*neecl for more powerfiil 
-methods . ■ . ^ --v ■ ' ^ y -. 

Problems 12 ail^ I3 are Included at this time to give t fe^^ udent pre- 
liminai'y e^erlence with graphs of pblyriomia.l functions. Hasty sketching ^ 
without eScarftinatlo^of fufictlonal values^ may lead to incorrect cjoncluslons,' 



1-1 



Solutlona tbcerclses 1-1 



1. Expreii the area of- a J^ndplrtae at, ajmcll^u ii= per imeter. 



for a semicircl© A = — ^ 



A rectangle is inicnbsti iu ^ »i 
the reat.angle as a^functiuii 
lei%g*th of one side. 



4 




e.^ds. li' ^ I. J I fell 

& rviA. Liu., of lie:. I- ,. jl 



f ill ... 1 " ^ i iiid^i a&5 

I r 



\ 1 . 

Let 



- Is 



1»1 



Then 



but 



"32 



Froiu the fT^te^' 



3 



■J:., ^ point 'to Eiu^ 



tiiCf ^aI B on t-lit^ t 



So, 



C . f(r) 8jTr^' f 2nr 



.5 



is the fuiictloii Lu be u.i .i i .,,1^^- i 



1 



Find the right ciicuid^ ^iiiij^, i 
in a right circulai^ con^ of ikdl.is 

Let h he the height u£ tii,e 

given cone ^ and i iu^j..^ ..i 

or Lhe crusS-becti 

AC - h and CB - i . Ir ii.rj ^ , 



of th^ Inacribea ^.y i i 
aiid the radJ.ua a% its 
is X . then DC ^ 



DE 
' AD 



The Vtji uiii*^ \ 

V mX% 
tlim poly 11. j till t 

uan maxiEfLlze 



AC 



I I. 





i4i 



^^^^ 
as a 



i. uii. /ai d I 
f 

Of thl o £ Uii t i . ... 



1 ^ I 



1. 



11* M*. i 4 



i . LO .;.f.fe: ^ f^t . wide 



L The lover right-hand corner of a peee Is folded over ^0%!^ tS '^'^^^ 
• St °d« m such a w that one-endpolnt of th. creas= la on *e right 
edge o?the pie »d the other endpoint 1. on the bottom of tht pa^, 
in the fi^-^re-. 

Let i b€ the length of tht; 

crease, Slnc6 A FOR - ^ ^^''^ . ' 
PR RT _^ . ex 



have - - # , 



rrqm, right A m . 





V al 















(x) 























i r I 1 



Approximate the ma^lnium valu% of t^ie ^function 



f(x) ^- 39 - 61+0 ^ 1280 x^^ - 61+0 x-^ 



uia be e-istliuated reaaQnably ^ell 



^ In 12^ the mwinito v^ufe ut 
from the crude piottiiig of poiiitb since colncld^ij^aiiy gfkjph of 

y ^ f(x) is smooth relatively flat m \ht iiitei-vfeLi t'OjlJ in which 
the maximum occv^s, VltHout ^y furthei information, just the crude plot 
ting of poin^t of a graph 1^ urternUa^ittiaiii^, . Heie is an ilr^etration 



of thif , If we ^lot points as before 
we ohtain: , ■ ^ 



" X 


- 'd 


i 


u 




r(x) 


^2520 




.^9 





In a emo^lh cuin/'e 
1 



and sketchi\ 

symmetric with x --• ^ .uuIj it, 
to aji 'approxlm^Lit,ii ui u.^ maA i niunL- 
VLalue "whieh wouiJ uu *-iiJiy wi^/r.^. 
Actually f( j|) V ha^ iri^^itihdn 
hoth ^f s ^1 Siid U aJid 
minimum value of -39 at k = 
^Subsequently^ we will return t^j thl^ 
problem after suffi^jient LacK^iuuiiJ 
^as been 'Seve^ oped In Chapter 2. 



1 




) 



L b 



Sketch the gr^h of f i—^^o ^^'^^'^ ^ " " 



X 4 


1. 


6 




c 


f(x) 


i 




59 





:\ 



, 1 



51 



r ' 



1 ritrt"Vt=l 



9^^ 



aiiQ find 



^ f(34.)<x£ - x^) ^^fCXgRXg -oc^) * .. . . f(x^3(x^ - ^^^^ < A 
^ and', • . " ' ' ■ 

. A.</|x^)(x^. Xq) ^:f(x,)(xg^-,xj ...... tU^Ji^^ . x^_^) ^ 

n ) ^^^^^^ 

°l (fCxJ + ..; + f(x' )')'< A*< i (f|k.) ^ f(>e ) + f(x 



Jtoxinaim error ^ E ^ ^[J^(x j l i 
^ ^ . n n Q- 



(a) How, can the mBXiiAkiw' evv^ji 



3 



^te) How can the m^iii 



fei i^wi ljv. I i ^.JU^,nt ue low any given error 



Chuus 



n f hy usln^ 



A c ir c Xe ^ f uni 1 i-ad 1 u s . ^ . t; , 
caji approximate 

w6 uae f'ive 

i^ectaii^leQ tn-j lusted iu t 



In^, the sai: . method as^in 1. Here wi 



' 1 



i I 1 ± 

5 5 5 5 



5 



The dlffei-enc© "between these- larger (i) ^^'"jfTip.ller estimates i.a 



^0 ^5 



1 

u r = 



Th&n the average of the lBa%^y ^nitill^^ "^^^ i ^ i:^^ .^mi. ^.juiy xiri^r from^ 

Ay. lesB than h^i" thib dif l^-^^ ^h.. v , u.ti'. l^, ^ 



k ^ 



Too V (hi any B^iml Bubchtvi ^^ iuTf^^ . 
rert ty wi'thir] f 



cgrrrc 



We w..., I 



or bjOb. 



'A. ft 

fa 

u I feJw Ml ti 

sidei'eul wh I 



t . 1 y a , 



G. Hov Tv. 



1-3 . ^ : . 

* « i 

of^this functipni at which the .slope is zero, 

Whrt' SLre the reXated problems in (a), ^-i? uumLei- t;,)? 

' ' ^ ^ (b) Ex, i - i , iiuniLer f? 

" * (<J ) ilx . 1 i , iiu{iil.ci 5? 

, ; (d) .Ex . 1 ■ 1 , huifit.err iu. 



These are di§cussiuu piubiynife i-ui whi-.n i h^. x ... i iwu^ 4-. ..^.iLi.. answers 
Disduss as mejiy of these time ^^t^iiuii... r....! ^tua^.^i^ u.. liidi^ciitj which . 

step in ttreir Judgment way #tfhe mw^ l 5:^iu.. iu*i in c.u y.ii£\^ei ttiiU Which 

ideas were new. to them. 

\ 



2-1 



s 



l ^ T * Teacher* s Commentar^ 



^^^Tlffi IDEA^ OF DmRIVATI^/'K 

* * ' 

One of the two basic Ideas os: Lii^ eiuui.^n^i^ 

It is eaW^o appreciat^e thi^ iSea ^unntivei^ aii 
hai'ore^formulating it preclse^s^ 

Tnis* discussion begins at i.t.j i. . . ' • 
/tation of the derivalive ^ i>uit:Liw.. i . - j..^ 
point is dev#lop€^d ais a lliiul ^i. 



I 

. , .... I . 1 ...i ... ih 

i . . . , ^ I ^ y ^ ^ 

'poin^n the graph of th^ Uau.-.ii-^ i i ■ j ^ - 
of m chord Joining- ih^ pwinu i^.b) i i^- ' -^--^ y'-^^-^ i^.j) 

onWgraph. If Ix - af'^ie suft . ie..u, .i... .^ro, uhib si^t^. in 
accepted an approAima l iyi. i > i.^- ^. > i'^^ * - i ■ -1-^^^ i 

of vmat id lu^aiil by suX^i i i ^.^j ^ ^ . .. ■ ' ' ^ i ^i.. i ^ \ l 

definitiuii ui iiiuit ^=1...^^. . i ^ 



4; 1, 



wis. L 



chord and haH nO meanl,,H i ^ ■ '''^ 

I 

hypass the enei^yi^i^' ...i^ . ^ . . ^ ■ - 

algeLi^=. ,,,,.uU.>.i- I * ( " ^ ^- ■ ■ 

The ti.^ dl q^.< i . > i 
the asevAiiipl 1 I li^j I 11 

I . i 1 .[ 1, .ii 

this funeLi^.ii. ii i., . i 

/ i , , . . .Lu 

tion) uf Lhfe- let 1 val I ' . ' , 



think ol 1 ii3 ^ ail la ^uUb 

siouti t^r ibt= ftj-^aph ^i- i 
The conufspi .-i & ( ' °i 

5-7. 



1 I 



The phrase "as x %ppro^ches .a'- U to unaeiuiuud in the ^jcu^e "as, 
ft. ^ ' 

X approxirnates a We -never permit x to abt^ume ihe /^aiue a in llie 

approximatiori .process . ^ 

^ * / ^ 

';: Th& word " appi^QX i Uia I 1 ^n" 1^ ctisfeijl i^-i i I., i.., ,1 ,jut 1 imi I .-l.i^ii 

the btudenl 1h ^ncgui^QBcJ ' ^ Iw^ t ii , e« ^ i- 1 i ^i,. i : i, i i^^ u niiiiibei' 

L , whicti is tu be Jer li^e J ..i. /i . ^ , .Xi . i ... ^ . ^ i . , , i.^ ^ul i ^i, 1 ^ .li&a^ 

Of approximaticjnH , Tf a mai>i,ri -.^XfeirvJi i ... » tri'&nee ^ ^ ^ 1 .s ^-k.en^ Ibien the 

' ^' 3 
, existence gt a niean^i of l. i. ... i .^i i iai.., .i ..i.i i. is- ti ,.4 i L.v-i-i.Qj^ 

'■ ' ' ' ' . ' - 

wi'. i.in ihi^ i. ... 11 .. , , , . t . . f.^.i^ ^.j ill uhe 



.... ^ ... . . ^ 

a.-'-i-or the functlokilvanby 'f(x) =. - x + 1 , tabulate the alopei of the 

■ ■= 1 5 - 1 



chorda 'joining (l»'f(f|) *o Cx,f(x| for 



^ = 7 * To 



5 ■ 1 5 II^ ■ 1 5. = , etu., MB far your ttoe, 

7 TDQ^ ^ t " MO ^ "7 ^ 1000 7 1000 ' - - ' 



en#rgies>^and Inelinations permit. Can you^r^dicL the iimii of the 



apjproximations fr^ah inspection ul' the tabl« 



r(x) . 



f(x) - - 



r(x) 







7 ' 10 


7 






70 ^ 


70 



700 



?QP0 



The lliiili. Uife ^ppA 



e r r ■ h 1. ( ^ s t ^ I ^ 



1 , 1X1 



con^tru. t a labls lia i..: ^ 
qrigiii an^ ^ he utici :i i: - 
taken Bue ce ss i V el y 1 c b .. i' - 

what infoi™ti.'ii 1 ■...it-... ^ ^. . . ^ i 1 . e 

opinion; is it p.BBiVle U i.t vr. .i.-m of ll.. b^^P^^ -^^^ 



h. ..our 



oiwi^eo or U 

ciid point at 

rhex-efuiX 1 != 
del' ills Ui^ 
liie origin 



y = f(x) - X 



S/B 



X 


1 
f 


1 


0.001 


-0,001 


-0.000001 


r(x) 






10 


-10 





Consid'er points laKeAi i v 

closer Lu the Oii^^li^. L.uL i wiuti 1 1, 1 j.^i^ 
to the right of I urigiii: the 
slo-peg of chords Lhiuii^^.h ih... .^i i^^i. 



and ihfese yuliilu ^c^->.Jilic i. 
■ out bound . 

value wl LiiE^at; 1 , ^Jfe i 

'I*he Bi^.jyL.i$ 61 i. Ik .„■{..., , 
have a lar^^ baOluL^ 



- 1 I. h 



V 



^ . , 1 i i , . i I. I . . , I I i id 

i ..A . I .. ^,,..1, £4 litiuib^A- would 



f ( X i 

■r(xl 



0. 00000 i 

o.ni 



I 1 u 



1 y alusar, 
I tie ii^in 



"(a); At;each of the . points ,(1,7) and^'^^ , find the slopfi, of ■ ■ 

y = g(jt) = 3x^ + ^ by' oinBtAicting a table of val'ueBj then verify' 
■ , ■■ .that your anawer Is .;bh* limit .ierw^isp^^f-^hordfl^ j~ 



L 


1.25 


0,1^4 


?l'. l ; 


0.9 


'l.br' 


0.99. 




6.75 






'5.7^ 


fi.03 . 


, 5 '97 



(The 



.^ For. a^ rA^^^S^^^^^^ !r(x) - S| < € f or x 

SUf^iQiently close to 1 ■ . ... ^ 

2 



/ V 3x? + it - T L ^ . ^(x . l)(x +1) 

r(x) - X ^ 1 ^ X ^ 1 ^ X ^ 1 ' 



So r(x) ^ 3x + 3 , X 1^ 1. . ■ 
Than Ir(x) -^6\ ^'\^.- i\ - 3|x - l| , , 
We see that iking the distance between- "x ahd:^ 1/ smaUer- 
than I # the inequality |r(x). - 6| < € holdB. 



X 


\2rt 


^'9. 


^2,01 


1.99 


; 2.001 


1^999 


r(x) 


12.3 


11/7 


12.03 


U.9T 


12.003 


i 

11.997 



The elope ie^ 12 at the' poin^ (2^l6) . . , 

Veriflcatloni * ' . _ . 

\: For . aw e > 0^ we must have !r(x) - 12 1 ^ e f or ^ ^ 
, eu^iaiently close to 2 . 




r(x) - 



+ 4 ^ 16- _ ^vj^ ^;/^x 4^ 6l(x ^ 2) 



X ».2' 



X = 2 

So r(x) - 3x + 6 /x M ' 
Then; Jr(x)^ 12 j ^^\^ - 6 
gives, lr(x) ' 12I <.G , 



3^x^ 



- 2 



^ g] , TaRTng^ lx -'2j: 



{b) iind the elope 'Of y - g(x) at^ the point (a,b) .on its graph, 



^here b ^ g(&) 



y ^ gtx) ^ 3x' 
2 



+ k 



X - 

* ,5^ 



The slope of y 



*g(x) at the point (a^g(a)) is 6a 

'17 



.- ' ^ • ■ ■■ ■■ ^ • ' ■■ " ' . ' V <^ . . ; : ^ . ' ■- 

J' c) Find .^he loweat point on the*^graph of . g' /by methods /of coordinale 

• The lowsstvpoint on- the graph of gCx) k ts at ^ {O^k) 

= "'■ . since any positive or negatlvtf' vaiufB of f make 3x7 positive • ' 

: ' .(d) . Check .your, anewar to ( a) by using the result of (b) * (if a hitit is 
^ needed, one may be found in Bection " ^ 

^ ,^ ■ ^ \ ' " ■ ^ . - 

' . From (c) the lowest point -is (O^i^)' / From .(b) the slope is zero if 

, ; a ^ 0 . This is at the pojnt^ ^^g(Q| ^ov (O^k) , ^ ^ ; " ^ 

5* (a)/ Find- the; slope of y^Bft^ at.^ (a^b) where b^ ^ a^ • (if i hint 
.. ..>.-M?fQr the slmplifiaatio^ox^ r(x)' is needed^ = one may be foUnd in ' 
_ ' Section 1-1») / 



y. 



*3 = 










= (x + ax 


X 




ax 


+ a^ ^ X ^ 


= x3 


at 


X ^ a is 



r^x) - 



: =The slope " " ' ' , ^. 

("6) ■ Is there any iojj^est polni? on the graph of y ^ ? -Is there any 
highes't polntY Is there any point where the graph is horizontalT 



. J There is 
* ' The graph 



no highest point or lowest .point on the graph of y ^ 3c^,. 



' . 2 
ph is ^horizontal if the slope 3^ = 0 y ise,^ if a - 0 . 

61 What is the relationship .between the slopes of the function. in Number 
5 .porrespohding to' the points x ^ a and x - -a ? Int^Jret this 
result "graphically t Give examples of other functions haTing this 



They are aqual * The tangents have the same slope and are parallel. Other 

fUiactlons having this property re polynomial functions of the form, 

¥.r s 2n+I-^ ■ -yn-1 .. .... ...... . 

; " =. Et^J - ax^. +bx +,,*=!-hx + kx, n^^an integer,- 



tAccept from students any ■specific examples^j then ask them to check the 
sum pf ar^ two of these to generalize to obtain above polynomial* Graphi- 
callyj this curve exhibits symmetry with I'espect to the origin. The func=^ 

tiDn 'y*^ f(x) ^ X + 3 would have the same properties except that it- is 
not syTmaetrlc with respect to the origin, but it is symmetrig witft rea|ieGt' 



; to the point (0>3) * say lt;ls,:centrosyEM^ vlth raipeet to this 
' ]plnt. .In tha next section/ ther#^W ba a pro^lm about the Qentro- 

= _ ' easier. • , ' ' » _ ' ^ : ■•>" " • ■ . ' \ -^-l- . ^ , ■ 

The result also holds for curvai whose aquation, is f(K,y) » 0 where . 
tha equation reMLlns the same if x is changed to and y to * * 

i.i^, f(x^y) = f(-^x,-y) i Such a curve Is said to be cerl^psymmetric about^ =' 

. the M*! gin (O^O) * For exampleJ ;^ '<i y - a i 3Qr^a *] .^ . 

7, .-Wfeat ii'^fe^ralationship between the slopes of the function In Number U 
corresponding to the points, x'^ a Mid x ^ -a ? ^ InteiTpret^" this result 
' graphically. Glya examplei or other functions tavlng this property. 

Here- r(a) = -r(-a%. This means the Bnglea of inclination of the graph 
' at these points ara supplemantaiy . This also producas a form of syinmeti^ = 
(with raapect to . the y-aKls); ^ In Number 6, functions would be ganei?^ 
* ally deitirl^ed as polynomials/ but here only even exponanta for x would 

~^^-^-be "^f ound-p — - - " - ■ ' ' 7" " ' ' " ' " ■ "'^ "' "' - - - ~— — 



Ae result also holds for curves whose equation is f(x,y) 0 where the 

equation remains the sama If x is changed t*fc^ -x ^ l.'e., 

f(x|y) ^ f(-x,y) [symmetry with respect to the y=axls]. For example^ 

_2 . 2 , 2. 



X 



+ y - 2 , sin X ^ sin y 1 



6. (a) Find the slope of the^ graph of h • x ^ Ux - 3x^ at (a^b) , 
where b ^ h(a) . — 

■ ■ ■ ^ X ^ a - , 

■ / ^ m +'ax + a^y - 3(x + a) ^ X ^^a) 

The slope of the graph at the point ^a,h(a)^ is 

12a^ - 6a * 



19 



:(^)-' Piha= all points where %he graph of h ' is horlzontail. Can you 
r./ charadtarige these points as 



'The •graph' is., horizontal. If 
12a® - 6a. ^ p , -1*6*, if 'a ^ 0 
or a o i . At the point \ (0^6)- 
the graph has s."loQal highest" 
pDint I at the point ( " J ) 
the graph has a "local lowest" 
point. 



it" or "lowest 


^" perhaps In a 














-i ^ ' / 


/ 1 : X 








^ ■- ■ * 



Solutions ExeralsaB 



1, ' Find the.vaa.ope for x ^ a of the general lin^kr functi^ f * ^Ax^ + 1 

.(where A and B are any constant e except that ^ A o) and compare your 
result to that ohtained from the standard" slope-intercept form of the;^^ 
equation of a. straight line in coordinate geometry. 

; , ^ f(x)^- Ax + B ^ a4 0 . 

" ^ rCx) . Ax.B^ (Aa.B) ^ ^ ^ ^ ; 

. X - a 

.The standard slope- intercept form of the equation of a straight line in 
coordinate geometry Is y ^ mx + b ^ where m is the slope. Then for 
y = A3? + B the slope -intercept form ,also gives m = A , . 

2, For what values of k does the line y ^ k intersect/ the parabola 

- ' ' y ^ Ax^ + Bx + C (A ^ of - ^ In 

(a) no polftts? , ' ' ■ 

^ (h) 1 point? ^ 

(c) 2 points? 

(d) What is the lowest or highest point of the given parahola? < . 



^ ■ -jha/t^^ar.Qf , points of int^ y;° + C 

= , N will eorreipbnd to the number of real' solutions , of - ^ ^ . ^ ^ ' 

/ = r ■ ' ; \-: /■ . - ■ • : - 'M- + bx c - k ^ o . = ^ . , ^ 

/ The ■discriminant of + Bx + C ^ k --'O is B. ^ md-M .^[..^ * 



(r^y C - ' and. the llnw^erseets the p^ratiola at^ one point. == 

"For (a). and (c)^ the value a for' depend upon the sign of If . . 

^ > d ; then ^ ' . ' ' y ^ , : ' " •, ■ ^ ■ ^ 

.(a) if k < C - ^the line does not intersect the^arabola. ' ^ 

(c) if . k > C - ^ the line intersects the parabola at two distinct 

points * . . ^ ^ ^ ' ' • ^ • 

peYe^ge the above inequalities if A < Q * _ , , _^ J „: j 

v^Cd) The lowesjb (A > O) or highest (A < Oj -point of the paraboia - 

la) Find the highest point on the graph' of ^ _ \ ' 

. _ g(x) ^ - X ' . 

^ using Number 2. ' ' ^ , ' - 

: 1 ' The highest polnV is (-3|1^0 • ' ' ■ ; . - 

.f ■ - . = = , ' ■■ 

(b) ^ Explain geometrically why the point in (a) can ^elso be obtained 

b^r finding where the slo^e of . g{x) Is zero, ^ ^. / 

If the ^Blope of g{x)-' is ^"^O a^-.x - s , th^ equation of ihe ' ^ . 

horizontal line described in dumber 2 is y ^ g{a) - This. ^ ; 

iiua, intersects the curve at only one pointy the higheBt point.. ^' ^ .■^ 




*k* - (a) What Is- the greiptas'^ poselbla riiamber of poirits Khere the graph of a 
qwtoatjG tie hpriignt^l? ^ . 

The' graph of a -guadratle function. 'x,=*Ax^ + Bx > C j A 0 , . 1' 
" % hgrl^ontal at points vhere the slope m is 

_ ' . / in -'Ma + 0 

■ V; r : :': / So 5^ Is the only point where the graph of the quadratie- la; / 
horizontal i * . . . " ' - 

; ■ ■". ' ■■ ' ■ ■ . ■ . ' ■ . / ^ ■ ■ ■ / \ ^ ■ ^ ' ' , . /:\ 

(h) 1b' it^poisihle for the graph to be horizontal at^^less than' the 
..^^ ' maximum n^her of pofnte^i ori^ nowhere horizontal? If the answer to 
either question ie aff imativei given an example (in the- form of a 
^ sjeeif ie fHinctibn) , ' : ^ 

. . The graph; of the quadratic function always has one horizontal : 
■. - ' ppintV^i " \ ' - ^ ' ^ ' 

^1 t^— ^ . - -„ ^— , ^ 

' ^ _ _ '2 

5. (a) Given y - f(x) ^ 2Qk 3^ * Find the slope of. the curve at the - 

, point (a^h) J where B - f(a) . 

V . ^ ■ '.^^ ■;^'-. . , 'A 



n^h ^ " S° ' 3(x + a) J .,x ^ 

^ ;^;A^^: the point fajf(a| | the ilope^ is ; -gO^^^^^^oa'; i.^ ^; ; :v. 



Wheroj^ is the slope zero? Horn can yoft uee thie information in 
;i^jd4^ting the graph of f ?. 

The slope is zero where 20 - 6a ^ 0^ l*e.^ at a ^ , - The 



^highest point on the graph is at^ 

6f ^(a) Find the slope of the curve with equation 

- h(x) ^ Ax^. + Bx^ + Cx + D; (the -graph of the general cubic 
^ ' function) at (a,b) ^ where h ^ hCa) ; here A ^ 1 , 0 ^ D are 
any constants j except that ^ 0 * (if you need a hint for the 
simplification of r(x) ^ it may he found in Section 1-1.) 



'""^ 7^. r" A tf - ^ "a^y + B(x^^ - a") + 0(x - a) 

" - ^ . X - a 



^ A(x + ax + a") + B(x + a) + C j x ^ a 
The slope of y at (a^h(a)j is SAs"^ aia ^= C * 



2S 



73 f-'. 



(b)- -What is .the greatest poisilDl^ number of-pointB where ^ the". graph of 
cublG funbtion h may be hMlzontalT 

- - . . ^_ ^ ' _„ ^ ^ . ; , 

- the greatest ni^ber of points vh^re the graph 'of a cubi 

' may be^ horizontal is 2 , The quadratic equat^ion 
■ ": - .,3Aa 2Ba + C = 0 . ^ ; ^ ' ; ■ 



..has at most two real r$ots . 



(&) is it possible fot a^ /ibic: function to havetits graph horizontal at 
lese than the mxim^ nuitiber of points? If *the ai^wep is Yep,; 
^ive • an , example of 1^011% function* 
■ i ^ 

: ci^ic: ttey fall ^ have its graph horizontal at- two points .if the 
discrimtnant of .the above Ve^i^atic in .a is not positive. If ' 
im^ - ISAC < 0 then there-are no ^points \^here the gfaph of the 
. cubic has a horizontal slope. If kB~ - la^- 0 , or^^ B" - 3^0 , 
then" there is one point ot the. cubic having, a horizontal sloped 



Is it possible for'a^ cubic fuhction to have its graph noi^here 
horizontal? ,If- the answ:er is "Yes/' give an example of feuoh a 
^ function* . = - ■ ' 



Yes^., see .(c) above, If B 0 and 
make many examples .such as 



>0 and >'0 ,,-we can'- 



X- + 8x ^ 0 



AT. 



Shew that the" curve of Exercise 6 is centrOByimnetric about the point 

■'■(-i-'-'-i) ■• 



Cent rosjTnme trie means that given the 
above point^ as.^a ^ center, 'a line seg- 
ment starting at any other .point on* 
the curve going-^thi*ough the center 
and extended will intersect the 
■curve:- again so- tlmt the center .is. ... 
' the midpoint of this segment. 

RG ^ CS 





^^3 



it Is easily shovn that 'If PC - CQ - 
and If la a etralght linej then- 




QU = OP ana PT ^ GU , So if .%^e 
=*ake values of x thg game distance 
- in each, direction (rom - — , we . 
"should get y values which differ 
:. from h(- hy. the same amount. 



B • B / B 



Le-^ US - take m - ^ ^ '^2 " ^ W * ^3 

In .each, case. 



^ ,_L ± ^ + 2 and compu-te h(x) 



h( = A( - ^ + E^S + B( - + 2^ ^. C< - p + B) + D 



^and^-jthen , . \ . .. :i ::l .. _ 



- B) + D 



3A 



3A 



3A 



So 



Of * course^ !i.f students , have studied Analytic Geometi^ and have had trans- ^ 
iatiofis ^(SMSG- " Analytic Geometry g dhapter. lO) ^ translating the equation 
BO that the center of synmetry becomes the origin gives: ■ 

- - . ^ Y ^ + K 

which is referred to in No, 6 of Ixercises 2-2, » 



8.: A function h ^ is defined by the formulai 

.3 



/ X < 1 ^ 

I -x^ + 2x , 5^ > 1 



hitx) . 



^Tiiia^M ■sl^''of 'tWe' Of h for < 1 and" for -x> l- v -ls it- 
pp.ssible in your opinion to define a slope ^or the graph at (l,l).? 

=JSiv^^gh. ar^ment to support your answer . ,(A. sketch may; h^^heJLpful^i^ 
khswaring the;^uestion,) ^ ^ 



V 



2 k 



34 



For K .< 1 , ^(k) ^ ana .m ^ 3a^ I 




It is. not- possible /to define a slope 
fpr the graph of , h' at Ci^^) ' 



h(x) - X' 



Until now our diacusslbh' of the idea ot direction and slope for" a curve 
has teen generally at a theoretical level. Although we know from Section 
1-1 that the coneept of slope will ultimately be useful" in best value 
problems it is satisfying to have another more. immediate appllQat^|n* 
You* are probably familiar with the fict that latfge telescopes and auto-; * 
mobile headlights use parabolic mirrors, A parabolic reflector can bring 
a' bundle of parallel rays like those from a star to a sharp focus. Ypu ^ 
are now ab^e to demonstrate the sharp focusing property of the parabola. 

According to- Heron's tfaw of reflection fot^^ray of light^ incident 
upon a smooth mirror, the incident raiand.fhe refected ray make equal- 
angles with the mirror. Suppose the she^e of the^^rose section through 

the axis of the mirror is given by the graph of y ^ x . ^rove for all 
Ineiaent rays parallel to the y-axis .that the reflected rays have- a . 
comon point of int'ersectlon as iri. the figure. This common point is 
called the focus of the parabola. It b^n also be shown that this^, property 
-^charaGteri^es the parabola i i.e,, if the ^ curve is such that all parallel ^ 
rafs pass through a common point after reflection, then the ^turve must be 
a parabola^ ^ ^ . ' 



*At stellar distances the deviation from parallelism of all rays reaching- 
the earth from a givin star Is utterly negligible. . - 



ThiM old^cheetnut appears here to enable the teacher to diaauas eqiiations 
of lines (foQ^m and point of reflection determine line) and; angle between 
two lines *= DlSQuee reflecti^on^on a plane mirror and If phyaica qlaes hae 
--not "anticipated -thisylnd 

* flectloii* Angles between lines requ4^^.the theorems 



QlTq tan 



1 m^m, 



where 



m^ is the slope of 
, ia 'the slope of 




;Here, the. plane is replaQed by the tangent line, which has the" §lope. of 
th^ curve/ at that point - ' ' ' 

Do not lose time tiying to have students complete the solution* It is ' 
rhere, for motivation not exhaustion* ^he converge involvea ^differential 
equatidrisj and this idea may be reached^ this year by the class* 

- . 

Solutlaas\ Exercises 2rK i , 



1* [NOTEj Even though this problem consista^ of many partB^ it doesn't take 

very long to do* Aiso^ one does not have to' assigfF all the parts* It is. 

.ilipJ^H^?^. . . t her e a r e Ysry f e w p rpbl ems in wh i eh phy g i q al_ cpnj^l der aj* _ 

. tions are stressed #] . ^ 

I Let us assume that a pellet Is proje.Gt'ed .straight up and after awhile 

comes straight down the same vii^tel '^ath to the place' on the ground 
from which it was launched* After M^^^^^^nd,s the pellet is s feet 
above the ground. Some of the or^r^d^^irs (t^s) are given in th^ 
following table * 

26 ' • 



1^ 



2'j6 



-384 



10 



We shaU. Intantlonally avoid certain physical oonsWeratlonB^iueh as air 
reBlatenoe. ■ Moretvar, we shall dea± with Blmple nu:iiherB rather, thap^ 
■quantities meaflurad to some pre\orl-bed degra* of flccuraoy -which ralght 
arlft froni.'tA data of an actual projeftile problem lii onglneirlnfi. , ; 
(a) InternolatB -from the data 'given to dBtarmlne the height of ths 
. %rdjeotllB 'after, eight arid nine seeondB raBpeotlvely . AQueas, 
• • '■ usi^g Bynmatry as your guide.) Dobb extrapolation to find value? • 
of B*' for t.'^ -l or t = 11 make oenio on^hyolcal groundBfi 
After how many •seofanda does the projectlla appear to havs reached 
its maximum height! • What seeme to he the maximum heieh,t7 



For. 8- seconds, s- = 256 feat. For 9 Beconds, s = lUl|. feet. At 
t a -1^, or t ■= 11 , - B 'iB negatlVB and may he Interpreted as 
-halow the surface of th» ground . The maximum height seems to he 
ItOO tV, reaohed after 5 saoondB. • , ^ 

Does ' s appear to he a functioti of t 7 ' If bo, discues the domain 
and range, taking plvslcal honBlderatlonB Into account. 

A tatle'ai Bhown where there 1b a unique number for 8 under each 
t' ripresents- a function. The domain is 0 < t < 10 or' the Interval 
■ [0,10] . The range Is 0 < s < hOO or the interval - ['0 , kOO] . 



(o) 



If we were to plot a graph of* s = f(t) , 

(1) la it plausible on physical grounds to reBtrlot our graph to 
the first quadrant?. Y19. / X, j.'!, iN 

(2) Doe's the data suggest that the acale on the B=axis CVartlcaU 

, should be the same, as the scale on the t-axis (horizontal?) NO. 



■'(d) ■ Keeping in mind your responaaB to part (c)-, plot tha ordered pairs 
(t s) from the table, Conneat the points with a smooth curve. 
What is the name of the function suggeBted hy the graph? (Parahola; 
On physical grounds iSi it feaaihle that there would he a reai value 
of s for every real numher assigned to t over the interval 
0 <.t ^'10 ? Ver'm we probably Justified in conftecti'ng .the points? 



3 7 



' a- 



< 

Evei?y rlli nimber fdrf* t over 



produca a: value for^. s ^ so we 
wete Justified In. isonn^tlng 
the joints • 



J 





:^(e)^j.AssiuSling that -the equatio s ^ f (t) = At -4--Bt - was used -to 
^ develop the- entries in our table, find valuee for conetants A ^ 
B ^ and C » _^ " ' ^ . . 



^ f(t) ^. At" + Bfc + C 



For 


t 


^ 0 ^' 


■f(o) 


= 0^0 






t 


^ 1 - 


f(l) 


= A + B lifU ' 


* A ^ -16 




t. 


^ 2 


f(s). 


^ kA + 2B ^ 256 


! 160 






A.^ -16 




^ iSO , and - C 


0. 




?.(f) Bk^ch the graph. given by the equation a = l60t X§% over the. 
/ inisfervfel 0 < t < 10 , Using, a more o'prefully pldttfd graph of. the' 
ah^^ set^ connect the point where ^ t '^ 1 with the point where 
t i 2 with a chord. What is the' alop^e of this chord?' letimate. 
the- slope of the 'curve at t ^ 1 and t ^ 2 , * 







koo - 


BXopB' Qf chord^through points . 




360 - 


(1 ^Ikk) ^ and (2 ^ pi6) - 112, 




320 - 


t ^',1. y it woiild-be a 




' 280 - 


little^ larger (steeper) than 






112 J 4t - t -^ a^^^ -sJ^ghtly-^ 




-200 ' 


smaller than 112 . 




160 - 

^120 ^ 




m 


30 - 
ho ^ 




3 4. 5-6 7 8 9 10 
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38 



'■■ r 



= If 'ihe'units'^^^^ are feet ^and the uni-^ df,^ are seconds/ i^liaty 
• ' ari the'uni^^^ conmonly associated with "ttils 

ro:^ ^ m^Bl^ What Wuld you guess are the ^pl^iiaal intex^^^ 



aibpo is keasua^ad, in. units of 'ia9%:pm. Bmdonm^me& 1b tha usual • ■ ; 
• iamei . Positive valuos wouad Indloaiie upward movemBnt} zero, a rp sting ' 
poBltlonr whilB nesatlve valuBB would '1^^ a falllnS or iawmvA ' 
tnovement, ■ ' , , = . ■ ; ^ 



w the interyal 0 < t K 10" 
and % 2 . respectiyely 



(h) ^ Draw the p'aph' of v ^ l60* - 32^ 
Compare the -values of y f or t ^ 

^ with your estimates for the slopes of the graph of . s 
-in.ipir^^ (f j P ■ = , 



.At 

at 



t^ ^ 1 
t ^ 2 



128 
96 . 



and 



' l60 
120 
■BO 

ko 
- -0 
^ ^ko 

.80 
-120 

.160 




1 3 ^ ^'9 1^ 



(i) ■ ^veragC'the values of 



average\ith. the slope of ^ the chocd cormecting the pointa whece 
■ t ^1 and t ^ 2 in part (f ) , 112 ft/see. ' 



and "'t — 2 



and' dorifpare 'tl^s 
• 



If^themitsof V arei ft/sec and the units of t are seoondB, 
what are the units of the slope of the Mne v = 160 - .32t 1- ^ 
What word from phyilcs is commonly, aisooiatad with this ratio . 
of units? Does the minus sign "aiong with the partloular.nume^^ ^ 
value of this slope lave any speol5al, connotatJ?Wi from your experience?^ 

The slo^ of ^e:ii V = l60 V 32t Is in units of feet per seodhd 
per second . The word in physits Is aoQeieratioii, -32 refjrB,(ln 
. feet per aecond per aecond (ft./seo.^)) to the aooaleration due to r. 
the force of gravity at sea level, ■ - 
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2-U 



' 2 (a) ^riy© :the" veloelty . I^nction*.f or 



the motlon"^s gtv'en * In Example a- 4a 



"v^ the* graph 

V ■ ^>f?t eklled the^ world 



of ; 0(t|: ^^ 

Ld^ilne) and 

. the^ graph 6f^ the velocity as 
a fimstion of time)*- ■ 



y, ' ■ Compare the. time when ^b** equali 

> r . v^ a ^axlimm or a mlnlmmi and when 

velocity V ^ 0 . Explain thle 
':-^^.5'*i;,''^^»»phyeldally. 



'times are the sam©,* Non- 



■Vf}'' %aro .vploaitiae indicate a 
^'dh^nge t^ing plaoe in a 
^'6;^ta^m :dirVQ-&on. To shift 
■ dlrectibii^i^'sfflOQthly" it miiet 




. : ^ "^oma' .to i^t^ or go through a 

(d) .Glveh only that \ 0(6) ^ 5 .for. 
the function 0 that descrihee 
the motion^ show that there is 
■a eecond time ■ t when . 0(t) = 5 
and fi*nd tha^ v^ue of t . 
(This ii not done by aaldulus|p.) 

■ " . 5. - at^ - 39't^ + 25at 535 - % 
>^ Solving a GUbic .usually^ is . < 
*difficult^ ^ut we'.knaw 
6 is a root which enables ,us ^ 
- to reduce, the cutie to a 

quadratic . ' > : 

.^t^^ - 39t- -4v^252t - 5to-^* 0 - '^ v 




it - 6yi2i 



27 1 + 90) ^ 0 ^ which m'ay he factored further to 

1- 



therefore t 



or t. ^ 1^' 



^(e) .find the time of gEeataet speed between t - 6 and t ^ 7 . 

^ From the V vs. graph, ' it appears that the Bbsoluti value of 
the velocity ie greatest 'at t - 4 which is' the time of greatest 



^ Find the velacityf of ■ an btject whoae ^iuc.^ i i^ii . i ...... 

^eserlhed. by ^the e^tion e = laBt - Lbi^ dh.i 



t and t ya* t' "on th^ gami 

(a)^ During what time interval* or 
tnt^r^aip; is the object 
mov'ing tbwar4 the loe'atlun 



set u£' i^e. 



.c^ ... uvvc^ of 



l4 t < 8 



{^) What are Lii*. 

and t when ^ ^ 
' * maximum^ 



(a) ,^Jhit is \hm 
p ^ ' ,feet? va.ei i t 



r 



H'- height h in iii 

h - ^32 L - i6t . ^ 



_ h ^ 

Vt^ich Is true wtjen t j 

12 feet U I second L f \^ 1 - It. vel^.ii, at that. 



time .is v ^ 32 - 32(i) ^ l6 , The second..'t-lme, i = i ^ at which 
time ^ 32 - 32(|) ^ -l6 



Ho'W^ hi^R does it gOj and at what tinie doe^ ihc. L.t^ii rfcuwii 
highest position? ^ 



One seeond aftex bfein^, llavwu 



5- An object is prb^fedtih^yp h nmowiL i.. iii.. i ^.^ .^.^ . ..,\ giit ' 1 i ne , Cts 
dlitance e in ft, friaM the iitartin^ pulat 'li ler I ..ecQndsi is des- 

cribed by* the^ equation b = 6Ut = 8t^ . - Afitr the object reacheg its 
highest point It slides L^cK ..ii^iafal pfuii to Uj^ atartlng pulrit 

according to the ^4^uq11..ii ;s r5i l i iit^ .t h i th^ iiisstaiice of 

the ■ohjetjt fi'Om Lhc hl^^^iir^, i ,i i i . li. i. : i^^.K ihe ubjeg-t. 

to reach the hl^Jie^, l y^^i^A 

trip. ^ ' 

0 ^ bUi bt^ 1 . , . • . ^ ■ . . . . ... i 

t ^ i ^. ... , ^ t: , . ■ 

=^ bi^ O^t I * i . < i . .... i ... 



0 



an 



the up fund ,j 

1 ikwwiSc:- r r ' 
Curve = 



J 



6, Tha loeatlon^ an object on a straight line Is given by the formula 
^ g ^ pt^ + qt + r , where p , q /'antt r a^^e rc^i con^L^nts . <^'lnd all 
instants of time when the' object is at reit, and show how the number, of 
such instMts depfeiids on the .donstanti p j 4 ^ ^' - 



, ^ From ^ \ ^ ^ '^^^ " ' 



/ we get 

The object is at i=est .a 



I' 



0 2p 
p are real numbe_r^ : 



Y, B'or any but uue ^uu^^.i^^et 



location, at tim. ~x/ 1^ ui.llkav Uj i. ..t. ...nl. . of ^ s^ngl. 



forniula for the feixiii.e lui^aiiMn nu.ii.j 
descripiiou of muliM, , 



ERIC 



(b) 



It Is elaimed that s ^ 0(t) 
and V = i^it) are functions* 
What has 4o be checked to 
verify this? Does it check? 
Show tbe fcraph of each of 
.these fur4tlons pn the same 
axes , I 



A function must have unc vuii. 
in its range for each ^Jiikh^L 
-in its domain. The staVemfeiit 
of the prohlem inelude'i thb 
endpoint of each Intfervbl in 
both intervals. For each of 
these endpolntb, we db ^^qi 
the same imaga iii uulh irii. 
vals (for both 0( L ; ^m.-x 



\|/(t) * ). We uan ^ee I , 

the graph* 



(c) Duritife^ wliaV Liiu.^ 

increasing? dec . cas i 



10 



' 0(t)% 




6 8 10 



The velu^ 1 I _ 



■(a) ...... iL... . 

Ht. il i 7 L u«- ■ 



• i . ilj^. the 



Solutions ^erclaes 2°^ / 



1. Find the derivative of f at a for r i a 
'equals each of the following, _ 



here i'(^) 



(m) f(x) 



I _ 

+"1 



r(x) ^ 



^ + 1 a + i 
(a ^if 



(b) LK^.J 



Ax + B 
^ 1 

Ax + B r^L 

(As. + B)^ 







l_ 








X 


- a 




-1 " 


2a 


-v7 



-1 



^ /b + /a) 



(f) f(x) = x3/2 



3 lA 



2# For each of the fuiic 1. 1^^.*.^ . , 
'g(x) = i and h(x) ^ i/x of t\'\t 



. ^ . 



i . .n. 'he f.jllowlng' the domain 



of the functioiii all poiiiU^ .,l L...rl^^, ^ i (li mia^)^ uue iii^hest 
point on the gx^aph of the rLahjti.ju ( i i" iii. ) ; t Iow^l. l puint on the 
graph of the funytiwii ( l r an^ ) • 



(1 .) X(x) 

(1 u) tf^w 

(1^). fCx) 

(Id) r{x) 

(I ^) f(A} 



1. 



point 



/ 



po 1 n t 



Use the definition of derivative to differentiate f at both a ^ -2 
and a -2 if= f(x) equals 



(a) f(x) - (x - 2)^ 



*m ^ lim 



(x-^ 2)" - (a - 2)" 
X - a 



lim 



= 2a - ^ 

At a =^ ^2 ^ m -6 
At a ^ 2 , m = 0 



(h) f(x) ^ 



lim 



X - a 



(1 ■ 



A I 



At « 



t 



For each of the funotlonB f whoBe vaiuee f(x) are doBcrlbed ■below, 
find. the derlvatlys at a , where a la In the domain, of the fynctlon. 



(a)^x , 

(h) 3 - 



2 % 



(c) ^ 2x 

id) 

■ ^ X + 1 



a ^ =1 = 2a 

X + 1 L 

m ^ i im — 77 - — ^ -: ill 



U + TTTa t l)(x - a) 



U 4 1)^ 



X - 1 



1)^ 



.2 ^ 
X ^ X ■ 

x2 ; 1 



1 lill 



1 - 1 - (x^ - a ) - axfx - a) = (x - a) 

^ ^ ] i it, "T ^ > — 1 1 

' x-a (x- a)(x =l)(a - 1) 



foi lowing fii, 



. ^li .jT eauii yr the 



/ M_ 2-5 





1 










□f 


y = 


f : 


X " 



' What ie the relationship hetween the two answers? Explain this relation- 
■» ship, \ ' 

^ i / The graph of y ^ f(x) - Is the reflect icjjii ut lu^ graph 

:x) ^ in the line y ^ x ♦ 
i-x and 1 : X ' it. . i ' » . 

Use a table of sines to obt«iu ih... i i ..lio i 1 1 ii., »^ ^ 

X approaches a ^ 0 ^ and uiake h gonjcclure lo ti.e v^l .e .r this 

limits What can you conclude about the ^iup^ of the tiph ox 

^ sin at .-^^ origin^, " . ^ 



As X approaub^b n - 

I 



Nottf that ^ ^ — ' 1 
gra^ is not deflne'l 



eA =- <^ an ! fei 



In Chuj^.i . , ihai i 

to have all .tjai mmi . 

familiar lawe oi c.p... , 
Compute Lhe rati, .ID i"(^J 
, at ^ a'^ 0 , niii lA.u^ 
dif ^reiitl a Le (tue t'-^n^jtl n 



I i , . 1 ill t^i. i UUii, Lei' 

i a i /, i,,/. . ti^ i. 1 va L 1 V c of £ 

.,,L iid.il uiu.. It. 1 ed Lefore we ..an 



f(x) ^ , r(x) 



Prove that the derivative at x - a of i 



U; g I X — ^ - is - 

- a 



(b) h : x—^/x is -i- . 



See Example 2-5aj for 
proof ^ see temple 3 . 



tsete Sample 2^5^ I for/ 



Find the slopes (If any #x1&l) llc. fuiiowiii^ ...i vcti at pointa 
for which x = ^ : * 

(a) X + y ^ A 
y -X * A 



(b) X t xy f ^ 

^ - A 
^' " X + ^ 



X ^ 1 a ■ i 

X a 



1 3A 



jA 1 I 



A I 



'J 



2^ 



The following four cases must be cohsldered. 



!x + y > 
X - y > 



x^^+ y + X - y ^ £A J 
m A and |y | 5 A 



X + y < 0 
X = y > 0 



-X - y + X - ^ 



X + y >;U 



Of thmsG k cas^^c. ^.i , 
at point (A, A) in ^hh^ 



At these 




2-5. 



(f) Ganeralize the t^euj.'ts of parts a - d. 



Since ifiterchwi^^ii .¥i"th x in eac^ of the orlginaX f juii^iohs ^ 



Lhe curve &L aii angitt Of 90 

Bt;© Ihli ■generaiization 



* does not chahge /tne value of the- equation^ ^11 of 'the rela^ons^ar© 
syBmetf ie 'aCioutI the line y = x * If the -curve is imoothC^s in 
a ' c ^ t^.Ha llrfe y ^ x itiici^.i^v 
'and the slope im ^ in J , 
" until we graph! all pariH ol 
'the relation which graphs as 
a squares Prom\ the figure, 
one may see that\ the line 
, y = X "bisects the angle 
mide hy the two part^' of 
graph at the polnt.^ where 
y - X * In general, fur 
ay^^etric relations 
reBpect to y and x) ^ if 
the curve is emooth a* y ^ 

it has a alo^e ^jI -i ..I U:t. t ^ 

QUrve ib not s.,»wuti ^ ej^iut, i .qu.. 
y - X = 































/ 








-A>A) 






. ( 1 u. 


> ^ 


) - ^ 
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Teachers ' Currmifeiitaxy 



The ajialytical ^definitidn of c<jntihuiXy\ lXlua-.^^ 



he Ipe d t o pr ov 1 d a a s ourid . mat he mat J. c al ' b a s 1 b f o r c al . ni 1 l • l 

■ ma^ be herfc undeiistood'''anri explained lu Ujrrrib uf tir- "•■m . ,.1^ .imit a 

'^^qtion, a'eoncept vhlch isr at i or difr^r^.itiai and ^ lateai^a;^ .^.t-uiu^ 

ft ■ . i' ' . ^ 

tod' ^"^xve s ai a t ooi for con t; i i a 1 1 wi , u iX u u^;, j . ^..i i i . . . . . i ^- ^ 

' /This chapter is liayurv^il Xi^ tii^A i\ i. --^ ^ ^ < ■■ -^-^^ .... , ■ w.c ^ 

calculus, It ineiud^b e^s i i je i .i ■ . . i .. . i i . ^ . i.. ..iJ.^ u ..np.^bB 
the ideas tinalytl^^feLlI^ 

In Chapters 1 and ^rK.> t.u v,r. .: ^ • - . si v . i , v ^. 

natten of the iimlt- eun^^pt. n tnt^.. . ^. ...... 6\xQii^^i^L...A n.^^i u.^ 



.€ - 8 .-Clef 111! llui. ii* LM^ i...^ ^ ^ 
previously " &iK:Quntei'fed , i^^.i. ii 



, in. , i . „ ^ I i i the i,de&,& 



I 



based, on correct ir^tiiU . ^ Ideag i i.i ■ ^ ^ ■ ^ i- ^^^^ ^ ^^-^^ ^'^^^ 

proof in preeise X&fihB Wfc b^^e^ ik.i .n,, -^iit i,^ p,^^^,iied in 

€ ^ & rurm it Should be , . . . u , .i..der>L K^^r.ls^^ hav^' 

been thou.ghiru 1 iy seli^^ttJ Lu Lt±\ : ... . . i. ^ ■ 



niqu^s iiiv wiving lit^^ i*^- ... 
vided wiih Dwiiic ta^jl. I ' 1 
we do liOt 11"^ t--^ i u*J u.„ 
even lii the oifripit.q.i ..t.i,. 
which. Wi'lV ^urk. 

* The Ideets ni^t it. ^ i... < 
' iTiitlal expQ^uic to .j.c^^^j . 
" ^/*to. re^fe&d -the chapi^. i 
5%esult froni lepeated ...^^.w.. 

Ideas about l Imi i --^ '--^^ 
the coiLitit: Le^iii^ lii Uj.^ia 



J i"' 1 n 1 i: 1 o ! 1 . c_-h- 
Yqu ahwu'id iiuLfc that 



1. Consi^der f u x 

H .) 



Solutions Exerclsts 3° 1 , * 

f-x] * (See Section A2=l for& discussion of 



For k ^ n J vhere n is aji integer ^ , n +■ (-n) = 0 For x not 
Bn^ integer*/ 

n < X n t i iii.Li .. ^ . i ) f 
whence j ^ 

In thie case^ f(x) ^ ( -n 1 ) -- 1 ^ ^ 

"(a) What n^_mber, ii u^.. 1^1--. v&i:... ... ui i ^.vohiv^^t^^^ \A,^n « is • 

close to 1 Y v^ht-n x 15 It^.^t: tu l V 



1 i m f ( X ) 1 
lim f(x). ^ - 1 

n i b aji i ij i e^,^ 



4 



■ . . lim .X^( A ; 
(..J -Kvaluat- 



ERIC 



(a) 



' it 





m ^doea- not exis'bi ' 



Interval . 




X 



4s,3) ^ 




■ (-3, = 2) 



-2 

-3 ■ ■ 



f 



2/ 
1 

X 

I 



Observ^e that ae iX approaches - 0 ^through negative values 
^^fCx) ■= = becomes^, lajge without boundj as. x apprbaqnee 

fthroug A positive values f(x) appro abhes 0. (although 
f(x)^^. O .for .0 < X <'l K " . 




f (x) ^ eiri ^ 

■ - X 



lim sin - does not exist* 

" " X -. ■ 



x~0 



i+6 
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^■TC3^a« - ^flnltldn of Mmlt ' of a Function , ; , = ^ ^ 

i • ' I^some texti, the Idea of llndt often is ej^eseea in vords like'tlieBe ■ _ = 
\ "If / as X' gats closer W cloeer to. a ^ the v^ues of f(x) tend to the 

■ L * ^en we eall^^^^^ the limit of f(x) -as x' epproacnee a J'— mi~ 
^^idlfficuity with this forrmilat ion ^ api^t from the vaguenesa of the words^ ^^'gets 

: Qloaer eloie^ to," "tend to," is that it sugge&ts the false notion that If 

■ *x#ia Qloser to a than Is x^ , then ^C^Cg)^ closer to L than is- 

^;fSi)> , ■ ^; ■ ■ ■ ■ s .. v. ' / ■ . 

, ffi^ample TC3=»g . Consider . 



1 . 2 



We have 11m f (xj^ = . 0. "Let = and Xg,- ^^ .^ (n > a non-zerp 

iritegerjh Then jxg|' < jx^| hut |f(xg)j > |f(x^)| since fCxg) - ^(^ ^ J^^) 

and f (x^)' 0,. (See Figure TC3^5a for graph of f j 

--■^'—■—r -- ■ ^ - - ^ ' - .- - - 

The above* description of limit gltes no clear Idea pf just ho^ to verify 

that L is the limit "^ff^ | as x approaches a In any particular caee. 
"We are compelled to give a definition ^hich yields a clea±rcut method of 

verification. . . ' 

^ ' . Quite early ^foifr .discussion yr refer to ^tppendix for mn explanation 
of op^en .^d closed intervals. ^Th^se ideas bjc^ essential to the material in 
thl's afiA succ^^ding sections In the exercisep, substantial use is made of 
ideas delating to th« order properties of real numhers and absolute valuer . ; 

student la expected to apply basic inequality 'theorems. The objebtiye 
is to develop computational/ facility ;with absolute value as a backg^ouhd fdr 
proving facts about limits. As a lead Into Section 3-3 feel that it would 
be Informative for the student to be given some numerical values for and 
'be reQulred.'to determine a 5 sufficient to control the error (see, for * 
exan^le, acercises 3-2^ No. 11;^ 



r 



The theorems of Sect 



ions feir^'^ -ftta proylde the basis for the following 



arguments r IrTthe ^neral aOTiiStipv^of^ the^^^ 

strong InequSllty in the conelusi«i since a strong inequality appe^s at . least 
once in the chain of reaspiiing (see Section Al-2), We also i^e ertended use 
of the inequalities / " - • ' . 



a ^ h 



b ■< a + b 



Show thlt if. 0 < fx - a| ..< 1 ) then jx + 2a| < 1 +^3| 




2, Show that if 0 < \l - aj "< 1 , then ^ < (3| + 3| a| + 1) 1^ - a| • ^ 



If 0 < |x ^ al*< 1 , then 
i.3 .3| _ 



2 2 
(x - a) (x " + ^ + a ) 



|(x - a) + a) + a((x - a) + a] + a *] 



2 2i 
I (x ^ a ) + 3a(x = a) + 3a | 



] X - a I • t (x - a) +31 

I 1 I 2 
1 + ;f I a| + 3a" . 



X 41:^ a + 38 



3.,- Show that if 0 < |x ,^ 'd\ < 1 ^ then | ^ ^ < 1 , Hint: , By acerciees 

Al-2, Number 10, if |x - ^| > 1 /^then ^| < 1 * ' 

We have |x = ^| - l(x - 2) - 2| whence . 

" ^^-^ ^ "^^■- - |=2p - ^^t^ ^ 2i tx"= ^^1 £ |x - 2| -+ |-2|^ , ' ' - - 



S 



k6 



c 



OS 



3-2 



• , ; ■ . v ' ■ i - I < \x'- k\ <"i + 2 ' 



or. ^ %•■■['[ 
k. Bhw ^at if Ik 



1 < jx - k\ '< 3. 

. ^ 1. 



< 1 



^<M-, than i<4^* 



X a 



We have ;|x| -. - iO+ a| ^ so that 
^ V >1am!x ^ a| < |x| < Ix. a| +^ 



Wx^^ if ix - a| < -LS.^ 



■ whence 



p 2 - 



frpm which the result follo^e. 



Show thaA if 0 < jx - l| < 1 , then \kK + l| < 9 and 



X + 2 



If 0 < |x - l| < 1 ^ -we have 

' ^ J \kK ^ 'l\ - \H-^ ^ 1) + 5| 

< if|x ^ l| + 5 

< * 1 + 5 
■ ■ . < 9 . ^ 

.Also, if ^.^P < |x l| <1 , have 
: |x + 2| - |(x - 1) +3| 

. > 3 - |x - l| 

^.^ _ . .>.3 - ^1^. . . 

^^hence 

^ < ^ < 1 



X' + 
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- 0 0 



6. fhow that If 0 < |x - S| < 1 , than |x + l\ < U' Mfl 



' 1 



If |x>-. 2\ , ^hen 



■ ^ |x+ 1| .fe ^ 2) + 3| . 

J, * ' ' .a ^ . ' ■ • ■ 

, , ■ si* - 2| +.3 ' . 

Since ,#+ ((^.^^ + 2]-.+ S((x -.2) + sj 

: .; ^ ^ (x ;..2)^ + 6(x - 2) + 12 

^. ' + 2x + i^l > 12'- .|(x'- S)^ + 6(x - 2)1 

" ' ' , .. > i;- - [(x - 2)^ + 6|x - 21] 

■ ' '3 . , . . . ' ■ ^ ^ 

mius, if 0 < |x - 2| < l'^5 , 

|x® + gx +' 1^1 > 12 1. (1 + 6) 

■ ■ >5 . . 

Plnally, If 0 < |x - 2|. < 1 , have 

1 <i<l ■ 



i 



|x^/+ 2x + 



Eitimate ho^ large x + 1 . oari become if ■ x is restrigted to the op^n 
Interval -3<^<1*., 

If -3 <'x ^< l" then 3 > -x > -1 whence * , ^ . 



so that 



|x| < 3 
< 9 , 



+ 1 < 10 



Use inequality properties to find a positive number M such that 
0 < ]x - l| < 3 for all x arid 

(a) ]x^ + Sx^+ U| < M 

(b) |3x^ = Sx + 3| < M . 



We iire required to submit any po^itlvg number M *aatigfylng th^ given 
inequalities. It is^not necesdtoy to find the smallesiN^ossibie number M 



. ihe problem is ihcluafid here to glva the student preparatoi^ e^erlenees 



for mation 3*3.: BaeiWie of this, the strategy ie mora valurf5le to 
student thM the aoturi solution * - 



.For. 0 < Ijc - l| , " V'' ■ 

■ + ax + 41;- I |x - ly + i)^ + afx - i) + i) + H 

■ ■ i |(x . 1)2 + !*(x - 1) + 7j ' ^ 

, < 38 ; It . 3 + 7 

.< 28 . 

We may take M as any number, 
M>28-. , 

The graph y, = + 2x + k\ ... 

shows --'ttiat.ai^:. number M.>..^_i ' 

'will aarve. 



(ij) liTT -,2ji + 3| < M . 

Jf b' ^' | x - 1] "< 3 , ■then 

|3x2 - fix + 3| = |3((x - 1) + 1] - - s{(x - 1) + 1) ■*■ 3l 
. ' . = |3(x - 1)- + k(x . jA t k\ 

< 3 ■ 3^ + ^ • 3 + ^ " . ' 

We take M > kz \ ^ 

■nie graph of >^ 1 - 2x + 3| 
- showi ^that any humher M > ^3 = 
will do. 





^ V'^v'/r^S- (e.) Bho4 that if- 0 < |x - 3| < 1 0 < 3| < | , then 



'"•'I V. 



. |x2 - 9| - 3) ((x = 3)- +^6; 

< |x - 3l ' • (|x 31 + 6) 
Thus^ j/f ■ 0 < Ix.- 3| < 1 and 0 < |x . ^3| <i , 



(b) Show that the pair of Inequalltiee 5 < 1 and S < | (or 



B < min{l, ) " Is aatisfled B ^ ^— , 

For e > 0 ^ ^ 

■ 6 (T + g) - 7 7 + e 7' 
7 + € " 7 + e 7 + e " 7 + € 

< 1 iBince 



7 + e 



Also for e > 0 ^ 



1 

6 • ^ 



(since <^ )' 
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_ilnce ^-S— < mfti{L,|} , thl result folic 



no/,- Find > jfttitn'ftter M.> 1 smh that 

> p^^< fst ^ at'i< 1. jSee No. 3 k^ve.*) 



X + .it 



^ M for all x./:such^.^th#^'>/l'J*;f4r 



W 



< 1 from Number. 3 



Ihu^, under tKese gdniJ^ioaB^ 



2) + 6 
1^4^ 6. < 7 



We take M ^ ftUmbpr^ K>7^ - J- . 
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11, For the given value of c , find a; number ■ S suqh *bat if 0 < | x - j) " 8, 

. |x- ^ 9|. . 
(a) e = 0.1 



le your choica of 6 in (t) acceptable as an fna^ar in (a)t aqplain- 

: ; : ^. - ■ , < 1.x - 3| . (|x . .3| + 6) 

: , ' ■ S BtB -K 6)":. ^^'''5 , 

.(At the laB-fl'line we UBed 0 .< |x - 3| < 6 .) .?or cQpv^tBnoe, we 
restrict 5 so that B < 1 , Kienj under this condltiqn, ]x'. - 9| < 75 



0,1 



(a) To insure that |x - 9] < 0.1 w tmy.xt^^ b ^ - ^ 
j[lD)^'To inBU?*e'^Ek:t^^|^|x^ - 0,01 ^& trte 5 ^ £^ = ^gg 



,!rhe chpice/ S^^ ^OO ^ ^® acceptable in (a)^ for if 0 < |x ^ 3| < 



then 



i K - 9\ < 7B < 0.01 < 0,1 



.12, /^-'Fqr the. following functions^ fik^ the = limit t as*^x approachei a , 
For each .^alue of e ^ e^lbit a number S such that |f(x) = Lj < 
wheneveri; '|x - a| < S '^'^ ^ ^ ■ 

(a) 'f(x) ^ 2 ; a .- i . -v/' . . 

(b) f(x) = mx'+ b , (m^ 0) . ' 
(e), f(x) ^ 1 + X? ) a - 0 . ' 



(a) Urn (3K - 2) ^ - f 
1 



We % tLave 



|3x - |i 



3|x -,g 




.We-Tdslj to find a 6 guch that whenever |x < 5 then 



(3X ^ 2) . < € 



We take B ^. | , men ^ if |x - i| < 



(3x = -3|x - 
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X '-r^^^^y^M ' mt%-b f (m^^ 0)",. 



11m f (x) = ma h- "b 



.We to find a g such that wheneyer x = a < 8 'then 



X - a < e 



We t^e 5 - Jij-H.- For ^thli ehoiea of B j wh|neyef |x - aj < & 



l(mx -H b) b'^^ma + b)| m \m[ • |x - a] 



0*5^* < I ml 



< € 



(c).. fU) - 1 + x^ , a.^^p 



lim (4;.+ x^). ^ 1 



x-0 ... ...... ' : . ■ ^^>rr*^^ 



'/'V Wi'i^^f h^to find a. 6 >;d such that | (1 + ,x;5 ;^ 1| < e wjieniyer^. ^ 

|x''-''0|\< 8 ^ W.takf 6 ^ -/f . For this-DhqlQe of B ^ i-r: .%x-"i: '0| <B > 



4 



< e * 



■f ■ " 



6i 



r 



3^3 



^Q3"3* ^g^lonlo Technique? :'^ ^ = " -^-h' * , = 

•= i^orttobe of technlc^^i^^ter^r -is ■loBt on some, ,stl«,ents; wsiklly :■ 

■giteniS ^ 'it m^::be= neceiBary to en^hasize for them the cd^eGtlon ■■ 

; apcQn^3:iihaa;^iician- can perceive the essence ^of a , con^osltion .T^lth^ 
*iturribllnt- ovi^vi^^ ; ' 

. hav-a enougii n^ehajiica^ fEolltty.to be a:bave distraction ^sy mechanical details. ^ 

Thm sam^^ remarks ' ajply jo the technical sectlens. of Chapters i*. to 10,. ^ ■ 
'V A.^reat deaT^of pea^ogical consideration has gone Into the coi^OBitipn^ ■ ; 

of 'Section- 3=3 * ' The student should dev.elop &n operationally satlsfa^^^ry way 
■ W wqf ki^ with the. idea, of limit,. .Memorization of Deflnitiori 3-2 is; 

.(^prtalnly) not sufficient, . NeYertheleBs^ definitions are like the fixed 
/Stars. iThey giVe thy* student a f irm crlt^lon for^kno^ing where he is.; 

^ We wish to cultivate ,tlie attitude .of inquiry in which t^|| sttident aska 
' himself the if ollowing questions: v;y,^ . : ^ ^ : . 

- Iv- Do I ha^e- suitable ;^roxif^^ for. L ? ("Bii. anij^er.. should, he...... 

> -^:4sy^ sir^ce thS; :B^^xiinattons a^e uiually taken aV^tendpoints or at ^ ^ 
;'.^iJiterlor points of ^"a d J^'^^b- . ' . . . . ■ 

:&^Y\m%^ candidate fpj^ ^ L ^ l£ -^sd^ what is ^ . . ' . 

- 3V.:-. Hp\f 'shall 1 test the garididate to. see ir it Is the limit? Can I 
:x keepAhe error within any given, tolerance € hy-^onfining the ,pQinta 

• X to a suitable &-neighborhood^;:of a ? ;.. \ 

It is easy to show that if, for an arbitrary € > ipT^^'there exists^a ^ 
control, 6 > 0 ^ then any smaller pQii&ive number 5*.-, ^lll certainly suffice 

.. for the same, s For, let there exi^t a 6 > 0 such that. |f(x) - L| ^< e 
whenever 0 < jx . 4 < . Purther, lf:t be any number, 0 < < 5 . '\ 

It fallows at @nce Aat for x uuch that 0 < \h. ^\ < ^ ha^^e 

0 - a| < pwhence/ for ail the'c^e x , |f(x) ^'Ej < € . 

We are not eoncerncd with tiic bur-ciit - that g^es^the desired degree 
of control over the error tolerance . e ; rather, we seek .any) number 5 . which 
is sufficient. The task i- often -impliricd if we agree to ^restrict 6 to ^ 
..numbers^ less thhi^ 1 _ . rcritrlrtlon rjimply ^^eans that we are focuslng^our 

. attention on the deleted Interval >(x ; 0 <J^^ a| < & < . ^ 

^^^^ ^ ■ ^ - . ■ \ ' r . ■ ^ W ■ ^ ^ ■ - - 

Wp noted in Section ^^^tetep [lUmp : il'^^iat ion j that trequently we ^e 
'able to find a simple f unc W\ ^ ^ ^cb , , . a po^ltiYe^ constajit.- mis ^ 



/ 



1^ 



"3-3 -ms V ^- ^■ 

Is th© e^if ^eckuitW a^'e ajiallng primariiy with fu^tloi^lfhlch have QO^m 



tlnuoui d^riiffttivtB fitk a fyll neighlJorhQOd of a . the f ac^^ that f/ Is^ 




• eontliiuous ^hiLve v' 

— — V-r^T--^ — -■ £-= ^Inrf a:)' 

= Wrom the fi^bt that f i© cpntlnuoua on a nelgft'borhQo^fe know that |¥' (x) I 
la'aleo eoAtinuous on Buy cloaid: interiral caniei'ad at a vjl,thiri the neighbor- 
hood (compbalti.Oil ctf continupus functioVe Seqtion 3-6); = Consequentfyj :|f '(x)| 
haa a masei^&^toua. oh th% int^viO.^ (actramf Value Theorem^. /Section 3-7) v . • 
Let K he^^^^p^to greatir than'- the ma^lm^i ap that . f ;*(x-) |- < K on tha- ■ ; 
■ inte : ^N^^^^ 0 < |x - a| < B ^ where Hhi a deleted 5- nelghbDrhood^ 

- lies;.wi:|^hi^^^^*Mtarvaa theF^ exlats a v^ue ^ g within. /^hi. 6- neighborhood y 



^^w;.pf ;,^h'e 1^ S ) Buch that 



r 



|f(K)^ f(a)l 
|f'(l)(x ^^a)| 

rf'(i)i • 



^- For a"hrief explanation of "upper bound'' 'and "lower "boiAnd.*' Ve refer you 
to Ek^rqisaa Al^k, ^ - _ ■ . _ 

■ -The method of bounding the denominaior in Scample 3-36 is given beeauie 
it is a-^routine p2"ocedure conforming to the letter of our ganeral outline. A 
short cut ia to ajiticipate the problem bf bounding x aw^ from 0 at line 



(l)v * We may recognize at once that ^ since. |x - a| < & ^ the disttace ffom 
X ^.'to . a la no larger than ^5 | may then keep, x ^ away from 0 by raqulr- 
ing 5 . to be less t^an the distance .|a| of a from 0 . To achieve this 
we ma^' take 5 5'^^^^ " J 



s For^ your reference we list^the following generalitigsi 

. 1* Ihe "lef inition of limit employs only yalue^^f different from k , 

2\ Limit is a local praperty ^^ometimes called a property in the small) 

behavior of a function within :^y/'(deietfti^^ neighbbrhQdff' 
--._.=_Of-,A.SQinct_.; . ^, \ _ . 



/ 
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3. ^©'existence of the limit of f at a pbi?it impiles^' that !#' defined 
r' for some values of x- in eveiy deleted neighborhood of a« > that^l^^ - 
f(x) ©xleis for some values of x arbitrarily near a. * . ■ - .\ . 
-^e-^-tM-b-i-s-^ndapender^af— the-^ck^^-^pf— the^delete^^ 

5,;" Ehe aisertion that the .funeiiorr .f ha&, the limit =L as x; appro^cheg a 
V is |iot the'eam&''as eeyln^" f(a) '^'L ^ nor' ig"4t, the same •■as-'Saylhg'* that'\L 
'' \t is m upper (lower) hoiand of '/(x) . ' ' . 

. fr. Olie value 'df^ '& dfep"Sftds upon, the vsLlue of i; (exception* f (^^) = .c ^ . ■ 
■f ^ c 'Constant). . ^ ' \- : , ^ C;- 

^ : " " . ^ ■ ^ . ■ . ' ' . ■ -."A ; ■■■■ \ 

^ ■ A careful dietinetion should be^ made bet-ween the ^lalysis of . a problem 
';and its e^^ositlon* , mils is particularly necessary in the .cafi>af limit proofs. 

Steps 1 md 2 show how th@ solution^ is .founds in Step 1 we examine the , problem 
' set up a sin^Mfled^modelj in Step 2 we outllne^out plaji. of attack , or ; ' ^ . i 
■ strategy, ^ep 3 is the actual proof where it Is verified that^ tlie solutloh 
'has been found. An abtenrpt should be made to develop ttegmcr'bf ■ stj^Le -^lir/ ' r 

"^reaenting' proof s^ \ ' ' ^ ' ' ""^ ' " ' ^' ~ " ' . - ■ r^->- 

' Solutions EKerclsij 3^3 V \^ . . > 

In the following epsllonic arguments .the ^alysis (St^s 1 ^ji^. 3 in th^^ 
pattern of the text) precedBs the proof. wr^Wtie liberal use Qf ^the 
inequalities 

i:| -.Jbli < la.+ hi < ta| + lb|^ 



(Section Al-3). In the selection of 6 (in Numbers kp ^ %).i^^,;is ei^eMeiit . 
to restrict' & by the auxillsj^y conditions that B < 1 \ ^ tte prooT 'Cverifl-;- 
cation) is^ simplified by an application of ^ercises Al-3a, Number; gb,"- ^ ^. . : : 

1 ^ove lim (i x - 3) ^ -^i : obtain an upper bound g(6) for .the> absolutt^ 
error and find 6 ia terms of ^ , - . . 

~ '"jn this problem we write out the steps in detail, . . 

To prove that fim (-| x - 3) = -1 » , - , " . 

For each' € > 9 obtain a S- , ^ . ' 

^ " 'ShowT if - ■0:< |x ^ irj < S -/^hen i(i x - 3^ < € . - , 

^^^^ Step IV "" " ' ' ' " ' 

(a) 1(1 X . 3) - (-1)1 X - £|, 



I Ix 



6 



(b) If 0 < jx - 4| , * ■ . ' ' 



/ 



(e) lake g(8) = | 6 . 

,Btap. 2t . to make g(S) < c ^ set S€ 

Btap-*3> K ^ ^ .2r aid 0 < | x - < § . ^ then 

3')'^ (-1)1 - I Ix. 1^1 



2* Giva argument e that prove#, 





lim c ^ 






(b) 




(c) 


lim kx I 




x^a 



(Use the rasulte of temple 3- 3a of the text for pa^ts" b and -0.) . ' ■ 

(b.) . llm.c ^ e* ^ e constant* - . ' * . . . . 

^ x'^a' . ' = " , ^"v ■ ■ . ^' \- ' 

■ ^ ■ - ■ * ■ . , . . . . .. . . 

itatement of prohlem: • • ' ■ 

' \. ■ ^ ^ ' ' . . ^ , . ^ . 

For each e > 0 we obtain a a > 0 such tl^at if 0 < jx ^ *a| < 8 , 
then |q - cl < £ . , . 



4 



Since |c = c| = 0 le ^ess mmi t >■ 0 fbr all B^; va arhitrarily 
teJte any positive number forj B ^ gay =5 1 1> ^ 



(h) lim X m- a 



I^om BcBmple 3^- 3a we have 



lim ("i^ + b) = ma + b j m ^ 0 ^ 



whence fcSr ^ .1 , 'b ^ 0 ^ 



; lim X 
» x^a . 



. . .. t 



(c) lira ta^ ^ to J k constant. 

If _k 1^ 0 J the result* is a dlrefit^^uu&^quei.ws ,.i ii^rtaifipi*. j j^, ^1 
k ^ 0 the resuit follo-ws from =part (a), 

' " " ■ / 

Invoke the definition direeii^ lu pruvc lu^ ^Ai^. lo....^ .^r ihe limij^to 
^dblem 2. 

(a) See anever to Numi^er ^1^^) , 
\h) lira X ^ a * 

We follow the pattei u ui . , , . . , 

To ma^s g(&) 2^ ^ laht: ( 

( c ) -kirn Kjv ■ i^a I: - ' i s * 
x^a 

where m ^ k 

For o -^jj IX 

I ' i 



3-3 



<4) lim 



1". 



x-O 1 X 



- 1 



1 + 

4 



2 



1 * X 



1 ♦ a" 



Take g(a) 5^ ^id 



Verlflca'^ion i 

if 5 ^'/e and 0 



(b) lim 



X 5 



{ A I L f le / ^ ^ 1 1 ■ 



I .1'^ . H ■ 6) 



4^ 

and ^ - 



7 + 



«at 1 



4; 



x3 = a3 



(c) llm = 3a' 



X a 



.3 J 



We have ' 



- a^ 2 



X - a 



x~ + a3c* + 



for X / a . whfc 



x3 - a3 



If 



' ' 3|al 

3 ^ tue&e 



11m ^ m 1 

X«l X + 1 



X 1 



^ 1 









2 




X 4 i 








X . 1 


■-. J 


fe 



iirjLl 



# 



A t 1 



taAe (for onvLnlc 



Vt5 JL i i 1 V. a I 1 . . 

If e = „ - 



For convenience we restrict B by req,uirlni 5 < I * Under this 
condition^ if^ 0 < |x ^ 2j < & , 



x3 ^ 8 3 



< I lU 



1 

- 3 
i 

- 3 
i 

! 



•I I ^ 



I ' I 



No. 



We wish v.Li. i 



arid b 



,3-3 



Thus if 6 < 1 and 6'< x < b , we^ hav 




bet b ^ , — 
■ 4^ + 

iii the labt . 



3^h 



We require that B < min{l , |} . This couditlun 1^ .^atij^fied if 



taJce B ^ ,7 



'9 + € 
VerlflQatlon : 



i ) 



rii^Li eiiiJ Let: .... ! 
eufi-^id^i &L i ^^n^ aJ*e i,L.M 



J. 




J i . t ■ px< . ( 1 i y ana 



since f(x)g(x) - LM = (f (x) - l^g(x) + L(g(x) - 
)g(x) '. M| <'€g , and |g(x)i < | |m| -then 

f(x)i(x) - LMi < |r(x) - L| IbI")! 

In order tu rfenialii v^itiilii Iht i 1.^^^*. - - ^ 

' 1 ; 

/ 



Mathematical induction (Appendix 3) rc^jLiiAuJ iwi u... pi\.wi lli^ 

corolliu'ies to Kieorems 3-^^-- i -^J-^ i cej^^.tivj 1 1 v*. i ^ U n.c; Ls'iau^...i .A.iRb 
through these proofs he Vlll gain a deeper uiidei bla.. 1 lu^, Uic- i uiiauiu^ntai 

results an appreclatloii uT tiuz pv_.wyi ..i i-.t* n.'^.i^fei i 1 ^.1 1.. i i.a. 

In Lenunk (aiid x'iet^ueiiti^ i.. ^i.^^ i^, ^ , ij^ia, 
hoo4 of a wtiereln ^(a) It, u. li 1.^. i . . . . hi m. ' . iw 

SJ=1 A iii the D lie I1...W.J ttii i K U= 1 aili 1 . j s LO 



FOl ^ V e 1 ^ . . . 1 

j htA) M| . 

I 



and take for A the aaaertl- 




Proof. Wb use the First PrinSffcf Matlj^tnatlc^ Wu. (a^i^.J u ,3- i) , 



Fiji ii ^ 1 liu.vc^ a. 



We now assume A . irue iox^ 



Now * 



1^ 1 



2., 



2, 



2, 



2. 



1'. 
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l\2. Prove the/oorollflry to Theorem ^-kd. ^'oi ajiy 'pol^^uwudd^j luu.. Liuri*s.p , 

lim p(x) = ^(a) 

Proof . To establish the curoiic^^^y^ .4.', 11, i- 1 . i. j^.ic ..f J4g.the= 

matical Induction %o prove rirei li.at 



We tak^ fui A ... 
For n = 1 J ast,^i La, a* h 



which 1b Li 



•4 
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■J 



3.U 



lim G.X7 (Corbllaj^^ tw Th^orem/3-4c ) 



1=0 ' 



lim x'^ (Theorem yh<i) 



4§ 'vaB to be Biiuwu 



tie IghborhuwU i v^ . . 

uf g 



,1 lit. i. 



iM 



EKLC 



if I - \d i 



nonne^gal i e 



Prog I . I ^ L 

M > 0 . 1^ 



"f i 



if M < 0 ^ then -M > 0 and 



Therefore/'- ^ 



\ ^^^^ 



Llieri lim 



4 



^irifl ti'^f ollo^^^ 11 g i v i ng . a± -gggh-Bt^^tfte-^ere^ 

■ : ' . . x~3 x~3 • . , •■■ ,• ■■ 

: . . / Theorem 3- i|^a ' ^ ^ 




\^ {^) lim (5x - 2) ^ li/m + li^i^ ( 



-2 



. Theorem 



r7 



(c) ( -^ v"rvr ^ ^^W) . ^here a 



and b are constants 



lim ( 
x-0 



1 X 



- -^r-v + lim (-W 



^ ^a lim ^ V r Ty ^ b.lim 



. ^ 1 + |x, 
^ a - 1 = b . 0 

= a * 




Exaiaple 3^3^ i 
Example" 3- 3c 



(4) iim'fS^^ + ^^^+ a^x + a^) , >^here a is constaiit. 



lim (x-^ + + a^x + a ) = 



a ^ a + 



+^ a^ Corpllar^ to 
^ Theorem 3^^^ 



a" ^ 



Find the following limits, gi^^ing at each step the theorem ^hieh ^Justifiei 

^ it. . ■ - ' ' , . ; 



, g ._ (5 c V l)(x^ + X 1] 
TTi. ^(a) lim^ ... ^ lim — 



- (X ^ l)(x + 1 

Xfl X = 1 x-i * 



' ^ X - i 



X*^l 



x-1 



X 1 



Theorem 3-M 



= 1 



Corollary 2 to 
.Theorem 3-^e, 
Corollajy to 
Theorem 3-h'6. 



^ 3. 



EKLC 



■•„'•' • • ■ ■ '^y- ■■■■■■ 

- .;. ^ - llm (|^) ^ UA(^=^^_j 



9 ■ 



Corolla^Jr S'^^Q^ 
Thaorem 3-'^e, 
Corbllary to 
Kieorem . 



T.^ Find . aim t for 



a poelmve Integer* Verify first; that 




The ^Mficatlon pf the dlyislQife'ls done^"% simple als®"^^*^ methoda. 



^^^qrollary . to 



S, .Determine -^hither the following limits exist aiid^^ if . they cLb exists find, 
their Yalues, . ^ r,. ■ ■ ' 



1 + 



(a) llm. ^ does not exist. 

^ x«l ^ ^ ^ 



= J, ' 1 + v5 . , 1 

lim Y = 1^^ — ^ 

x*^!^ - " ^ x«l 1 



i 



which does not exist. 



(h) lim (x^ = a'^) ^ n a positive ^teger^ a' constant. 



lim p(x) p(a)^ 



^ 0 



3-U 



f h ■/2 + X + 1 



>■ " » ■ ' it ' * /2 + X + 1 

* ■■ " llmKifB + Ik .+. 1') o 2 '^d 11m (x + l). s =0 ^ hence lim> 




does . not ^xl at , 



X + 1 



(d) lira 



? x«l X -i- *x « 2 



^ lim 



I (x + 2)(x .1) 

X = 2)(Vx - l) 



(x + 2)(v^ + l)(v^ - 1) 



llm 



X - 2. 



x«l (x + 2)(t/x + l) 



(e) lim ^ - ^ lim — ^ — - 



\ f (x) - f (a) 

9* Using. the algebra of limits ^b^w that llm — ^ 

x«a 



If and only 



If Urn.— 

x«a ^ ' " . ' 



0 



^Fjg^st^ 4i note that -lim g(x) ^ 0 if and only if lim- |g(xj|%.^ 0 ^ and.^ 



also that ]s(x)l - ,iiff(x) | 
Let ' 



A m 



f(x) ^ f(i 



^ L 



and 



Then^ 



fjx) - f(a) ^ L(x ^ 
^ Tx - a| 

\A\ = |Bl .' 



X** 



Part 1, Assume lim B i'O . Th^s it^lies that^- lim |^1 = 0 and^ thus, 

f(x) . T ^ 



Part 2. Assume lim 



lim A = 0 or lim 
x^a x^a 

f(x) ^_f( 



x«m 



L Wll implies that lim A ^ 0 ajidV 

X'«a 



thus 



lim I B| - 0 and llm B 0 
xwa x«a 



t ' 



A 



\ 



10, Assme ' iim sin X a b , aria^llm coe x ^ . 1 linf ei^h of .the jfcjllowlng. 

.limi^s^ if; tHe /limit axl'sts, giving the. theorem "on limit%: 

' • ^hich Justifies- it, ^ ' ; : ^ , . , . ^ , -/y^.. 



. sfn^x - (lim sin^x J • ( lim ein'x j ■ . " 
-r* * ; . s [ lim sin X . 11m sin x J • [ 11m sin x i 



(a) 11m 



Theorem 3-^ 



^ 0 



('b) lim tan x 



S3.n X 

cos X 



lim sin x 
x^O 

lim cos %J 
x^O" 



= 0 



Oorollary, 1 to 
IJieorem 3-^^^ ^ 



in gx.= lim (2 sin x cos x)- 



^ 2 



( ^ \ 

I lim sm X cos x J 

Sx^O , , / 

(lim sin ^ ) ' ( li^i cos x J 



Theoram.3'-W 



lim cos X 




1 - cos X 1 cos X 



1 + cos X 



lim 
x-0 



1 + cos X 



tteorem 34W 



Theorem 
Theorem 3-W 
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(f) lim 



COS 2x 



COB X + gih X 



m lim 



cos oc .+ sin X 



d lim (cos K - sin x) * lim 



'cos X + sin X 



x~0 




; J .. ■ =. lim cos x - 11m 

= " .. :. . Y Lx«iO ■ X" 

V- <f ¥ - ■ ^ . 1.: ' ■ 

ft^oyb^fee ^^^^arles to Theorem^ • 
(a)' CQyoli^ 1 ( Santelch . mieorem ). If h(x) < f (x) < g(x) in some^; ^ 
deletad naightorhood of a ^ anB.-if ^im^h(x) ^ K and lim g(x) p H j 

- then^ If lim f (x)^*exists, ' K < lim f^x) 5 M * 

Pooof V Sinee f(x) < g(x) in a deleted ^Ighborhood dl /.we - 



hj^,, by Tha.orem ? that 



,j ■ . llmj(x) 5' 14m g(x) ■ . 
AgAn, sifioe .Ji[x) < f(x) in a deleted neighborhood of a,, we have,. 



,4 



by TipQTem^^kf , that 

t 



iim h(x) < lim f(x) 
x~a x«a 



lim h(x) < lim f(x) < lim g(x) 
x«a x«a x^a 



K < lim f (x) 



'(b) Coroll^y g ( Squeeze^gheorem ) . (Hint^ Prove lim f(x) exists.)' 



Because the proof of the Squeeze Theorem does not folloi^ immediately 
from Theorem it is given in Section immediately preceding 

Solutions Exercises 3-^* 
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0- 



/(ill) .For ^ ^ O;^'' n. 

























t 



3. 



X ^ 'a , Vien^. lim ^{^) g(x) 0 ^ . 



— Proof --" Since "g^) is tpunded thfere e^cists p6s It Iv^ ' number M suchv.; .% „ r 



4R\< g(x) < M 



|f(x)l 



in neig^t)0^hopd or. 



3t - Si 



Lif, ; (a) 'jSkiiy 



fA) 



or. 



'If^t^^^' ^^^^ 



oxisti and^lf HiiigCx) = 0*' *hen .% /; 



■ . m?.' ^ .^P 




. ! ^(b) .' Give exampj.es of fuiSetlons f =g for which' litn f (x) » 0 and 

- - lito.f(^) ^ 0 yet the ifmlt of their quotient does not ^xlst. 

■ , = . 'If f(x) ^ x"^ and gCx'J! ^ x^ i m ^ n ^ 4oes nof^ have a limit 

= . -.atr.O- , - -Of "co"urse^ many other exampl^e exiet. . h , ..^ . ^ ... 

■Alfv ,iitoV© that if ;lim g(x) ^ -©==-imdT=-^3riirf4-x) — €eeB-a0%-.o xi Gt)^ t h &R--fee-Mii^t=^ 

: . . ; ■ fCx) • ^ ^ -' , . ' " . 

■■■■: ';; •= ;> of "the - quotient ) ( doas not exiet*-^ • n 

; . . sTx) . - 

: llm does exist and lim g(x) ^ 0 , then llm f (x) 0 by ^ 

'v;. by Numhpr l^fa* Contradictioh* ^ . ' — = 

• l6* inie right-hand limit at a point p(p , f(p)) pf a i\inction Is the llnit 
- 1' '.'of the~ function at the point for a right-hand domain (pj P + &) . 

■ . Similarly^ .for the left-hand limit^ the domain is restrieS^ed to (p - p), 
• We denote them symbolically by llm^ix) and lim f (x) ^ Veapeetively. 
• ^ x^p ^x*^p~ ■ " , ■ ' : 

In garticulaxj lim Qc] m 2 , ^ lim [x] = 1 . Determine the indicated 
. \ limitBj if they exist/ of the ^ following t . \ ■ ■ / 

(a) lim '-^^ - — - . 



X-2+ X® - if 



For x*(2,2 + &)^0<5<l, 



/ 



^ 0 . if ^ 0 . 



Thus 



lim 0^0 

v_0 + 



(^') lim-^=i 

^ x*-^, ..^x^„ - h _ , - 

For X € (2 - 0 ^ 2) , 0 < 6 < 1 , . 



ThuE 



llrn M - , jij^ 



does not exists 



(c)" liPl -1^ - 2 + 



■ -^For X «^{3 , 3 + 8) , 0 < B < 1 ^ ^ ■ 

, 4lim (5t - a'+J*Cs - x] - [x]),= lim tx.- 2 - 2 - .3). 
(d) lim,(x^ 2 -t 3^ = ^) , 

■ , ■ 3^3" ' • ' . * • 

For X, € (3. - 5 , 3) , 0 < 5 < , \ 

. • ■ 11m (x - 2 + [2 - x] - [x]) =,lim (x - 2 - 1 - 2) 
x«3" ■ ,3'-'3 

. . - " = .-2 . 




> 0 , b > 0 




Since b > 0 , we can wite | - n + r , yhevm n < |' is a non- 
negative integer and 0 < r < 1 . ThiiB j || - n , - FT? ^ whence 



X Tbl ^ bn 

a L^y a(n + r 



As X 0 , n Increases wi 



bound and - - 0 Since a > 0 , 



= |D for 0 < X 



. x«Ol 













X 







^ lltri 


X b 
. a _x_ 


* lim 


b 


lim 0 
x*^0+ 




b 






a 







.0+ w 
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The first term -le similar to the first tarm In' ( e) * -eKaept ♦t^i* n Is 



.ihoMmrmTp |5| ^. Increase a 'without, boiujd as .;X.« 0 



a- negative integer. Since a^>0^, l5 ^-1 for 0 < |x| 
Q^imrmr^ |^| .increases 

11m (2 i -s.^ ^ I ^se^ exist. 



(g) llm ^ 



llm — . (A + i/x + 2) 



TC3»5. • TOe Idea of Contii^ulty . 

^ 'Pie idea of 'eontinuity seems to be intuitively cleeo'. A fuhctiffn^ that \ 
can be represented graphically as an imteoken curve is^ of course-j contir^ouss 
On the other hand^ there are continuous functions mth such bizarre behavior, 
that their graphs cannot be accurateiy described by a drawing. 



Ibcan^le jDC3-^g . • Consider the function f given by 

=,ln i , X i 0 
■X-- 0 



XSee^ Jl^re TC3-5a. ) 



Since llm f(x)'s f(D) ^ Oj f is continubus at 0; however ^ ^ we cannot draw 

. x-0 ■ ■ ' ' : ■ 

the^raph of '£ ,in the vicinity of the origin because f oscillatls infin- 
itely often in any neighborhood of x - Q; . 



b2 





-I 



in i' X y 0 
' X = 0 



- Ill this .section) we aa^e only Gbncefned wl.th Ipcai propertiiis of la fimotion, 
con^.^t '©f_b^^^ at a point inyolvee the behavior of a fuhetlqn in a _ 

: nfighborhood of the given pol^tj hence "the , function muet he defined for some 
V X within every &=netghhorhood of the point. We can think of Definition 3-5 
, in another wayj f ^ is continuous at a if, ^corresponding to each ^-naighbdr-^-, 

jhooi of f(a) ^ say" ^ there exlste a neighborhood of a whose image Is . 



contained In 
of a ,) . 



(Note that a is not deleted from the neighborhood 



There are various kinds of discontinuitiee of a function. It ia* poeslble 



for a functloh to be dlecontinuous at all points, 
given "by ... * ^ ^ 



For ^exiunple/ the fHmetion 



f(x^ 



j 0 , X r 
t 1 . X i 



rational 
rratlonal 



is not continuous for any x (at 



The function f 



rational or at x IrrationBLi) - 



0 . ^Is discpn- 



. Is discontinuous at x 
tinuity cannot' *be removed by aesigning a value to fi(x) at x = 0 because as 
X approaches 0 the value^of f(x) ^ i .increase^vlthout boundj l,e,^ 
lim - does not exist. The fimctlon f : x * " 

at X ^ 0 . (See FigT^a^e TC3^5bJ The dlscontfeuity /is not removable because 
near x ^ 0 the function oscillates between. 1 and. -1 , i*e,^ lim sin - 



-elri — is also discontlnuoue 



. does not exist. 



x-0 



EKLC 




3-5 





■ ■ r ^ . . ^ ■ - = Flgiire TC3-gb ■ ■ ' . _ ' 

" ' ' -If a' f ™g t ion ' iv i B . not c ont Inuoua at ■ a 'bxit 1 a " def Inad ' for all "value a 
of X in a neigh"bor^ya of a.^ (including a.) if lim r(x)-^ L ^ then 

it .is poe^lfele"' to remoye the discontinuity by reaseignlng a different" func^ / 7 
'^^mis^ 'sr^QM^^; -''^ V namtiy^- g a) - , 




Sol'U'fclons ^ercleeS 3>g • r 

1, Ugo ■the formal definition of continultjr to ihow, that each, of the follo'wing 
. ■■ fmotlonB iB- continuous at x = 1-.. (Sea ExerctsaB 3-3, .Kos» k&, and, J+g.,;) • 



.'{a) f : x-^ 



X » 1 



In acerclses 3-3 ^ Number k6^^ ve proved 



■vfhence^ since f(l) 
4X - 3x 



X + 1 ■ 
Urn — — ^ 

x^l x^ t 1 
= 1 



f 1 s ^ cont 1 nuou s at 1 



- 1 



ERIC 



In fixerGlses 3^3j Number proved 



lim 
X^l 



whence^ since' g(l)..^ 0 ^ g is. continuous .at 1 



For what,>al,ue( e) of x . Is each.' olrthe ..following fune^ions Mseontinuous? 
Justify your 'answer. ^ " ' / ^ ^ ^ ' " 

(a) f : x_| ■ ■ ■ ■ ■ ■ - 



Blnce ;f(x) If ^not ^def iTO*-^e«f^ i's discontiguous at ^ 0 



•(b) f : 



Kie function f ie discontinuous at -X l f . ie n^t defined at. 
X -.-1 ^and^ in addition^ lim fix) does not exist,^/ ' 



Which: of the folioving fttlatibai ai^e discontinuous at x ^ ? Justify 
. your amswer * ' ■ ' ■ %) ^ • ■ . ^ ^ 



(a) f ^ X— ^ i- f discontinuous at -1 sinca f(-l)^ is not 




' defined* - 

^ , .. - . J:. - ■ ■ - 

.(■b) : g X — " - ^is continuous at -1 since lim g(x) = gC"!) - ^ 

" 1 + X , ' ^ 

(c) h — — ^ is d.isc'sntlnuous at -1 since h(*l) .. is hot . 

■ . ^ 1 ^ x^ ' . - ^ . ,/ . " ^ \ ^ ■ 

^ def iried; ( and lim ll(x) does not exiet). 

Dlsau^s the points "of discontinuity of f : ^> -^ Kl, ^ E^^] . 
"Exercises J-l, No. 1-)' ^ " ; ■ ' 

\ ^ ' " . ^ ^ > . . ■ ^ ^ ■ 

-lor all integers n ^ li£rvf(x) does not exis^^j aieii9§ . f is 

'at all points^ x ^ n . « 

^Proye tharc^ f : x ' - x - QxJ .is continuousi. for pvery K which, is not an 

._in tiger, and discontinuous' fqi^ Integral va.lues of = x ' 



" Tpr^atfiy^^ . X such - th at 



n < X < n ^ 1 (n ^ an integer), 

I, 



f(x) = X - ri ; thus f is continuous, 
4ince f^n + 1) s 0 and' 

lim (x = n) 1 J 
■ ^ ' *N . x^n+1 

f is discontinuous at inteiral values p£ x % 



3-5 



6. 'For eaeh*of the. following functions . define a ne%^ function, "which.. agree a 
with the' given one, for x ^ and l-a continuous at x = a . 

, (a) f : X— r-^ a^l.. ' K ^ ■ • 

' ^ K - 1 ■ - ,^ ■ ' f 

X- + X + 1 * 



x3 - 8 . 



. X + aX=.^ 

. ' ^ V. n , . ^ . , 

. (c)^ f , ■ x— ' ; a =i 1 , .n. an. Integer,. 



^ X t g _ ' 





i 



' 7.- For each' of the. following funellQns^ if. pdisible^ define a ^e%i" function 
-^which agrees vith ..the given one for 0' and is continuoue at ^ f . 0. 

ir this is .n6t possltle^ state vhy. . ■ ' ^ - ^ " . 

(a)- f 1 x-*^ . ., ■ . , - - y _ 



.^Impoesilsle, :eirice. 11m f (x) ioes/not eKlst, 



\ ^ - Impossible J sinc# lim f(x)^ does not* exist . ..^ , 



• * . 



r In^oasibie^ Blnce lim f(x) ^o®^ riot exist. 



.8/ For each of the foMo^ing fmctlohs sho^\|h|,t no function;;^hich agi^ee. 
: with; the. given one for . x ^ a qm he so Serine d as to he continuous at^ 



EKLC 



•lim f(x) doejB not exlat (EbterclBrfa 3-1+,. Ko* 8a) 



g : X— H 

• . / 

Ilia g(x) 



x + -1 ^ * ^ 



•1 



doeB^aio-b exiet (Qteroi8M"3-ii-, No, 8o). 



( a^); Sketch- tHe 'graph of f oyer the •closed , 1 



J. 



/ Y 

6 + • 
5+0. 
4 J- o« 

2 • 




[-2 |]' an'd 



1 1 '. jL ' 1 1-1 Li J. 

""t"!."* 6543 a 



=2. 
-3 
-4 
+ -'5 
-6 



(b) What happens ^C^) ^ appi^Qxima-bes 0^:' hy ^sitlve yalueet 

by 'negative" values? * - ^ ^ - . /f^ ^ v., ^ ... 

|f(x)| increases without houncl as x approaches 0 , (For^ x ^^0. ^ 



fCx) < p j 



^7 



^7 



.=.:. , ' ' " = ^No.^' lipTrtf) toes ^^ot exist* . ' ' ^ - V' -^N 



lO.lYK^'f. ^ Increasing function -whose domain ie the-eet ;of all reaiL.^ 
numbere^ ' ad@ if ^ f 4s not cpntinuoue at a /^hat can you a ay of - ^ 

V" ■ -lim' |f(x) ^ *f(a)|-? ' , ; /''-t^;- 



[^^j:lf llm f (x) Jl a) /then lim jf(^) - f(a)J = |l ^ f(a) 

; If . ijA f(x) %dQe%pot^exist/ lim |f(x);- f( a) | generally doe s not 

exists A an ex^pl'e where it does exists consider^ ?bhe follewing*. Let 
■ a ." 0 .and ' \ - ' ^ .' ■ • ' . ^ 



f(x) 



Then iim, |f(3f)^- f(q) I - 1 * " 



-i 5 ■ X irrational .. , 
1 ^ X rational / x'^^O 



x ^ 0 



il'w For eyary 
; roots'' of 



^real \xy^;Iet NCx) denQte the 
^.x' J iiie^J' the riumhfer of" distipc^ 



number of distinct real .s-quare\ 



t real aoluiioni of T 



^ Where dbefe'fN. have a limit? ' Wiat is the limit? . Whe^e. is if / continuQUS? 

Let P(x) ^^*|^(xA- l)^ ,^ Where, does have a li^mit? Miat is the limit? 
■V^ere i^ ,P qOTtl^nuous?^ Itow does' P differ from the function 

function I X — -e^- ? ^ f^ - ^ 



• f- I x.^^1 ? trok the, fi 
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First ^ let uS describe * ' \ 

. * For X < S yf = x has no real solution^ so \N(x) - <) j 

- at^ X" ^ 0 j ^ ]■ - 0 has one real solution^ sp ^x) ^ 1 ] 

for p < X J y^i= X hab t-wo real, spiutionsj so n(x) =. g 

N. has a Timit Jt* 'e^ 



for Bll 0 ,1 Bifii 

continuous at 0 . 



r'r 0 . If X < 0 ; 111 N(x) = 0 - N(x ) 

Cx) 2 ^^n(x^) , Thus . N(x)/^ la continuous ^ 



P(x) 



^N(x) ^ ij^ 



et -llm n(x}' does not exist ^ n(x) is not 



Then ^ 

.p(xi 
A. ■ 



C 



1 , 


If X < 0 . 








if X = § • 






1 , 


'if 0 < X . 




1 



Ik- 



. 'since ii^skX ^M^q) 4' 0 ,P .Is i:on1rlnuous at sll / 0 

•'•Sinc6' Mm P(xr^-l P(0) Pi is dlso'ontlnuous. at 0'. 



P(0)'V f(Q-)' • Is' defined ^ ' ,i 0",t^ wnereag~^-,is-^not. - 

. .f- , ■ ' . ■ ; . . , • 

•12. Bwti of the. fmc-tlona f , i , and/h, ,lp defined f oV -all rfeal 5c 



t It 



S^ri of thevfmctlona f , g , and, h, .ip d.r 
of -ttia'fimJ&ti0nr'are not' cojitlnuous Ist, . D f " 



1' ,/i ■'rational', J ^ ' -l u 



' ' The functi6ns f an& ' h are'^ot eQ^ti^uous' ati ; 0 ; Bince . . ^ ' 
limg(x) - ^(0) i g ie continu6up at ^0 - ^ . ^ ^ 



13. Give an exajn^ie of ^a fyncti^on kich le not continuous _ at 0- but .^ghpee 
■ ^ ; absolute .vAlue IB eontlnuous at 0 . , * ■ . ■ , ^ . . 



Coneiaer the function^.h/yin Nu^ ... - ^ ^ / • '^X^")' /^ 

- ' ' "I ' ' : ^ ' ' . ^'^'^i 

(a) Shq^ that the function ^ f of m^uter i'e is ^periodic and det^rtrdne^ , 

' all possihla periods.. . - ^ ^ ' ■ v: 'vj 



raticinal"numbar -il,,,iis^a period>^is. foUp^ ^i^ce x rt^ r li 
rational if x.^s rational, and x + isHrrational , if x is 
irr^atiqnal* So), ^ ' \ ■ . ' \ 

>s ' f (x + r)^ 0^- fCx) , for x rational ,^ ; 
: ^ f('x + r)^a -^^f(x) ^ /for -x irrational, 



(h) Shoi^ that ■ev|ry nonconBtant ' periodic fuhctibn i^hich: ia ^c^tinipas, . 
at ^east at one point, has a. fundamental (Bmallea^) pgridd. 

The proof here' li indirect". iWe a|suji%tjt«^ ^here i€ 'no"t f.. sitiallest. 
' ' pejlod- and obtal^^^fttrafll5tion/^ 
\ ( ^'thr^olnt'of contlimlty at x 0 '. g|nce tto functlbn 



twkm to a valuti. other t"han ■ f (o) Ji' ^qmewh^e^ . , \ 



^^ ^ . " ^'^^noncdnstant'^ *lt ym^t trite 

' * V'^^'s ' Slnc€^'" jp \^fiVaj-bi%r^lly small/ t a jip cW 'be^'nate 'arbitrarily 
^ , ' ' Glo^ to 9i * ■ KiIb Is i^ts^fhle ai^ice the function 1^ cgntlnuou^ 



at W,^^''P ('^ ^nftl^"^ tals^ en ^values eloee to f(6) In the neighbor- 



• * 'i N ^nood of 'X = 0 J/ ' 



^^,.,.rw^ X . Irrational, . - ' i'' ^ . ,1 'V 5 

V - J ';Sh61tf *hsL|5 , f v is.' dqntlyiuous^tor iall irr^t-ibnal^ . x >^ .;^d dise©ntinuoufe fpr i ■ * 
r all rational , r ^ . . 



^ \. . ^ ^ ^ ^ - ' * " ' \J K ' ^ , 

'^;..;pie/f=pQlntv of Ithis^ve^errf^ ie .to =BhD^^ tHat Qontlnuitif-;at:\ a| poJnt I^b not - * 

■ I . .,the;;.;Goapept .Apprc^riata to om^ georwtrieal . ianse.;. ^vjt. 45^'^^ c^ntinulfty ^ / A- 

at a point r^hi^h provi^^ a a "base for. the a aloulus y^>ut^; oonttnuity ^on.. an ' ■ 
interval.., ^ Eiis, example, shove : that, a function m^-hava hotfi-poifits of * -'^n^ 
' Gontlnui'ty aid- diaQontlnulty In' every ^ - . " v*- 

So^ti^*'.- Since every , int^rs/^al contains ^oth rational and^ i^^rati^Dnai' H . 
: 4l polite ^ S.eotiQn -PJLt3)- it is easily v^Ei^f ifed thprt;-. f is_dlapontinuoue at" .. _ > 

■ v ^f^tional. joints k - £ . Namely^ eVe^^y neighborhood of ^£ ■ contains a-^ .r"^- 

least^ one /.irrational joint r i hence ^ ■ ^' ^ ' 

TtiiB the ci^nditlon for the cofttinuity of * (D$^lljt±ion 3-5) 4a violated , 



^ . The P^|of of continuity at irrational points is subtler-w^ -In.=afi!agt;,^j^ 
* - show that to approximate irrational, numher closely by rational nmberSj 
.•| 4 v^-- wt' dAnot use rational nunflDers with smalL denominatOTiT^^Fbr^^hJ^^roof -tre ' ■ 



ohaerve f Qr.miy'il^^ ^n^ber r fixed denominator, m- ^ thei% .Is.pre- ■ 

ciaely one numerator ,n .for 'whicB' > , , . - * ^ ^ ^^^^ " J 




■ A^Uam'l'^ * n = '^i^''t j, .Fdr any ? autM^^or i\k pother theni n'— Bifd. in '+ jj 

^ ■ ■ \ ' • ■ ' .' 



^ -ffiust hfcve 



^eee figure);. Furthermgre, '.If ^i^.^n^^i -^^ follows -fTOm ^^l) that. 




^ ' £ , s > . ' Thum foT each numto% m ^\1 , S ^ 3 , i j. q .ther& fre. 

. : c^-- ^ ^ a'^^nriost two. - rat^onaL;. numbers oft.=toe . torm 

at- m9^t .eq such number's- in ^alir* - If r- is irrational; " then, ve aat.^,, . 
"r..: -g-'- Tie 'the closest ^dietance of approacH to r ^"by rational numlair ^with/ 
■ denominator no larger thm qi .V , ^' . f 



;S = -mini H - ^\ in^teger^ ;i-< m,<. q) 



Since =5 "gaji'^e restriejted to thfe\finite set for -which 



k. :v 
m 



It. rl 




/q r 



tie 'minitani" e^y-Btsi 'Since r is irrational at cannot be equal to. %any^. 
of ^he ntem^erB of . this finite set, bo > 0 . . ■ ^ 



To prove ^bntiriiiity at ^ r ^ r Irraiighal,, let e .be any. posit t:ve^ 
.ftuniber 'an'i^ cl^6^-..q > j Thmn for w rattonal numher satisfying - 



*t : ' q 



/ 



■w^ must have t > q ^ hence 



|f(f) - f(Hi 



< e 




4. 



i^^' _v A ; - A',geome"t2*ic -dnijei'pretatibri of/'coiAposii^ion 'op fungtlopB ser^ves to clsj-ify | . - r* 
/ y'; L tha,"t^a fqy teom^ ,.et'Wderitp;V' : Ilile^ Is .p^t-lculdrly. true %f the- student ,aqtu 



''^--.%jf , 'f .and 'g rai-tVlctioiiB in^osed^iipbh , the* domain of fg be^isw^ 



-t'he: composl-t'e ^fiihction fg ' from the 'gifephe 



ifephe - 



; ' s-Ke' staxt id.th ^ha^ gijipHsvSf ' ;f pji^!^^§^^^^ ea^e given,' (Figure ^3-6a; 




The line y ^ viXl^be used %p >. 
'reflect points on the x-ajcis. Thus^ ■ 

for ■ example^ f or' any given point (c^d\^ 
. ye. may locate the 'pb.int ^*(^d.jO) which 

Is the projection of the point j (cl'd^ 
^ on the x-axis# (Figiire TC^-6b) . 




92 ^ 



ERIC 



' :'we- '-Seieot' 4y =^1- in tKe domkn of . g. ' and locate; tl^e^ poij^t- 



.'on tha'grkph'bf ■ f tngure' TC3-60) , ' • 




\ " Figurf TC3-6c ^ ' ' ' 

• ' Finally, locate the^ point of 4nteriectldn of the , lines x = 
i f^(x^ This point, .," ^(xy ,£^i^m Is on'-thB-. irWh of fg ^ 

y = f(g(xj ) 




ERIC 



Wte observe th^ the , (g(x^) , g(x^^V^ ■ k' V ^ : 

(^(^1^ 9 ^e(x^^ I and f^^/fg(x^^ 'form a rect^gle. • The .cons triictiori^ = 
^' then ,^ -can .ba describid as a sliding rectangle . (of chtagl^^ di^e^oy) -wl-y^' 
one v^^^x.on the graph of g , one. vertex on the line, : y^^/ x. ,; ooe verte^x on 
;^he^rap^ pf ^ f ; and *the fourth verM^ on the graph of fg -i- Tim CDnetrue-^\ 



*tion: is -unique when the first three vertices are oOTainablej ' In ^ther TOrds, 
.x^^- must be- in the' domain of g g(x^) m^st be in ythe domain of f 



^ sketch of the graph\is shofe in Figure. TC3^6e . 



ae domain- o{ f g (indicated ' 



on the x-ajcii) is the cio^ interv^^^^b] . ^Note tha^^the interval . [a, bi V 
. i9 in the dotnalh of . ^ ^djthe' Interval [i(a)7 g(b)] .Is fn the domain of f- 



X 




■ \. ■ ^ ^ ^ .rigure TCS-ee ^ . ' . , ^ 

^ ,In Section, we p^ovad tha4 the exieteneWof the limit is gT^served 
^ und.er the functional tpe^yations of addition^ multiplicatioh^/ arid division 
^ ^( under certain restrictions)*, In thi^ section we prove that composition of 
functions preserves" continuity, \nd hence the existence of the' limit. IP we 
^compare the ^statements in Theorem 3-6e ajid Exercises 3-6b No 5 we note' 

that the, theorem includes the additional hypothesis that g| Is defljied at e 
^ . and' g(a) ^ tf". This distinctlSllrtLs shown, in Fifjares =3^6f and 3-6g, 



9k 



■4 



: ' Wte obiewe th^t, ±n Qithmr case the iSihction" fg is. continuous at ' 

■ ■ ' ■ y ■ % ^ : 

X a h under, the 'hj^othe sis that lini'g(x)' ^ "b and f is continuous at 

, ' . ^ ^ ■ : - ^ ^^s* ■ ' ' 

k.s ¥ . It Is immatertal^ whether g ii defihik at x^=, a orj If defined^ • 

what its value is afe , x^'aV^rin other words ^ we may delete trie additional 7 

hypothesis of Kieotem 3=6e/ ( g; Is defined at >a; and g(a) » h. )' without 

Aiiturbing tjie continuity of ^fg ^ ^ \ ' ■ " V * ' / 

- Thm* theoTe^^f^ this sec tion provide meEms_^^of^estahlishlng continuity of v 
tme'^tons— oon^t^bted--by— rat-ion^^ 

possihlej- and more cpnyenient^ to fstahlish ^continuity by estahllshlng ^ . 



differentiiahility 



^t present^ we . are only cpncemed with" l^al prope^ies*of a function* 



\ ^ % ' . Solutions Exercises . 3-6g; . * 

\ / - : . " " " ^ ' ' 

1#*. Prove .that f . i"x^-- — ^x is continupus at x = a j where a is any 
J 'real flumher. ! - , ^ . 

■ ■ ' • v; ■ ■ . • ' * , 

g - X- — Zm^K is continuous at a j for every real numher a . t since. . ; 

^lm .s(^)- --iUl' -for. every real a) , . Thus^ ..f(x) ^ g(x)^ • g(x) is . ^ 

xJa ' ' i ' 

J contin^ipus'at every, rfal a by Theorem 3-0^* '■ 

\ ■ ' - 

(a) Prove Theorem 3-6b usthg the^ limit theorems' as in the proof of 
theorem 3 "6a* ^ 

■■ TheQrerf^-6hV If the funptlorts f and/'g' are continuous at 

X -.a ^ then so Is the function h defined by h(x) = f(x) • g(x) , 
^^^^ That\ls^ the product of two functions continuous at x ^ a ,1s 'als^ 
^ ■ ■ continuous €here*. / I ' \ . 

lim h(x) - lim [f(x)g(x)] Definition of '^(x) - 

x^m , x-a " ^ . . - 

^^[lim f(x)][lim g(x)l ^ Theorem 3-h{d) < 

^ = [f (a) ][g('«) ] - k Definition of continuity 

■ - % ■ ^ ^ " ^ .- . -. \ . ■ ■ . , . . 

^ h(a) " Definition o^ h(x) . 

/ ' ^ . . 

Hence, h is continuous at. x - a , by the definition of continuity 



90 



v (>) *?TOve: Theorem 3-6e In the sime way* . 



h n^eorem 3-6c ._^\ If the functions f .and- are continuous at- km b , 
/ . \ and ift, gCtfj; 1^ 0* ^^hen;the h defined for ^ g(x)' 0 " , 

h{^x) ^^ - (^ is contintioug^t x ^ a .' In other words^ the 

' \ . quoiient eontihuous^ fs pontinuoua if no' diirision 



zero . is\ Involved ■ 



. Iim f (x) / / ■ ' . . ' : ' " 

\ ^'^^ V ■ _ - ^ ' GorDllary 1 to Theorem 



11m gtx) 



■ U ^ f^'/"^ ^ \ ; Definition 3-5' 

; ■ V =h(aK " . . ■ 

HenGe 'by Definition 3-5^ h is ^contihuous at a , ^ 



3, Prove Theorems 3^6h and 3-6c directly from DeHndtion 3-5- _ 
^ i ' 
Theorem 3^6^* The pWof is the same as that of Theorem 3^td with L 
-and M replaoed hy f(aT 'and g(a) ^ respectively^ and tn the last 
gtep f (x^ • g(x) and f(a) * g(a) -replaced by h(x) * and h(a) ^ 
reepectively . • ' 

Theorem 3-6e > The proof is the same as tha^ of Corollary 1 to Theorem 
* ' with L and M replaced* by '-f(a) and^ eM' ^ respectively^ an^ 



in the laa^ etep^ and H# replaced by h(x) and h(a) , - a 



fx) fla 

respectively,^ - (See Exercises No*" 4.) ^- ' . 

A k» (a) If thr ^function f is continuous at a and the function g is. 

. not continuous at^ x = a , show that f + g is n€t 'continuous at 
X - a . ■ ' * - ■ 

■ . Suppose \bhe function f =H g were continuous at x ^ a ^ Bi^nce f 
^ is coritinuous at x^^ so is -f (Theorem 5-6b), Hence^ " " : 

+ g) + (-f) is continuous at x ^ a j by Theorem' 3- 6a. B^t 
.+ g) + (^^f) ^ g J so- g is continuous at x = .a ; a contradiction. 



nor ^ - Is ' " ' . 



;'■ - dontinuoui at x a'? Illustrate * your anewer* by giying' an example* 

' . . Tha.'^iv^ condltiphglfl^ not determine whethfr f .i* g i'g continuoua 

a^^ "'^a t (in , general"^ it would not be^ continuous) * If ' f t x^^^fc'ign x 



,and ■ f -*p-esn X .then f + g. *nc— 7* 0 is continuous at a 

.. : Number 5"!^ another example. ^ . . ; .* . 

' ■ " . . V ^ ■ ■ * ". \ ^ ^ 

(cV: ■ Rep ^at/t he .above Usirig. f- g for' f + g ^ -- „ " ' " 




- - ■ = • Wa fir^t Qon^ifler. the continuity of ^ f g at a ^ given that 
\ /..f- is GontinuouB at; a .and ■ g 1| not contiiyious at -a,. 

) - ^ ' " ^ ^ i/^. ^ ^ ■ ■ * "^^ ■ ■ ^ •. . / 

^ Part 1,= 'Cons Idei^: the -case ^ "f(a) ^ 0 , Suppose v g ' is continuous ^ 
at a , then the functaon^ '.-E^^^^r^ ^ defined foV fCx)' ^,0 ^ is cqn- 

. ^ tinuous at ' a - (Theorem 3^Sc) . B\it ^- * - g ^ so g ' is cop- 
\ t . tinuous at a j s^i^ntradfctlon* % 

, ■ : ^ ^ :\ / ^ ;^ . ^ ■ 

. Part S. f(a) ^ 0 , The^ given conditions do nqir^detennine whether 
. f * g . is continuous at a . For examples if f ilt[- — ani 

■ :. ^ \ / . • ' ^ ' / \ . ' -.-^ - . , ^ ■ - 

S ' — ^ the|i f * g' 3f x — ^ is not continuous at p . On 



'the othtr h&nd^ if f : x .^*p x^ an^ g i x — *. i ^ then .f * g , 4e 
continuous at 0)* \ 



. Next, we consider the continuity of f ' g at a , given that 
\ neithey^ f ' noi^ -g" is continuous at The given conditions do' 

not **aetermine whfther f • g ^^s - continuous at a . ^Foi^ ixample, 



if f r-x^ 



' ' i and g : ) 

-0 ^ I k , x^^?0 , 



k > 1 , then f ■ g I x^ — ^1 is continuous at 0 * \ ' . 

5. Detemirie whpre the fLinctlon' f \ x — [x] + /x - [x] is continuous* 

f is everywhere continuous « ■/ . ^ - * 

. ^ _ ^ ' ' ' - - ■ 

The functions ' - : . ♦ 

- . . \ . ' S » — ' Example 3-5b ' ' * 



and * ' ' ' i 



# . 

are contiinuous for ail non- ijite^i 
contin^ur there, (.Theui'^ui y ot^) , 



^To'\eT±fy th© continuity l i ^ ^ ■■ ^ 



1 \ln i ^ 
i liLi I K 



^^^^ 



1 C 1. # i ■ ^ / 



(c) From the result of (b) deduce that 



_ , f(x + h) - f(x) 
m ^ lim ^ — . \ ' ^^nx 

State which limit theorems you are ubing* 



Since r(x) is a polynoiuiai i n .,p.^^p^f< i 

to Theoren^ tha-t 

^ ^ lim p(h) p{kj) 

h^O 



(d) Use TheOiciu ) gi i 
a tu any i'-'..Mi ir.. .inb 



Theux em V O i i i 



of Lite f Ui... 1 1 w. . i . ^ i 



(b) rgi.; 
(u) gh(xi 

(u) iLE'g(x) 



X - 1 



d 1 ri X 



/ 



for all X . n..i w 



(a) r(^) ^li. 

(b) f(x) - Lait 



(c) f(x) . 



h 3 sin X 



4 / 

l^d) f(x^ - sin eoi x 



no discontinuities (i* - 3 sin' x > 0 for 



■ < 



all x) * 



/\ (f ) i'(x) - •tan uoi 



3 i' ■ ^^"J 



function X ^ =£b(' 

ilmflgix;) - ri lim ^(.Jj 



f(g(x)) - r lu„ 



I u r H a i 1 t ■ 



the. c lb a .Itl^le J ^ 
the tulcfrynu-tr 'i _ 



5 we have 



A 6. Prove that 'if lim f(x) = L and lim g(x) ^ M , then 



' ■ lim /{f(x))^ + (s(x))- ^ ^ * 

By the cospp^ary to Theoi j dj ^ i . .. a i. i ....... 1. 1 

=^ for 8 >0 . Sine©. 11m I'Ca) aiij i ^i, b^li. ^-i^^t^ b,y I'hcui^ 



and 3^^Cj s^o dqjb^ 



4^ 



It « H M ti! 



. I 



TC3-7* Froperties o^jw^tloni Continuous 9n^_^ Interv^q . 

Intuitively^ viauaiize the graph of a fuiiction I' , cgntinuoub oy^r 

closed Interval ['a,b] , as a curve: we b.tiuu\m: that 'i l | m,^ fjunil'cr 

between f(a) and r(b) thin the i y - | luU..:... i ^ ^ aph wi" i 

at lea-b.t om/fe in 'the interval [&,u ^i*- ^ - ■ ^-^ ^ ■ . , ^s-u 4 1 -^i' ( > i^^ 

Intermediate Vaaue Thewitrui) Id pUM^ii , 1.-.-^ ^ f 1.. i. i i .a.i .1. i- 

given in analjrtic-al teiMnB wilhwuL ^^^,.^^.1. u ^ u, 1 ^ l iwii ^ 1^ ..01 i j i 

ObViouB (see AppssnvllA ) ^ 



•• Thie in t «r[[it-a i ate r 



u lit evei\v closed .ul 



1 

( Q I t L t t _ . . J U 

(at U^a:-! ufii.'g) if: * I 

me feu . ( 1 1 ! i 0 i 1 . f 1 1 . i . . 

Thr ti. ^..iKii . . i I ... i : 

tht 1.. ' ' ^ ! . ! < . V'. li 



... . . . ^ , the 

1 1, . ui Flit J iaic 
: A - a A i n le w h e I ' e 
a;.; iimj)! ion. ac u 



...XI 



! 



opposed to "reiatlve*' majcima /( minima) . We. shall not use thrt ^termlnolgy ih 
the text, ) ^ p ' . r-' 



^ ■ 



In Section cousi'dered the fuiu-tio^i f ^^iven by 



^ > (fX sin i ,^}f / 0 



0 X . ^--^ 

and noted that it' is impo^slhle to tht: gr&ph in iuQ^ inteiVai conta; 



the origin* No^ we show tXpt f l& not di i^t 1 1 eiiLiable at f x - 0 



X 0 
1 



for ^ ^ ^ 



. (T ^ la) 



^ ii axi dnteger) 



approaches zero, Therefo. ^ ttic iuii-^ii^jn ib liui di ri'.,.^ entiable at x 

since 1 Ifn r ( x ) J^-.-.?. ... uw l e: a i t 
x-0 



Lia 

f 



i ._ ^iib'lt feL 6iL,- ...A I ,...t *i 
' an intei'val . 



! 1 C i . 1 ' r 



If 



li. h U,e r^te^^ ^.^4 the is 



.1 



(b)/ I^t ' g be defined by 



, The rajige of ^ ^fe the 




On which OA > afe 
incriasirig? 
vaiu^B if fei^.j 



0 ( 



(i 



Trove . that f j x - 
positive reals ^ (n a naturjJ= number 



x"' Is increasing for x > 0 and ranges over^the 



Kotep The 'criterion n ^ rational stated in the text iJ%a-rTiiBpr 



a -rTiiBpi^int.^- -^^^ 



NonethelesB, ^^ter the proof tpj^ m naturai nurabir n ^ a" pix>^^i^^^^^rjd^ 



for n rational and positive , ^ 



it' 0 < a h LJi^n < ij 



yp prove f incrtaBin^ ; we^use^^e rn Lrt*i i ip^^ oi telhematJ 
Induction to prove the assei tiun^i^^ 



is ^^^^ for 'all li 



A* Is trufe ainw^ a 

k k 



ItfaJ 



I 



0 < a < 
have 



He nee 



To prove that 



Ahd^m^^ '^htit tpr li - k = , if 



) 



hfnoWal 



1 I a , ..... J >. . . 



Th. 



..tr 4 1 ate 



q ^ net u I'a i . I > . I . - I. . ^ /' 

UQus fui' X U , L.ht. 1, L -X tj L , i, 

and^ continuous . i Lur^ i i , uu a. ..il. 
aee^ therefore^ thtat ii i fju^t.^ ■ we- , i j 

Ol' CuntlnUOU^ 1 , ,.^re£i^ l . ,^ X.iti 1. ib J 

P|0*4)j conseqaeiiLi^ Lhu l uii^ li> i! a 
Tor y > 0 is {}iuuQlw/i& £iUiJ ii . g 
of 0^ eonsequentl^ , . y^.^fe^. y 



.f c ^ ..!.^ 4 ^ ^ ynd 4 

^ ..^ . ^. , r£.-.£3it*g ^ij ..wntln- 
1 . A i^x 1 43 al 1.. creasing 

.,1 Id the range of h and we ^ 

^, 1 I 1 vt. ifcyis. Nuw the composition 

lutlon of 

' ^^^'^ wh^i t )^ ; . — 
Dm I 4 ..ii^t ii the doniain 



4 ; . ( a ^ 'that x * /f (x) i s c o n 1 1 nut^i r An 4 i n c r a ai f w i j- . e v e 

" positive, ctintlnuoiiSj and Inerep^airiJ* 

- ^ . X v^' ' • ' /■ • ■ 

This follows fi^bm^thg solut^^ii WurnLci^i; t: = '. *c...-r . i : , 

we now prove j that tlie cutnpos i*ti on l'Ou t i lUi!,.. . , ; . , 1 1. j i 
is pon^nuous artd increasiu^*! &lrcbjj lifci. ..j. i i ^ 



gf of in^reaBing functio^^ r atj 



(b) Biuvte tii^L 



< b _ ^ a. ) • 
^ Vf(x) 



f^-^uvp that i/1 



. 1 t X 



hat i vXi& i 1 ^ ej ILc. ii 



4^ © 



X"b) BHo'i^^ that the" range" ot f "^ is an Interval. Sho!-^ that the domain 'of -v- 
the inverse of. f t x— *-sin x is an intfi-val. , . . ^ 

^ince it is assumed that V contiriuoua , it" follows by the 
Intemediate Value Theorem that Ite raiige io an^ntei^l. Since f 
'Is continuous so is lit. luv^ine^ u^iiC^ the raiiK^ ul Ui^ inverse t^" . 
* ail Interv^. J ^ ^ 

A^ume that the CuiivliUi' 1 ^^^x^- /ai. ^ My ^QuU.uauufe ou th% closed 
intei-vai { - ? - rl ajidl aiiow that- there\s sqm^Mii^'r x whei^e 

" "±l#t^^ ti^mo^^ tl^vn one such 



number? ..^^ - , 



Slnf't 

Oo, by th- luu 



vaJ-ue^ or I 

r(.) . 



i ui" wh_ich 



It i ine 

\ , ^ ■ ^ I liCe 

. i > i L . Thus, 
t / , Li d ifiust 



In wrd^'-h -.. I 1 



ha^e a .u&ximuml 



U) -1 - X 
(a) r \iau. y 



; I X < 1 

c .airiimum value 



' id 



N 

(b)/'(c), (d). The i^nge of f is'the clg^ed iiitervfeii 

has maximum m^. a minimum ifr-Fffeh of tht-Bo intervj^^ 



LO, Sho^ t^fft the equation\ x + x iU 

X 

tolerance' of i 

Let f(x) - 4 X ^ lU , 'Th^ 

the Inta^piediate Vfcilu^ 
that ^'(xq) ^ U . Siu._-r^ ,14 



contalnirig tijis x\ I 



(^) X- 



ui r(x) A 



t. ■ 



X 


















iU) 










i ■ 









(1 



it i 131. 



5-1 



■ ■ ■ . , • \ , . ■ . - 

12* (a) Shov that the equation cos^x - -/| x | im^^^^^ga-ft one positive root 
X , where x < g * ' = 

Let f(x) ^ coi~x - ^1 xj - ^ ^ . ^i^ii L^i^^^,^ lue iiitervai [O,^'] 
For the endpointB^ r(ui j suud ^ "Vk ^ ' Hencej by 

the Intermediate Vaiuc: ii.t...,iti... , u.^^ie vaiLie u ^ 0 < u < ^ ^ 

^ such that r(u) ^ '^^I^T ^ ^ 

(b) , Find the mskximum cti.a tn. ^iiiirfunt j ... ^ . x = /[x | on 



the, ciosed iuGei^v&i [u, =t 



The f\iri^-' I i 



X 



the J 



1.1 



/ the 



For X = k > — ^ w have a >€(x) , For x = J K , then, u x) 

assumes Oppoeite slgns^^]^ follows by the intermediate Value Theorem j 
that p has a zero In' l^^K] , 



Alternatively : 



p(a t ib) s > . {t 



where u and v are real llmctiuua wi a 
theorem)^ If a f lb Is 



,1c.. b) 



all complex luotu ui a 
least one real one. 



i i K . i. rt ^ i 



tiitii c 1 ^ at 



Pi'uve that the ts^u&ii . 
an odd positive inte^,ex 



FTom Numbef^ Ij 

sequent ly^ esjiy i^wL nut i i 

odd J it fyllwWM U.=_. i 



v1 U . I i . . 1 : 



tl^l ^ i a 1 1 ^ , u 



H 1 : 



3-T 



'Case 3. b < 0 . Then, 0 < ["bl < | a| , whence, 



But^ since n odd, 1^1^^ • ^'-^^^ \ 



1^ Bketch the, cuf'veB j, ^ 
the BMie set of mj^^B. 




oii. ^ f J): 
( ihe pi ovjf fc . 
iflGreasing 'oi. ^ i j 



Lhen 



i , . ) r{L) 
ill for 



of the jM-gment in ^eorem 5-2tt. in whiMaLdt established that ^:t^T^ ^r^i"::: 'if.g^ 
exist %yo points c '.-and ' In [aj^rsuoh that. ' f{c,) s f(q_) I^dm v 
f(c,) ^ f(e^.) , we see at once that the funct'ioh 'f : c^not "be me--to*Qne.- , 

We conclude th^t* Hp St he -Btrongly monotone on eveiy pubinterval * It : " . ' 
follow g that f mst .be iiicreaeing eveip^hare^^ for if a < p then f - 
. 1 s strongly monotone on - the interval; [ Aj-B] >rhfer e " A = min { a^a ) ^ - 
1 m miocf b , p J ; Si^c e {Jl^ ^B]' a ont ain s [a jb J= ' where * 'f -is- inc re a a ing ) . " ; ^ 

it . follows, that f is increasing on [AjB] • Since I A, B] contains . : " ' ■ 

' - ■ ■ . ' ■ ■ ■ -■ . ... . ■ - >• ..4f ? I 

[a^g] - it follows that f(a) < f (p) " * ..vvpA 

Eie ' ten^erature at aj^ point of a thin "circular ring is a .continupus . ^ 

fHmction qf the joijit ' s positions Show that theye js a pair of "antlpoSes . 
(points at opposite ends of a dlametfr) having the same temperature. 

We have T. i &' — ^ T{e) ^ 0 < & < in , T continuous, \We are to show that , . 
tCSq) = 1(8^ + Jt) forborne 0^ £ n , 

Define K by 1 ' ^ - . 

. ^ " /. . K(0r^ s(e + n) - T(a) ^ o ^"e < it / ■ 

/ V ' ■ ' ■ ' 

We want to show* that K(©) - 0 for some \.0 ^ 0 < 6 < n 



^^.K(0) m Tin) - T(0)' 
K(jt) ^ T(&r) - T(jr) 
. ^ tCo) - T(jt) 



Sinee^ T_ is continuous y ' K is CDntinuous^ and hf the Intermediate Value 



[meorem^ "TC^ ^ 0 for /some > 0=< 0^ < n 



Sketch the graphs and determine how many points of discontinuity thera are 
in the ini^erval [0^£jt] of the following functionsi 

(a) f t X— [sin x] . . 

(by f I [2 sin x] 

(c) f .j X— [a sin x] " ; 
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Thera are 3 points of diecpntinuitys 



■ 2n 



" ' There are 7 pdintp of discontinuity* " . - . ^ 

" - ' ; : 

(e) If a= le a positive integer^ in increaee of 1 in a increaees the 
number of discontinuities by k , Since reflection of the graph in ^ 
the X-axis does not change the niimtier of discontinuities^ *^if \, a Is 
-I an integer If ...has . - 1 . disGontlnultlee in the intervia^ 

.. If a is not an integer^ the numher of dl scontiriui ties is . decreased 
"by 1 giving ^|a| - 2 discontimiities* * ,= ■ 

-^e- tTO casei'-are combined to give the -following- reeultr^^-for^ any-.-^— = 
real number a j f has ^^|aQ - 1 discontinuities in DO^Sjt.] * ^ 



EKLC 



.Ilk 



If .f ,1s periodic Tdth per^^ 1 mi ■/! . (l.e, , f(x) = f (x + l) bM. . 
f (x)^ f (x + for all =x.) wid, is epnttnuous at least aVoxie pol^^ 

show tMat f must be cansttot, ,\ 



Slnga 1 and -/I' mem periods a^d any sum or difference of periods Is 
also a period^ it fpiloWB that every nUnter of the form 

(a) . \ ' V p - m^ n Vi ^ , 

"... •. . ■ . ^ . . > " ^ . ^ s _ ■ \ : .f.'^" 

■ yfhm^0 n 4re integers^ is a period. Now let a-^ he the aBeumed 

point of 'Continuity of f . . We show for any positive B that there 
exists a period p ' of thi form" (a) such' that + p lles^ within a 
B^neighhorhood of - 'a . Consequently^ by the definition of continuity^ 
given aHy^ positive e we caji guarantee- . . 

Jb) \ ■ ^ |f(x) . f(a) I - If (x + p) ^ ffi^^ € . ^ \ . . ^ 

'ThuB i*(x) ^ fCa). ^ for any x ^^vhlcii proveB^he constMiQy of k * 
Fiai'st we shall show that there existf, a period a + v vS such that 

- : 0 < CT < 5 • ^ . . 

Tx " = ' a l=" , 5= _ ■ * v ' ■ ^ ' 

For K - r J > will then have ".. 

■ ... • ^ f x a < (X »a)g. 

whence . ^ ■ , ■ . . . 

- ' ' . .0 < (x ^ ha) ^ B< a < b . ^ 

^db^sequently^ with p ^ Ka in /h)^ the sa^gument will "be con^letei , ^ 

Now we prove* the result of (c), Fl^st we give a proof specifically appll- 
cahle to this prohlenis " Observe^ since 0 < (/S - l) < i ^ that^ 
0 <'(-/2 - l)^ <i . But we can write 



(/2 - r)''.-\v^/^ p„ 



where Q^'''''aftd are integers (in .facAj these affe related to the natural 

numbers p_ and q_ 'of toerclses A3-lj No, l8 by : p - |P | ^ 
XX . ii ^ ^ rx n 

-q— s^-^j 'n so large that ^ < &• ^ hence 

P < 5 . 
n 

The following ^a-gument is general (given any two inconunensura"ble periode= 
a and p J we can find 0 < \m + < € but it relies on Al-5, Let 



■ -/-^^ VVt^ Isfe^the Ire^est ibwe^ bound of. the positive periods given by (a). -If 
thw % Hs ^period of "toe form ( aV. ' For 4f ; t ^ were ;%t s^^^ 
" Vpe^od then the^^^^^^ (tV2^) would have to contmr-r^^^ ;. 

[ ^,rmB%om{B) md,,U^^ (t,P^) •wum:have to contain, 

a pertoa ^^g/ of the form (af, ^ue \ 0 < p/- Pg < f • Sut p^: - pg = ■ 
.^^ imit then b© a pOBitive period of the f^^ t ,^contrw^^ 



-to the , def initipn of t / as a lower 

^If -ie' a period; then any other ^period. ofHh© fdrm (a) muet haye thp 
form kT' where/a is to integer. For if p is ^y period we take . 



from which: . • ^ .. .. . / v ^ ' 

■ ' ] ' 0 < P - Ht < T . . r- • ^ " . 

Since p - kT le a period of the form (a) It c^npt be positive, for thep 
...J could:.not-be^.a.i©wer.bQ\m4. . ..It follq'ws,. that ; § ^^^^^ 

From the last result/ it follows that 1 = H^t ana.' ^ - kgT . Mheve ^ 
.and. kg are polltlve Int'egers. Coneequintly, ^ I^. contradlotlng . 
our khowleclge that /I Is irrational. ' ; ; 



ife could conclude that the hypothBsls t > 0 1b not valWj we can- only . ' 
: ' have . t i 0 . But .0 is not a poBitlyg period .of^ the form (a). .Since , 
0 ^ is the greatest lo^er bound of^uch periods, conclude that there ^ . 
exists at least one such period in the interval (O^B) 

C^e. greatest lower bound of the positive periods of a function is calledr^ 
the fundamental period. . In the manner used to prove the result abbve, 
we establish: ■= . ^ 

■ " " 1/ If the f\indam6ntal period Is positive/ then all-periods are ' ---- 

^ multiples of the fundamental period. 

^ \ ^ \ ^ ■ 

.'. ■ 2* If the function has two incommensurable periods, then the fundai 

^,....-,„.^...,...._.,..., mental period .is ..zero, . . ... . „^ . . _ . . ...1. 

-.3,.. ..^f..4he^fundament^..periQd:.^ 

at any point, then the function Is constant. 
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A2i0* If S is. continuous with i(o) = ^ 1 widj in^the Interval [0,1] U 

■ , ■ - (s(x))^ , ihbw thart e(x) =^1. in [0,1] , . " = ' 

" ■ mtm . ^Although identified ^Ith AV.j.this pro"blam is. well within the reEch 
of most students who have "eurvlyed*' Chapter 3* 

A Iterate to obtain " . /' : - . 

. For x."< 1 ; X approximate a 0^ within given tolermca for n . 

. sufficiently l^s/L^ ft^ the dontlnuity of S , at 0, it follow s that 
n ^ 

' g(x ) ^ s(x) agprpximates i(0)% similarly* However^ Xt g(x) > 3^ 

then, ^g(x)® will he larger th^ any iiven number for n ■ large enough^ y 

■ ' .• .if g(x) < 1 then ■ g(x) " .will be ^ithin any given toleranqe ^ of .0, 
f or -.-.n _ ..large enough j _e.i ther c p ndi t ion . c ontr adi c J s the c ondi 1 1 on_ that g ; _ 
is continuQue at 0 and g(0) - 1, 



&L mm real roots.- of the equatioji^ x^+ + b ^ Q ^ (n a positive integer) ^ 
can be "determined" by finding the intersections of the curves ^ ^ 



n = _ -u 

. y s X and y - -d 



, . . . n ^ ^ 

Verify the follovirig^ table for the number of real roots, of x +^+b^0. 

_ ^ ' ^ ' ^ b > 0 > there ^ai^e^two or nonS j 

(a) . If n is- .even^ end < . 

^-^ ( b < 0 ;^ there are two* = I 

there is one^ 

(b) ^ If n is odd^ and 



I a > 0^ 
( a < 0 , 



there are three or onCi 
Give numerical examples to illustrate each of the four cases, 

^ake f i X x'^ +. ax + b . Firet determine the parts of the> domain in .-4.. 
which f is .monotone. Suppose x < y . 

' ' f (y) - f(x) - y" ^ x'^ + a(y - i) \ 

i n-l n-2 ^. ^n-lx . 

_^ (y = .x)[.(y + y.... K.+ +,3c^^ J .+..^J...,._ 

. ; _ =-(y - x)[0(x,y) + a] . ■ ' \^ 

Thus, ' 
*, . 

(a) * sgn[f(y) - f(x)] = sgn[0(x,y) 4^ a] . \ 

! . - 

a 
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If'" x> 0 %en' 0(x.,y) > nx'**- 5 hence 



(x >0) . 



;Fbr n oddi the grapri "y - f (x) has a center ^of Byromet^ at (O^fc) f 

tha function x f(x)-'b = x^ + ax la ^odd* The projpertiea of ; 
f mvfiry^hmfm are then determined by the properties for x > 0' . Npv^ if ^ , 
a > p 7 abftditlon (U) aWays holds slnca :tt - 1 li e^^/ ^Ttaai 'f : li v 
inGreasing for x > 0 ^ md hy Bymmetry, alio for k < 0 . Si^ee- f taKes- 
. on. negative ©^4 positive yal^^ large negative and positive , ) it 

follows that f has a root ( Intermediate ^^Value Eieorem) and sinife f le 
incrtailng^ therefore one-to-one^ the root la uwlque. 

condition (b) holda for " x > 



If SL><fi ^ then 



* Furtherttorej 

'0(x,y) + a < 0 , 
From. {$.) It followa that -f Is decreasing on (O^a) ^hpre a 



ri-1 ^ ^ a 

y < ^ 




^aln by symmetry^ f la Increaalng for x < -a , x > a and decreas- 
ing for -a < X < a *■ Since the alope ot^^ curve, for every value pf :% 
is the same' for a given a ^ we can' itfialySe the situation by referring to 
the! gj.aph" of ' g i x.^— x^ + ax ^d^ffBunt. the roots by ^donsldpring 
intersections with horizontal lines* Hiue there are three. roots or one ^ 
depending on whether a horli^ontal line artfsses the decreasing segment of 



the graph or not, 
of the segment* ) 



le special cat© of two roots occTjira at the^ endpointe 




one TOQ% 

b < g(a) 



, one root 
^b > -g(a)^ 



n oddj a > 0 




.1 

. ii£ 



n odd, a < 0 



^28 



Casa g. n even . .-^i-.H, \. .' ' ' 

For ' .n even; n 1 odd, conditions ^^tb).. and {q), hold .as iDefore . Wlthou-i' 

- sirnmetry^f^it— te-'n^es s ^^te-eongl-ae^F^^^^Xon^tha^neg&tl^^ 
domain wellv For x < y <'a , set u i -x ^ v = .«y:;.^mien 

:^om tJ > V It follows that " nv^"^ < 0{vljv). < nu^*~ j herice^ 

r'-^' /"^V: ; .. - - n-1 ""^ w/ ' ^ ' n-l ' . ■ . ^ = ^ ■ 

, ; . . nx ■ < p(x^y; < ; 

and conditions (b^ wid . (a) hold for. the antlrev domain of, f v Thus' f 
deoreaBes for ; ^ <a and increases for x.>a , TOe situation la " 

- depictefi:. below. - 




^ i(x) 



two roots 
b < -g(a) 



no roots ^ 
b > =g(a) 



n even 
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ieaeher's Goranentary 



Tht pwofi-of thebrem for the ^eriv^tiivee of algebraio fSie^ipns and ' 
olrdular fimatldni ari given lii this chapter. Several mani^ulatim exeralsas.;, 
havr baen iriafiided in order to establish a need for TOre. ef^icienti^eth6d|* 
. 5?6 accompllgh this end, care should be taken to avoia premature apffl-ication of 
theorems. \ v , \ » ■ .-■ 



TOU-1, Introduatlon , 

In this section we a|Bert the equality of the numbera 

' / lip ^ f . /> ^ and 11m V ' ^ . ^ 

■ . / z^x r . h-^0 . 

: where m - *k + h . This equality can be established ahalytica^y byrappliea- 
tion of a?heorem 3^6e* Let 



■r t . 



1 - X 



an^ g * h =7fe- X + h J then 



rg ! h' 



f *(x) f ' ^ 2 ^ X 
fg(h) f (x) J 



f * (x) , h - 0- , ^ 

If both r and g are ^cohtlnuoue then rg is continuous and 
l|m rg(h) - f*(x) / ■ , ^ 



h-0 



^5olut_iQhs_ Exerclaes^ ^-1. . 
ir^'Wlttg "the definition of the ^derivative/ find f > (x)- y- wherei f (*x) ^ equalai 



(a) f(x) J 2k^ - X-+ k. 



. gfx 4- h)- - Ik + h) + k - + X - k 
fHx) - lim — ^ — — ^— ^ ^ — 

^ lim ^Xh 4- gh^^ ^ h ^ l,x + 2h ^ 1- kK ^ 1 

h^O ^ h^o 
. 121 
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3 



.2 .3 



h«0 



^ llm 



i 7 1 . _ 



h-0 (hVPTh vJ)(t^ + -/x ^ h) 



= llm 



-1^ 



Y^O 4^ h V + h) Vx) h-0 3eVx + h + ( X + h>vS - 

^1 ^ -1 



(a) 



i 

f'(x) 



. h^'*^ \(x + h)^ x^ 

- llm — g- g ^ lim — ^ — 

h-0 h(x + h) X h^O hC^^+ h) x" 



2x ^ - 

' J3 



(e) f(x) = x3 ^ 3x.4v 1+. 



f»(x) ^ llm 

; ..?.14m. 

h-0 



(x + h)-^ 3(x 4- h) + U - (x^ - 3x + k) 



2 - 2^3 
3x h + 3xh + - 3h 



. . = . .... .122 
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1 ^ . (ax 4- b) " (ax + ah ^ . ' . ^ 



(g). fCx)- - + "bK + Q (a c, QQiistants) 

' ' ^ • 2 ' ^ 2 ■ ■ 

■ , / \ ^ . a(x + h) ~ -t- bCx + h) -H c -^ -ax" - bx ^ e 

f« (x) = lim ^ ^ ^ — 



2 ' - 

, , 2a^ + ah" + "bh 



.^. lim_(2ax_+ ah + b) . ^ 2ax: + b 



(h) .If X >:1 , ffx) ^ X - 1 
and f«(x) ^ 1 . 

If , X < 1 , ffx) ^ 1 - X 
' ' and f^(x) ^ =1 , 



ihus, 'f*(x) - 1^^^ j;l ^ egn(x - l) , x ^ 1 . 
^ (Derivative does not exist at x = 1 ..) ^ 



(i) f(x) ^ wc + I 



ft(x) .Um| 4(x.h) ^^^ax^l 

h-0 N . . _ / 



X 



■ W 
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2. ' Given tlte line-: y s ' 3x: + 2 , : f im its ' slope the points (0,2) , 

■ ('2,-k) and . (2,8) . ,; :: ■ .■ , ' . ::, . ' 



3&^a 

•f ' (O) ;= 3 ' 

f(^2): = 3 

f,'(a) s 3 



3. If. f(Tc) w r + Ix - X ■ , find the" slope of the' graph -of f It polntB 



corresponding ,to 









s I + 2x 
a) = lim - 

x^a " 

■ ^;kim-.(2 » X 
r x^a 


' (a) 


If X 


^ 0 


f'(0) ^ 2, V 




If X 


^ a 


f'(^ - i '. 




If X 




f»(l) ^0 . 


^ (d) 


If X 







1 + 2x . ^ x" ^ 1 - 2a a" 

\ 

- a) - 2 - 2a 



.If f(x) + 2x + find all- x such that 

fa) f'fx) - 0 - 

M fHx).- ^1 



(c) f'W 

(d) f «u) - 20 



f*(x) s 3x '+ a ^ n whence x ^ t 

Thus , n ' muet be > 2 

(a) f (h) = there are no values *. 



•(c) X = 



,3.. 



(d) x,mtS 



12i+ 
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TCU-2. Rational Operatlona .. ■. , , ' ' ■. ' 

' class of linear aomblnatlona i here we prove the lineari^ of dlffarentlatlon. 
,1?Rereaftor, the theorem, on differentiatloh of products Is extended to Include 
Inlegral powers of dlf^erehtiable funetlons. This eequenoe has the advanta|e 
'•of ■providing theorema on differontlatlng polynomial and rational funotionB 
(of any funptlons who^ d%lvatlves we know) hefore the .shaln rule la ; ' , , 
establiahefl. The theorems' of Beotlon k-Z enable ua to differentiate a large 
kasfl-of functiona. ^Derivatives of fractional powers and oompoaite functions 
(ih general) are considered In later s'eotionB. . ■ . 

Exerckea have been freely Interspersed throughout thia section. Thiae 
exerbisea have been deaiine* to give the student immediate application* of 
theoieiAa as they are developed ahd, auooBBSlvely, to establish the need' for 
the development of more expedient method a of differentiation. It should, be 

-noted4hat the placemei^-of . seta of. exerclsMy. In.no wax^/lntended to in- ^ 

dloateAa time- block of work; -nor does the arrangemant withlii ' a set Indicate 
the difficulty of -IndlvlduHl items. A sufficient nmber end v^lety have been 
included 'to prbjn.de for the neods of each student. 

, Solutions to exercises are not flpelled out in detail .except when an 
exerclse has been'deBi|ned-to develop a' partlculaiv skill; In such caaes, 
soiutionB may be , given in detail . ^it4^ often ^ a consldMsable amount of 
t^algebraic; manipiilation may be, requifed^ to arrive .at a sinTllflad anawe^ A 
'Uudent* a'; algebraic dexterity ' should' impi-ove a8,,he attempts to submit answera 
In a form '.you cons'tder suitable, " . , 

" * ■ ; . ^ . ' Solutions BxerciBes. k-^B. ^ ■ , 

1, Evaluate . ^ ^ 1 ,-'V .. 

(a) . D(U|x| + 6vQ 



■(b) ri(5xf ^ |) - tOx ^ % 



u + i , X > 0 



X 



12^ 



r.. 



'(2x - ir 



y x i 0' . 



(a) D(! 



iOc| - jtal) = (a + b) sign x , a >\0'j ^ <,b j x ^ 0 1 V 



•'.Si Consider 



(a) Bkefteh tW graph of g 
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("b) Define g(x) ' in terns of linear funQtions for all real! 



If X < -2 ^ then x ^ < 0 and 3 =^ x > 0 



If . -2 



'< X < 3 , then X + 2 > 0 and 3^1^x-'> 0 



If x>.3 ; then x + 2^0 and 3-1^<.p^i;^ 
g(x) ^ %{x + 2) « (3 - x) ^ ^5 , If X < -2: ' 
g(x) ^ (x + 2) - (3 = x) ^ 2x - 1 , if -2 <5:x < 3 
j(x) ^ (x + 2) - (-3 + x) - 5 ^ if X > 3 s " ! 



(c) For what values of x is the derivative, not ^ef iped? . 

... . .... .... .^IX. 

f'(xj is not defined ^ x -2 and at x ^''3^ 
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3. Censlder f s 3t.^^.,pJ ([x^ is tife^irittger part of . x ; defined in A2) 
; . ^■(^) ..Flajfl. f'(3cy -if it exlatgy at ^ each of the, values x*-^--:S>8^ y. ^ 0#6.| 



X s 2 . 



f»<-giB) ="0: i t',(0.i) 1= i} but :' .;. '■■ 
ft(3c)'^:i^^n^;aafi^ed ^t - 2 



i^y Find the domain of the \^derlvativs^ f 

■ The- domain 5f f, ie thVBat..Qf.a^vra^^^ 

iinee f^^, is :nOt def inf d,"'®^ I a?/*^'^^?^^^' 



Goneider -f : x=^x - [x]^ 
(a) ' Braw the graph^ of f . 




(h) Find f»(»1.5) ;"&nC'*^;(2.3) ^ descrihe the ^in^in of the 
■derivativa^ ' ^ i.^ ■ ^ - " • ■ = ' 

^ the domain of \'«'ii\tha- iit of aH nQn-integimL raaL rmnfters, 



8". < 
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^rbend Theorem k^2m to a ganeral linear cofflblnatioM of runctioii& 

The proof of the extension of Theurem k-dti by math^uiM Lical luductlon 
is given* Thedrem i+-2a serves as verification that the theorem holds 
^for n ^ 2 . 

Assmae that the theoram id rOi , . . i . ^_ i i ...^ , 

. D [c^f, (x) + .(^) * ■ ^ Ui J 

, X" 1 1 d d 

Then ^ D [c^fJx) + c,.^t^(x) t ... ^ u i UiJ - 



'1 



the 



If the tiieorcu. I.... Ida fyr ....... si = ■ i , . 

theorem holds ror ail n . 

For each of the lull .^n.^, . • ^ . . .... ...J J^yCilLc 

the domai n t^f tue d e 1 1 v d i : v u 

(a) r I - ^ 1-^^' - - \ 



I"'(a) - 0 , ^ / 



(f) f I X— ^ »^{x^ I . 

,For X > ? , - , 

for X < 2 , f '(x) ^ ^ sgTi X , X ^ 0 

(g) f I X— ^ mln([xj , toJtCx^^SA'^ } ) 
f'Cx) ^ 0 , X not an integsx 

(h) f I X— ^ sgn (min(x3 ^ i , 7)) 
f»(x) - 0 , X = 1 . 



Right-hand and iert iiaiid Jl^.. - - ■ ■ - ^-i 

and left-hand limits is^i, ExercibfeB , i^.. . l6) 6b follows i 

Right-iiand darlv&Liv=* u ""r ^ " 
I, 



In parxiuui&x*, I'O - 1 I 



(c) ■ Bhov that a funfetlon Is diffarentiable at a point if and only if It 
lias equal right-hand and left-hand derivatives at the point* 

^^A function le dlfferantiable at a point if and only if the limit of 
the difference quotient exists at that point. Therefore 

11a f(x + h) - f(x) ^^^^ sxieL, lU&l 



Solution 3 ^^rqlaes U^-^u 
Find the derivatives of the foiiuwiufe x'iiii---i i 

(a) Dx(2x ^ 3) = iix - J 

(b) D(4x ^ 2)(U ^ 2x) I6x . . - , 

(c) - D(x^ + X 4 I } 



X 



(J) d(3x^(x^ - 5)) = 12x3 . 

(k) d|13x2 36 - x**! = (4^ .^6x) . 8gn(x'* - Ij/ 4 jb) ^ Ul ^ 2 , '5 
(i) D|x^ + Sx^ . 361 - (itx3 _+ lOx) . sgii(x^ 5x2 ^ , |x| ^ 2 



2 . Bvaluftte 

(a) d(3x^ +5x -1)^ - ri(3A^.>A iM' 



.(to) D(3- - 5x)3 _ ,„/ 



(d) LJ a( /x i j' 



1, 1 ; i'^" 

{J- 
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3. Prove the corolla^ to Theorem k^2'b , 



I 

If f » exists B.t 



2 4'- 

f(x) \~ J then 



r«(x) ^ 2[f(x)] Df(x) 
. 2f(x) ' f*(x) 

D{f(x) ^ r(x)) 

« r(x) Dr(^) p i 
. Sf(x) uiCa) 



Find the listed derivative Lw^ uicLi. i^^, .i.^i 
dif ferantiatej second^ use the prwduci fui,. Is. 



rxp^.nd then. 



(a) D(x^ + 1)^ '^kx^ . kx 



(c) D(x^ t l)(x^ 

(d) L>|&aA^* ! 



5. -^Fina the Jc^i i ^ . ^ 
you uan and de8 lib 
derl vat 1 ve . ) 



! ,K . L,Q .lEii in it ion of tii^^ 



(b) dUi^ 



(d^) D[xJ^ 



(f) Dlx|[x]' 




'^(g) m[k -.x^] ^ [it - x^] , X ^±^\k ' n| , n an Integer. 



(h) maxCx ^2 - x ) 



2 ^ 3x^ for -2 < X < 1 
2x for X > 1 or j^. <^ 



(i) D(x tc]lx|) ^ 2lxj[x] , 
(j) d[|x1] . |[x}| .. 0 , 

4 



i\u t all i n I i 



Solutions ExeiHjia^e U-^- 



(a) Prove Theoreni U-='dy 



If exists ana ii l- ^ 



ri owl ii' . . 



u ' ( X ) t ( X ) Im • ^ 
U ' 1,1 



If 



(q) Prove Corollaries 2 and. 3 to Theorem |+-2d^ 

Oor^lary 2* A polynomial function ,p , where p(x) - + a^x 

+ agX^ + **, + B.^x^ f has a derlyatlve for each real x given by 
p*(x) - + 2agX + t ^^^n"^"^' ' ' .. V 

^OOf . p«(x) ^ 0 + a^Dx t - ' ^^ i^-'^ (Iheorem 4^Sa). 



^ a. + aa^x + ... ♦ ..a a" 



gorpHaiir J^. p Is a^ pQlynomial arid If f * exists then 
D__p(f(x)) = p'(f(x)) f'(x) . 

Proof . p(*(x)) - ♦ -iC^C")) ' " " ' ■ ■ ' «n(*'t''t "^ **** 

^ if^f»(x) + ^a2r(x)r'(x) 4 _ , n a^^(x^ f « (x) 

D , ^ y ' • ^ wher*^ ^ f(xK fiO 







(a) 




(b) 




{.) 




(d) 








(f) 


D^3 



(f) Dfts - 5x)2{l = .^J ^ (; 4{J 



1 




(1) Qd = * - i(i - . 

(J) Dp3 - 5x ^ K^)3(l ^ x^)^^) 

Consider the curves y ^ ax^ + 1 and y -= bx"" . 

(a) Find two numbers a anJ t ^su^.l. Ihyl the s-uiv^a havte the Btime 

slope at X 1 ana thai tt.s aum lu^ si^jpea x ^ 2 it. 



to. y = 






for y - 


bx" 




3a - 2b 


arid 1^ ( 


) ^^-( 


ThuB , a =- 


. 2^ , b ^ 










slopw at 




























1 Ml.. 



For ^) ^ i,* , 



(c) Sketch the c\irveg In part fb) for lome allowable values 'of 
gl and b . . 




(c) Find the dltcfintlnuitles of g and g 

g is discontinuous at k ^ 0 ^ 
g* is discontinuous at x ^ 0 
% 

(d) Using tbe results of a , b , . ^ sh>„i 
-2 < X < 2 . » 



i: 



Let u ^ i ( A ) , ..V 

(a) PiOve Lhcit 1 . he t 
X ^ then 



(b) Can you suggest a way t6 generalize your result obtain a "*v 

formula for the derivative .^qf- a product, of % n functions? Test:;' 
your aonjecture with the dH^eX n ^ k . . 

■f - ■ 

Let F ^ f * 'f^'*..^f^ ^then , " - 

123 nldj i^j 

■ ^/ ' > - 

■ '^^pi^' ^r^;^ ^ let z - k(x) . Tiicii 

^ (uvw)D_^k(x) f z D^Cuv.; 

'"^ = (uv-w)D^k(x) + (uv2i)D^h(K) + (uw2)D^5(x) + (vwz)D^f(x) 



(c) Use the above result to evaliittt^ 

(i) D{(5x - 2)(3,- 2^){^ . i)J 



- 2x(5x d^) d(5A 2)(x^ f 1) +>(3 -2x)(x^ +1) 



^."^ t 1 ;( X i) . i ^ . i)^{oJ 6x) 

fx 



(ill) Dl( i ^ i ■ ; j "^r:. . 

- ^= i . Hi . J , 1 . i ■ J -Mi " ) ( 1 +^ X ) 



Ikx 



_ gx > 1 



°(#)' ^'° ' 

/ 



If t e*i.J ^ lis V ^ 



Proor. 



\(a{-))V '-^^ 



•V. j,- 




CX + rr 



ax « b 

ex + f] 



f 



ind the darivfltive of *' each of the follpwlng functions in as many ways 
s you can and descri'be its domain. tW) not overlook definition of 
^^rlvatlve.) ^ ^ 



(k) f I , f-(x) = OC, 0 



(c) f ; X -^^^ T. -rr - , tH^i - ^ ^ 



Cx] 



riuT, an inte^ 



Prove Co ro_liary 2 to Th^wi^ii. 



If i ie a rational t\irtviiGw, ir 
exiatd^^ then 



id 'i L . U .) 



Let ^ ^(^) 



^ where ^ ^ 



7< Eivaluate 



V.!.. 



■ .:(,).; nf.iii-!^^ eat u . ^'^^ v 



D^(x! -.x3) 



- u^T ;.rii„.3(i.^g)6(i.aig.„'n' 



Set u ^1-1^ J y D^(l - 



« ^ 



8. . ConBlder the quotient 0(x) = where, f and g have-aejivatlveB: 

at X. and vhera g(x) ^ 0 . Obtain the f omila f6r the derivati'O'e of.'- . 
• a quotient hy allying the product rula (Theorem' It-Sb) to the eaqpresBlon '- 

0(3?)8(x) = f(x) . V ,. ; 

0(xk'.(x) + s<x)0'(x) = f'(x) , by Theorem l^-2b " ■ 

■^fc , ■ , ' . ■'•^ ' ' ' ', 

0«(x) = ^'^^^ - |(xM'(x) , solving for '0Ux) * , , " / 

^ fl(x)f' (x) - f(x)s'(x) -by given condition. ' ' " . 

W this tiot donetitute a proof, the quotient rul¥ ( Corollaiy T " " 

to Ihaorem U-2d)? ' 

This is not a proof because it assumes the ejtiittnce- of- 0V(x) . 
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' *Bedtion A2-3 Include e a detinitlon and "bBief discussion of inverse func- 
. -^^^ ierloug^ cQ^sideri'^on .of tha idfea la given Section TO A2-3, * 

' g is the Inv.er a e oi ^ f . . . " ^The, def initibn tflef itiit ion AS^gb ) require s that the 
(ionmin/Qf the inverse '^of a funi.ction f ^'hfe the rangp df f i for example ^ 
whiie^'. (V^^/i^x . al^ ^ 3^ ii ^he doinaln^of f^- f i x.— *;yS; ^ the fimction : 
g I X -m ^ is no£ "Wif inverse of f (fllnjct the.,i^omain of ' -g* i^:not the 



^3range of f) * 



For a diseusj^on of f raitional powers aee SecMons TC A2-1 f&sample A2-lh) 



Solutions: ixeyGlses ^^a. 



1 



^ where 



=1 , ha^ an inverse . .-^'^ 



an . 



^ 'egU^i^lOn that^aefinea the iriverae ; g ^^nS^ f ind thf dari^iitive of g^ 

-^-v-'--:^^--.^^ - - ^.^ ' ^ ■ ■-■ 

-If. y-4 f(x) - ^^^^ ^ > # 

. ' ■ 1 + X . y- ^ 1 

^Thf inverse function g ^ is*'defin#d hy»^ y - g("x) = ^ 

Theii 



1 - ' 

V SX , T 



1 + 



^1 + x^ 



2, VeS^^ trifet the Inveree of : 'f : x-— * |x| 
derivative oftHhe inverse* - 



exiets and then find the * 



f(x) ^ 



o 

-x^ , X < 0 



f ^ is stron^y,. monotone; hence it has -aji inverse g , and 



l(x-) 



%/x , , X > 0 , 



- ' ^ X < 0 J 



D 1^ =' , X > 0 . 

^ 2v^ • 



x <^ 



X 



2y-x 



I 4 



Hence if g l^s the Inv^se of^ f ;Y^— i*x|x] ^ 
■ - . ■ . D g(x).,=;-'^ , for all x ^ 0 



T 



Sketah tha graph of > f i ,x— and teH' why f does not have a, 
inverste. Indieate how you dan divide the domin of ' f ■ihto threa part 
and define three new funQtions each of whloh agrees with f on its; 
domain' and has an inverse. Juitlfy your resul%\ (See Exercises 2-3^ 
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If, f^ has an iriverie^. no line .parallel 
to the X-axis meet the jraph of ....... 

f ^ in more. than one point* " ^ 



f I X- 



^x^ - 3x 
2 



3^ - 3 ^ 3(x - l)(x + if 
Each of the follqwin^J^mst ions has an 



inverse i 
"f i X — 
f ^ X — 
f i 'k = 



^X- - 3X , K < -1 

^x^ ^ -1 < x <1 

-x^ - 3x , X > 1 t 



Consider the function defined tiy 
■ . ' , * i 2x ^ for X > 0 and irrational^ 

' ♦ . f(^) - p ' ■ 

( X ■ > 1 /for X > 0 itfid rational * m . 

Show that f has .k derivgltive at x ^ 1 , :^9va that the Mpping f U 
one-to=bnej i.fe^, that f hasten inverse, rtove that the inverse of ,:f . 
. is not differentiable at ^y point other than the point - y ^ 2 .of itsv ^ 
domain. 

Ml Thm statement of ;th#-^f roblem the text is inco^lete.j 



(i) Show that f Has a derivative at x 1 




^Hence, for. all x , 
€ > 0 ^ if 0 <.Jx - 1 
f * (1) ^ 2 * 



/ for X > 0 and Irratipnalj 
1 J for X > 0 and rational . 

f(x) - g 



e ^ then 

.> 



< |x - l| and therefore^ given 
f(x) ------------- 



Hence 



Cll) ^^i tha£ f is oae-tq-ona. . ' , 

Blnce s + 1. irrational,; Xg rational, is ifflp08si"hiii 

' teaaust the left-hand side ie Irrational while the right-hand #4Q.a is 
rationali it follows thit fix^^ fC^Cg) lmplie& that and 
af a hoth rational or both irrational. Henae, either Sx^^'^ , ■ . ] 

2 2 

. which InjjlleB x^ ^ Xg , or k^- + 1 - Xg +1 whioh, fcDr x >. 0 , , ; 
lilies ^ x^> Xg . Hence, t{x^) ^ f(xg) in^liea x^^ a/Xg ;«id f 
±m one-* to-^ one," , 



(ill) ■pi'ove thrt the inveree of f 1b dlfferentiable ^nly at the point 
y. - 2 of its dpBmlri. ' ; 



The Inverse of f ^ Is 



g I y- 



1^^ 



, f or y > 0 and irrational. 



-/y - 1. , for y i (y : y > 1 and y - 1 is the 

equare of a rational n\imber] * 



Then 

g(y) - 1 1 

-y - e ^ £ 



0 ^ for y irrational, 

" " ^ " i A smd y 4 2 



.Hence, for all y in. the domain of g other than 2 , 



g(y) - 1 i 

y - 2 '2 



< jy = 2] and therefore/ given ' c > 0 ^ If 0 < ]y ^ 2| < e then 

g(y) - 1 1 
y - 2 " 2 

2 ^" /V 
^ x- +1/ 



2x 



/ ii,f(i)) 



/ 

// 

Cr,f(r))//' 























i V 



1 r 1 
(r rational, i irrational) 



(a l A, i irrational) 
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ITQW-let - "h" i" J^— ^ I y - '^^^ for all y >,1 ^ Since , *(y) Is - 
Inqreaiisi for y > S aid decreasing for 1 < y < t (see graph) = 
It follewn that.lf - .|y^v^ Sj. > B ;and |yg - a| > 6 V .'■ / " J ' ; 



may Irratlonia (or y^ « A and ^ -2) , we dan find , 

A (or yg" Irrational) as close as we wish to ^ B^t . so long , a© 

" : ^ ^ 

-Wl -'ygl <■ a - '5 I Is(yi) - S(yg) | > ^ • Hanca g If not . 

continuoua at and therefore hot dlW*erentiable at . y 



Bslutlons Exerc leei U^jb 



Evaluate the foULowingVan^ieiqpress your answere using positive a^^oiientg ::^: 



Find f*(2) ifi . j;^ 



(b) f (x) = x^/^ , x. > 0 



Evaluate I 



W ,lK«l/3; 3,-1/3) .1^-2/3,, x-VS . 



t 



L#t f(x) ^ for n; an integer. For what points a In the domain 
of f do the hj^otheaei/pj^'^iorem if- 3 hold? . 



If n m 0 ^ f(x)^ ^ 1 and O-' . Theorem dpfs not appi^^. 

_If _n ^ 1 J f(x) and"^f>'(x) ^1 * Theorm' Kpldf f^^ a*. . .'- 

If n > 0 and even^ f is Increasing for ^^^^ pYp;^^9^^M^l^ff^F'^^^^^%;P.f 
and f'(p) ^ 0 . If n > b and odd^ f iS^^l^ei^aalAg foi^ a^J^^^^ 
f'CQ)v^ 0 * Pqj' i/< 0 I X ^ 0 la not In tha'^iaonidri'df' f 'toi^ f "^^ts;'; : 



The Theorem hoWs for aH a except ^ero . 



•deereaslng for x > 0 and either increasing or deareae^i^f^r '^:x,"<'^0;* . 



Oonelder the function f : x . We have f(x)" = x 

Thsorem k-Zoy obtain '. 

Why is this not a proof of the corolla^ to Theorem 



Applying 



Thus, 



: " i '(x)' -. 



n f (x) 
1 

, l7n,n-l 

,,.1-x:.. 

n 



This doe^ not constitute a proof of tbepaTOliary since it was as'stiied 
that f*(x) exists in applying ^^fen i4--2c. 



' v. ' =. ; . ' J=^:iK^^;v^' 

^^^ * j, y 'g; i^dait tHe/lOTOthesis of ' the corollary to Thaorerf in4;.^^^ 

q "b© :6da# Pybya the qoroUair ^or x < 0 * ' ^l±b the case k.-^vpV;;ii 
. included f • * . ' r . ■ 



V - . ... -: ...^p^Il^. 

(GorDUaryi For. every rational number* r ^ ek ^ rx *; 



t.i-'-i':;- 



Let h(x) = 35^/^ 
inerea'slng^ Md, f»(y): ^ qy^" 0 



0 , x^/^ - y < 0- . f (y) - y^' le ■ig'rf 



fhus>-finoe h Is t^ of ,f i h'(x) ^ py^^ ^ 

1^ TOeorem i*-3 . 

NpWi^^edreffl H~2a applies, Mid, . . ^ ^ 



i - 1 



-_Q,.. . _ i .._ 



. *<=> . * ».■•;*■?.,■■!«* 



At K m 0 f f*(0) Q ^ so Theorem does hot apply 
lim doae not exist If p < q . 



, and- ^'^^-v V; 

Under the □onditiona of the preceaiftg exei^ise,^ show th&| ;^b^^ 

g . x^-^x^/^ , where p > q /.the defiSmtive-'W g : ,#^.'^^cb^;feift^ 



Since 



' ' ''e^'" P"q 
-thus, if € > 0 is glven^ let t S ^ e = 

then if 0 ^ |h| < B , " ■ . / ; 



(D + h) ^-(0) 



E ^ 1 



h 



< € 
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In the dlsGUislon of olrcuiar fuhctlons^. a student may TOnder why we 
appeal to a gaomitric discugsion to evaluate 11m — • In his study, of . 



trigonometry he employed a diagram to define elreiJLar functlone and to obtain 
the baslG rtlationships of-SeGtion A2-5. He might esfject that we'are now in 
'a .position to evaluate this limit hy foimal computation from the relationshipi 
of Bectlofi A2-5 with no fwther appeal to intuitive geometrla diecuision, 
Thfe reaspn this otanot he dftie is that the trlgonometrlG IdentltleB of Section.^ 
Aa-5 have the ame fom, no matter what unit li ueed for angle meaBure, Thm 

crucial Ihequaiity ' \ / 

- . ' ^ sin X . 

' .1 = ■ X * ^ 

is the first place where angle measure appears both ae an argument of a 
trlgoriometf Ic fmictiori and Indapendehtly. Thus the inequrilty depends on 
the imlt of measure), .it holds specifically for radian measure and^dqes 
not hold for any other meaeure such as degree .measu|^e,. ■ ^ . 

- You may wisivto refer to Section A2*g ahd/dr aeetioii*iC.A2-5. . . . * 



Solutions Exercisee k^k . . ^^iv^ - 



1. Show that p cos x ^ -sin x 

^ / . GOsfx + h ) - cos X 

D cos X - lim — —> ^ — ^ — - — 



h-0 . 

■ ^ CQS- -1 C" cdaV-h- -V sin. X siri h"^ cos 'x - , 

' ' * - _ cos h - 1 . sln'hk ^^s 

^ COB X llm , - sm x lim — 

' ' " i_ - ^ ^ -, j cos h 1 \ 

^ - sin X . (See text for proof of lim --^-^ — - ^ 0 .) 

2^ ■ Evaluate lim^ ^. (Hintr Ibrpress tanh in terms, of , sin. h.. and- 



•cos 



h .) 



-/ • - • / ' ... V- /:,> ' • . 

3* prom the definition of the derivative as a limit wid the result of 

NiMber i dei^iva the foOTula 

.' . D tan X ^ sec 3^ .J 



•/ 



[Hint. tanCx + h) = ^ . ^ .1 

- " ^ tanCx 4- hp' ^ tan x tan h + tan^'^x tan h \ 

D tan.x ^ llm — i- ^ = 11m - tan x tan h) 

' ' . . tan h T J .. 1 + tmn x . 

' S tanrx tan h ,^ : ■ / ; ■ ■ 

Ompare this, regult with the result obtained by utflng the method / 
differentiating the quotient ^ # i 

-v^- ■ ^ ■ i -^''"t^ Bin X QQi X + sin" x = ^^S'lJ- f 

^ ^ D/tan X - D " — - o " /^v-;^ 

, GQS X . ^ 

' \ 1^ ' . . , 

. COS" X 

In the simplest way you can^ evaluate the following and express your 
^ ^ answers in several different iquivalent fomSp ' . , ' 

Ai i^:,^ - = 1 --i:: -tD tan x tec_ x -1 ^ 

(a) D cot x. o D =^ — 2~ ^' 2 

xan X ^^^^ ^ ^^^^^ ^^^^ ^ ^ 

^ . ■ ^ . 2 '2' ... 

. - = cec X ^ -1 - Got X * J - .z.-^ ' 



^ ^ \ ' - 1 cos X sin X tan, x 

:W ^ = ° 0^ 1 — = ~r~ - ssr^ 

? " : •coe X coe x 

! V « o tan >c 'sec x. p ^in x sec x 



(q) D 'oBO 34 = tf^^i^ V^SSiJi . ^aS|^.^ , cot X eao x 
^ ' . Bin X .2 sin x 

sm x . < 

. ■ - 2 ' 

^. ; . = - COS X CSC . ^ 



"(d) B sin^ x^^ 2"sln x D sin x ^ 2 sin x cos x = sin 2x 
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(e) 'D eog^ X s 2 cos x • (-aln x) ^ -2 sln^x qqb x ^ gin 2x /. 

or ; D 'dos" x m :B(l - sin x) ^ - sin 2x . > 



!*(f) D{ii eoB .;X ^ 3 cos x) m -12 COS X sin X + 3 Bin x 



^ 3 sin x(l^^ cos ,x) 



m 3 sin x(i|- sih^ x - 



Chtdki D(coi 3x) = -^S sin 3^^ 



■ ■ ^ 2 ^ ■ 

(g) .D(3 sin X - 1^- sin^ x) ^ 3 cos. x - 12 ^ln,i x esi -5c 

^ ' ^ . " ^ 3 COS x()+ cos X - 3) 

qHecks D^eln 3x) ^ 3 cos 3x 



5;. ■ Evaluate the following limit 



f \ sin 2h 

(a) lim — 

: h-0 n ■ * 



2 eln h cos h 



^ lira 

m l±m . (a QOS h) 

^ 1 ^ 2. ^ 2 \ ^ ^ 



/^N - Jl^^ "ll^-_co^_h ^ /; 1 cos li 



h«0 \ 



h-d^^l (1 + cos h) ^ \i 

1 



^lim 



sln~ h 



h- 0 . h 



1 + cos h 



n / ^ 1 * 1 • o ^ 5- 




(a) .Given that lim sin x -'sin 0 0 

sin X 



Prove that lim' 



cos X + 1 



0 , (Hint: Show that cos x is 



x-0 

continuous at x = O) 



Since cos x - 1 - 2 sin ^ 



lim cos x^ - lim (l ^ B sin^ j) 
x^O x«0 . . 



=1^2 lim sin — 



^ 1 
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iinifi|- eoi' X ;^la continuous at. x = 0 



' ' " V -.. lim sin k " 

T 4 sin X x^O _ Q 

1 -H cos"k " lim (1 + cos " : 



(b) ^ Fran the .preceding res^t ^rove that sin ^ arid cos x^-afa 

continubus f or all valuaa of x # / - ' « 

' ' ■Maise es^iicit Just what is being assumed in the pfoofs. of ( a) : afld ( b), 

- -. \ ■ - ■ ■ , ^. . . ' ■ ; • y ' ; ^ _ " 

' piwa triat sin x antf^- col x are ebntlhUous for all;real 
valuee of x ^ use the forffiula, - ■ " ■ 

' siri(x + h) ^ sin x coe h -k cos x sin h . . .^'V- 

ThuS| Ita Bln(x +^!flr^?*lim(sin x cos h) + llmCcos »x sin h) " ' 

r'^' . ; . ■ * - ^^sin X 1+ cos x • 0 . . ^ 

■ : ^ . '^t^ ^ sin X . ■ ■ . ■ % ' 



'i^i-iV^' This proves that sin x ^'is' continuous for all rfil x • ./ ^ ■' ^ 

Since - jpoi x ^ sin(x +1-) % qqb k is |fl,$Q continuous for ^1 ^,Xv.» .-^J 



. ' . ^ •Obsei*vi thai in addition to lim sin x = 0 ^ we ^hiadad* no statement 

^^inyolylng limits other than limit theorM&^^- Thus wa,^ have kssumed,. ' 
only this limit and conventional Identities for circular f^^ctlons.i ' 

. ... . / ■ ^^^>u . r . ^ ^ :^ 

7.': Oiyen that Df,(x) ^ G(x) ^ show that Df.(ax'^+ ^ aOfai^ + b^ , providei 
= f is differenttable at ax^+ b , . " ^ . 

Conmentr At first glance this problem nfey appear to b^ a simple 

a^plicationrof . the chain rule but at this "point ^he ctain rule * 

t has not been established and the proof pf the problCTi^ill^ ^ 

require the definition of the ^ derivative. ^ ^ 



(1) S(x) 1 lim ^V^^^^ " . gCx? 

h«0 ^ ^ 



(2) Df(ax + b) ^ lim -^--^ — ^ ^ . ^ =^ 



a - j^^^ f(ax + |) ^-f(ax4 b)- 



wherei^l - ak and a ^ 0 p 
By (1), the limit in (2) Is aG(ax + 



Alte^^ively^ using IfuBober 7, ' \ V " - 

D g6s^ X Mn Sx cos^ x(2 cos 2x) sin 2x(a cos. x sin x) # * 

^b)- D sin^ (a^^ ^ 2 sin (ax + Id) D sin <ax. + b) ^^ j ^ ^ 

' % 5ir Nyp&er 7/ If D Sin X i COS x ^hin D *sin (ax' + "b) ^ a cos (a^.+ b) 

-fi iln? fax^ + ^)^--2a Bin^4i&>t b), COB (^^ > s 



(c) D(sln'7x)(cog 2x) ^ sin tx Dicos 2x + cos Sx D eln 7x . 
Nufflblr 7* D cos 2x - - 2 sin 2x 
and^ ^ -D sin 7x - 7^^os 7x * ^ 

D(sdn 7x)(cos 2x) m - 2 sliv 2x slnJX--*- f cos 2x cos 7x 



9* Let g(x.) ? |cos x| • Discuss the domain of . the' derivative for x^.in 
* the . inLterval 0 < x < ft • ^ * " 



S( 



!^ eos x I 0 <,x < ^ ? 
=coa X < X < jt 



/-sin X , 0 < X < 



lin K f ^ < K < n * I . ' , 



x) =^ -sin X 



2 

I cos' X I 

COS X 



'g*(x)- is not defined at x y * r - 

10* find a "point M the^ graph^of ^ y ^ Bin x at which the slope of the cu^e 

' is equal to the elope of the line x 4- 2y + 2 ^ 0 . Is there onl^ one 
, : ^eh pointf . Justify your anewer* ^ \^ 

^^--^^ , s \ 

The slope of the graph of f any point (x,f(x)) is f»(x) ^ cos x . 
The line x +^ + 2^0 has Jilope f • x ^ t ^Jt + 2mt ^ 

^^^^^^^^'^n ^^an^Heg^/ then^ cos x ^ f • ^Iso^ hy ^Mlodlclty, If th^re Is'^^ 
one such point. there are an Infinite number of such points. 



";T(a) D^ /l - flip xV ah^^^) (~uOB x) 4- (1 - Bin Sc 



- . ■ - r 



)(2 cog X ain x) 



-1. 



2 GOB K Bin X 



Qol^x'^ h : sln?x goa x + a in^x f g eoa . x sin x 



# \ *s /f Bin xN . QQB?x ■ k s in . X goa x 
(c) Df |-j = ^ 



\coa^3C ^r . v; coi X .: -^ ^ ^ ^ 

V .^T .. ' = 2 ■- ■ : ' . ^ ^ ■ 

(f) 'D(x tan x) - X .B#e X + tan X . \ ' »■ 

/ \ y./ iln X + \aQg x \- _ ^/ Sin x '-fr cos x y ^^ sm x + aos x s 

-sin X - Qoyic- " ^sin x dba 'Jfr sin x - eos x^ ; 

'\ V : - B£n X + vodi jcl; ■ . _ '. . 

(sin x^ GOB x} / : ' 

12. Show that tKere ardt no ^polnte of the grapli of o^Mv see x - ^tan x/ at; 
which the slope of the curve is ^el^o- 



coa^ x^ 



cos X 



sin % s 1 if and only if cos x ^ 0 ^ hence f-(x) has no xeros- 



is ^ 



13*;^ Elnd aH values- of , x fof which the slope: of the graph. of 
■^f(x)\,a sia 3£ tan x le z»o. 



f^(x) i sin 3^ + 



N COS 'X/ 



a 

COS X 



^ X (1 + 



= 0 . 



* Thus*. .X ^Isr * k an lntagari 
ii+ i ■ (g[) Bkttah thi graph of f (x) , 



— ^ for 0 < X ^ I . 

gin X: .2 




0 



(b) Exainine f* (x) and ihdw that ttkre le no value ^ of i in tha 
: . intarvai d< x^<,| for which f*(x)^ 0 . , ^ . ; 



4 *;-Bin^ X . y . 

If f * (x) ^ 0 then sin x - x cob x ^ 0 , or tan x ^ x . 

But for all X .^.;0 < x < I J tan x >■ :^ j hence_ J«(x) > 0 /for^ 



all X in the vintf rval 0 < k < ^ 



' (c) ^qplai^i how your rteults suppoA the fact,Ll«iL' r iii^i-^^m in^ 
on the given interval, . " ■ 

* * * 

'At this time a ged^attlc argumeiiL ghouia ls ^.j. ^^^iii^a . Whe 

arii^rtic proof is given^^^ Theorgm "5 = ^. Since p.-.eitwu at 

everA point on the inte'rval, ' it would s&^m pMusiti.. iiii^t the gra^^ 
J' * of the function nMst slope in a -t__ iiig. \ 4... «c ^ ^ lu 

. the right * 



5* (a) PiriS the maximuni and nUiii. 

f(x) ^ ^ . 



Use the identity 

k sin (cc t ; 

and set k bIu 

i\ fCx) ^ k ui.. .. 

^ k sin (u 

' Thiis^ the maxiwiuii. 



4^ 



tr 4i.. 
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Consider f i x iin | in th#domain 0 < x <;^i , >^ 
Is It" possible to define "'^f at x = 0 such that ti.. i.u.^ion 



continudus in [0,l] ? ^ 

No. Wi'%hin any nesjghiDorhoua ...i the 
between -1 and .1 . Thua, i i^^^ i 



t,.. i laJ.ui. aii valuta 



,6 i L 



(a) SketdH the gmyh f 




Al8, Does the func=tion 



f • X—* 

have a derivative at x ^ 0' ? 



U , X = 0 



f(x + h) - rU) 

h ' 



and 1^ h s in = u a i ' ^ ■ - ; 
wJle that the prwQu., I. t.iic J 



19* Given tJmt the i\incLi^iis d . 
equatldns ) ^^.-^^^^^^ 

Show tiiai L(S^ # U~ ) 



w 



do 
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Invarsa Circular Functions . 



for a discussion of Inverge functiuns and ^ ..^i 



( a ) f : X " ^ & i . .. i , ( - . . / 

Dwtlijaiii- lilt- Mt3* '.^i i i J 

. Range i Liis aei ui aJli iw^. i 



U-5 
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(c) f(x) ^ arGSinjC-eoff x) 

Doipiflf^set of all real number^. 

Rangei all y ^ f(x) wt^ere ^ ^ ^ 




\ 



/ 



^ ■ 



Range: all y ^ l 
and , w 



f(3c) - aretan (tan x) 
Dpmaini ftlj. real k except 
fiangei all y ^ fCx) wh^re 




Derive the fsrmula ^ 

D aretan x = — — 

1 ♦ 



Let g 1 X — » arctan x and i . 
where y ^ arctan x for all 



D arctan x ^ g^x) ^ f^^y)" 



Derive e&t!t4 ol ^iit I'^i i .^v. i . .t- 
(a) D arc-yot a ^ — ^= 



» . . . 1 , 



for leai H and ^' 



(b) J a, ot,. 



# 



sec J i 




D arccBC x ^ 

|x|/x 

Let g(x) = arccic 
for jx] > 1 and 



■^1 



6* Find 11m 
h«0 



arcsin h 



of f(x) = arcsiii X at x - u £^ 



Let r 
Than 



h-0 



. ^ a 1 n 



"1 



\1 ^ arc CO 3 / 



i 1 



+ ^4 



T0k^6. Compositions . Chain Rule . " ^ ■. 

In Section TC3-6 we supplied a geutnetrlg cOii^lx u^tiou lu, the ^L^pL .a a 
ooi^osite function. We now give a geo-metrlc interprat^tioi. ur the uh^in iniie . 
For the graphs ofjp^g , f , a^d gf ^A&niiue th^ ^i^^^^ a^p^.^-^i^te ^h^ia^ 
said the derivative as a limit. 



Let g and f be ruiic tiwiii^ jai i m1 , 1 ..4s I' 



(A B C P. aiid ^. B l: U ) i., 
^ " 1 i I I d £^ 

The alOpfc 1. . ! * 

the uX ^ i <-! 



1 ii, 



i 11.. . ^. 



f : 



^1 if 
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k.6 

If f(x) / f(a) f then the product of the fluprs .;hurdB A^A,^ aiid 
C^Cg is equal to the slope oi" chord ^^^o i that i , 



(1) 



X - ' a ■ f (x r - flaT ". " " X 1 a " ' I 



If^'f(x) - f(^) , the slupej .a u.^. wri. 

^ero^ the iiope or chord u b_ ... i ih^ ^ i t.^. 
and eolncicle { Fi^xn-^ k oh } ihe j i 



/ 



t 1 



ei. 

Lhe , uu - t 
1 i3 . qual^ 



I'(a) 
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1, For each of the following, find W^g(x) , Qgf(x) , i/rr(A} , ^.id 
(a) f(x) m -K^ ^ 2x , s(x) - 
> (i) mM - D[x3/2 ^^i/k 



^i) Jjyf(x) ^ b/x^ . dx 



ix 



2^3 



2k 



;Ui) >:D1T(x) . D[ (x' 



\ 



I 1 , 



k.6 



■4 

(0) f(x) - X , g(x) ■ Bin X , 



TXg(x) a D sln'^X 

- k eln X uOB 
(ii) Dgf(x) = D ^in(A^') 



0 06^ . 



(a) f(x) ^ ^ = 



k-6 



(e)' f(x) Si sln(x^)% ^(x) = A - , 

^ (i) .-^^x) - D iln(l - X-) 

= cos{ 1 - ; 



/7 



/2 

1/ X 



It/ 



.1 A 



1 ' u 



.r.1 1 



(ft; 



l4 J ' 



'A 



TP?. 



^ I ^ '2 . 2* Sx + Bin 2x V 
D vain X + x = - , - - — ■■ 

- - / 2 ' — 1 : ' 

, . * ■ " Sveln X + X 



(a) .eC VFT^ = 



va - X 




(c) . ^ 



(x - a ) ^ (x +^ J"'' 



4- n - 2k 



= 2x 



^ /I - 2: 



1 , VI 2: 



2x 



0 



(1 - 

S(l - x) 



[I - Sx) 



(1 - 2x) 



572 



5 * V Ev\aliiate : , ' 

' -T ^ ^ V / ix ;r ^ COS X -sin X 

(a) D (/l + cos xj s - " " — - -- --- - 

■ ^ ^ " a-Zl + cos X 2^1 + 'dbs X 



(b)"' ■ D' ix /sin x) - /sin x Dx^ + x^B>/sin x = 



4x sin X + X cos x 



2 VsH 
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; =■ s -sin 'x sip(cos x) v sin^coe(GOB x| . 



cos "x'' -sin X 



2 sin X 



%otir If ^ ,0 < X < Jt ^ ^ D[arcsirf(cos x)] = -1 ^ arid if jt < K < £jr |j 
• ^ ■ D[&rasln(cos ±)].. - 1 ^ etc* , Refer to Exercises' ^ Number Ic* ^ ^ 

(#} D farctan(arc^an k)) ^ - — 5 - . p y * * 

^ . ^ ■ 1 + (srctaii x)- (1 + x^)(i + (arctan x) } 

(^;; D (x sin X cos x) - ein x coflic Dxv+x cbs x D sin^x + x sin x D/cos 



^ x(x -cos fix + sJ^2x) . * 

» 4^ 3?/', g g 2 - / 2\ ' 

sln'(x ,)d sin x - sin x D_sln(xf2 ' 

sin tx ) ~ 

2 2 ' 2 I 

^Ln(x i * Bin 2x - 2x ^ sin^x . 'bos(x ) ' 

'2'r" 2n 



4 (h) D^^anC^I^ 



Ein (x ) 



2/1 ^ Xv 
3ec ("^ — . 

1 - X- 



(1 - x) 



1^ 



(a) '^ ^P^^arciin(sin x - tos x] 



D( sin X ^ ^Qs xj^ 



-AT 



^ sm x — cos X J 
sin X + cos X 



-A 



sin dx 



* X ^ ^ e 



1 . x' 



1 + X 



l«i-,'..x; 



'1 - 



1 - 



1 + X 
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* 



8(1 + x^), , 



. (d) DCaretan ^ * l ) 



1 - X- 



=9/1+ Xx 1+X 
X 



y6- y 



Jul 



|x|/l + X ' ' ^ ' ^ 



r 



^ - ^ X X - 1 



+ arctfitfi x) 



X + 1 



X - 1 



X + Isl 1 + X 



, s /Bjcain Xx aj^ctan x D arcsin x' ^ arce^n x D ajctajg 

(h) D ( i. _ — )-.^ ~ — — — ' 

X a^c^an x^ / ^ , 



iarcBln^x 




'ti) D^^ai'CBlnCarcsln x)^ 



1 - X (arctan x)^ (1 + x )(arctan x)_^^ 



P arc sin X 



^ /l - (arcsln'x^ 

i 



in' x)' 




^ 



, Evaluftte: 



Let V m CDE X i .^^fn Bin X ^ yl -'v j^" ' If sin x > 0 , and-:' ^ 
sin K F, Vi - ^f^^ if Bin x < Q , for sin x > Q, ^ / . ' , . 



-eos - X 



For sin x < .0 , 



D a 

V 



in x^ D.^- A - Y^^^ — ^ 



-cot X 




Hence for all x excep^|^"= nrt ^ n bji Integer ^ D_8ln x ^ ^eot x , 



where v =. cos x 



\ 



(b) D A - x^ , whe 



D_ /l - x^ - D 1^ - u , 



e u ^ X 



where u ^ x 



n VI - u ^ 
u 



2^^'^ 2.AT15. 



(c) D^(2 + 3 cos x) 



D f2 + 3 cos x) 



yhere v = sin x . 

D_^(S + 3(1 - sin^x| 

D. (S + 3(1 - v-j 

D.(5 ^ 3V-) 

-6 sin X , ■■ ■■■ 
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1S2 ^ 



.8*.< Compute the limits of each of the f©llovin@^'^ 'ratios 



(a) 11m 



yx * 1 - -/a 



^ f»(a) ^here-;f(x)^ 




( aydcoB x)^>' ( arc co^^' a 





/ 9.' If S(^) ^ (to + B)Bin X + (Gx + d)cos X ^ detef;niine the vadue of 
^' \ / constwits A 5 B 5 C ^ D sucS that ^^f or etll ^ f '(x) ^ x sin x..,/ 

^ f(x) ^ (Ax + B)ein x + (Cx + D)cbs x ^ 

f'^) = (Ax + 1 + C)cos X t (A - Cx^- D)Bln x » . 

f»(0) ^ B + C ^ 0 ^ since f*(0)^^ 0 ^ sin 0^0 ? j". V 

. ^ Vm ^ A . ^ C . I , since f^(i)^. 1 , and^ A ^.tf^ 1(1+ C-) 



V^/ ^ - g « - ^ - g 

-f»(n) ^ -JfA ^ 0 , hence A ^ 0 , 
Hence f*(x) ^ (-Gx - D)Bin x and C ^i. -1 ^ D='d 
aus A = 0 ^ B ^ 1 , C ^ -1 , D - 0 , and 
•% . f (x) .^'^sin x.= X cos,x, . . . ; / 




' ■ ' ''.^ ^v;/-^ # 




L/3 



'g(x) = f (,s|^^x) + ,f fcos^xj 



(x)t,= 2 Bin X co^x f'(_fi'h x) - S.cos sin x f'-fcos x) 
■%1 ' ' ' ' S' I ■ ' - 

' " = sin 2x f '(Bl&h.',.Bin 2x\f 'toos^x) ■•' ' v'-, 
«^ & ■'fe,"' *'■' ■ ' ■ ' ■ 



f * (.arc tan x) 




1 ' 



1 + X" 



i,75. 
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t" ■■■■ ' "' ■ ■ — /[■"••' — 
, - - - , , . 'odd and vice verse ( It:' 

■ ^ Let-, f he- m even fmQt%m'^\eiM-.r'^^) -*^t^^. - ■ 

■ T ^{-3c.).. dr. -f^M^mi^ ^ahd f f^r'is odd-., / 



If g 

Then 



= -Dg(-x)\ or '^ 4^(x)\^'^T|;r^);^^^ 1 is even-. 



qp.ses • 



p and q -eucft that! 



> l) and assuma Dp(x) ^ j. " 



itole ae the dagrea of J^'(^) 
s zero* ^ . 



r ■• ■• % ■ ■■■■-■■.■.1 I'.-y 



3V .i/ 



V- ■Then; J- ]'.-:-^^^j{'-^.,(pmft- 

■'■ '■^■•^Equit■"^»'thl,i■de^Wirf•'of "^aoh side: 



or m ^ n 



f"' .ati>- n or n = 0 



■A'^iO ■^^isK;^;ib;\^f^ the degree of p is n and the degree". 

:■ ^o//^ q is m , whfre m ^ n ^ 0 and p(x) and q(x) are rela.-tivsly 

■■■ " — ^ - . . . . .. .. ^. . . . • . - - ......^ = 

toitiie (^*e*,/tia^e no conunon factors). 
* "1 ' 



:^'(q(x))" - q(x)p»(x) ^ p(x)q'(x) 



Equating the degrees of e^ch, side: 



+ 1 ^ jn -t- « - I or ' m - n 
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Bin^e the left-hand .side. Is a polynoffiial, so must the right-hand 
sld|i% Alib^ ' slnSe \aM q ' are relatively prime .this Implies \ ^ 
that'i q*(x) is divisibrl by ^(x) .^^ This is^lmpoeaihle since *trit 
.degree of q' Is toe leas than the- degree of q \. 



TQk-J, Notation. . \ -^ ^ " 

'[Dhii iectlon is Included (at thlk ^Joint) as a reference • it need not 
"be assigned as a\ unit for study in ite own right. , . - 

^ Solutlone Exerclsee ^-7_ ^ 



- a 1 

1. Let y - sin x arid x ^ t + ^ 



Find 



^d^ 
dt 



and |i 
t ^1 ^^ix 



V 



^ ^ D.ain (t- + r) - (t^ + i)(at ^ 4) . 



dt 



Si 

dt 



^ cos 2 



t ^ 1 



Si s D sin X - Qoe x 

dx = 



dx 



cog 1 



X ^ 1 



2. Let y ^ f(x) and x ^ h(t) 



depress 



t Wt^ in terms of . ^ s 



§.OTh(t) ^f»(h(t| (h^(t| 



. f»(h(tQ| (h'Ct^)) 



dt 
dt 



t ■= 



3, Let y - f(x) , x ^ h(t) , x^ ^ h(t^) 
Using Theorem k^6 show that 

dt 



dx 
m9 



dx 
dt 



.1^ 



/ 
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7v 



iHirfmi':::H ^ ^' ':.'l::h :(:;■■.': 'P-^- ■ v. v, 











• at: 


































• 













t=t. 



dx 



Find the f ollowing I 

• . (a) ,D sitfleh?"^^; * D sin X 



^ QQB 0 + COS 77 = — H 



.(b) D^(x + Bin a sin x) 



X 9^ 



. . Bin a 



(o) 



d / 2 v S. 
- a ; 



x^ 



D^(f(a) Bin X + f(x)'sih a + f(x) ein 

^(a)GQs X + sin a f»(x) + sin x f ^ (x)i;H?. r(x) coi(x) 
m 2^(a)Gos a + f*(a) sin a) , '^v'' 



5* Let" y ^ f(t)^ /w^^s(t) , t ^ h(x) ^ z ^ 



(a) tJsing LeibnlElan notation^ find in terms of 



dy dw - dt 
dt -dt 



"dx ^ dx'w' 



dy ' dw 
^ dx ^ ^ d X 



Jv dt dw dt 
It dx -^"^ 



dt dx 
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\ 



Using (a) escpr^ss 



in terns of f'- j -g*". ^ and 'h*/. 



dx 



^ '•" ' ■■■■■ : 

TOl4-'^8. ImpllGlt^ Defined Functioria ^^ ' ' ' , ; - ^ ; 

In elemantary calculus text e* It is eustomary to cgneider fomal teehniqutfa 
'tojplicit'' dif f arentiatio arid "omit referen"ea to questions that are Involvad. 
; piis taxfc .offers an honest,, direct approachi It. utilizes well ehoaen e^tamples 
to -point ^up the great convenience of implicit differentiation and Indleata the 
' imposaiT3ility of obtaining an. e^^licit definition for all functions defined . 



Lon of < Equation (3) in Section ^-8. 

_2 



implicitly* The dis^J||^c 

' •*v ' - ' K arctan z + z ^ sin x 

, ' . - . . ^ >- '' ^ / • ' 

.includes a plausible argument Justifying the exiBtence of the unique function 

X z . Thls lnfo^al '"proof" Is in line with the formal, jr^of of Theorem 

Theorem A3b may b^ paraphrased? if ah implicit relationship 

def ines a function x - ^ y or y - ^- x , and if that function possesses a 
derivative .when the point (x>y) sa^^Jsfies the implicit relationship, then 
-that derivative is generally ohtainalDle ^ formEil Implicit differentiation • 
The *text includes ^ an example illuairatin^ the case where the derivative at a 
point, (x,y) exists but is not obtainable by Implicit differentlatloni 



\ ^ Solutions, Exerc-ises ^=6 

1* .For positive x , if y = x^ ^ where r is a rational nwber, say 

r .(-p J q integers) , then ^ x^ . . Asauming^.=4he-'exlstenQa of. the 

- "■- ■ .^q " ■ - : ^.--^ r=i^^- - - - - 

derivative D y ^ derive the formula D. y - r-x using Implicit differ en 

' X - ^ ' '^ gX ^ n 1 

tTatlon aSd the d^ foCTuia"* 6 _x " ^ " ^ f or iWigral^^ n , 



y m K~ J where r 



-£,x>0. If y^-3^, D^y^ ,^ D^x^ and 



qy 



i y - ^ J whence D_ 



q q-1 

• y ■ 



1 



r^c 



r-l 



179. 



18h 



•- i f ii r ■■■ ^^A-. — . .^ig... ^ . ■ ^ ^- , - ^ - -•■ ■ ^ , -^j^i 

/" * a.-.For.©aeh of ^the foUovlng, find D^y without solving f or ^ y as i 
;i ^■^ = '■■-.fanctton of ^ * ' , . • 



IC^ ■+ 2y 



s 0 and - 



Dy + 1 ^ 0 - 
(o) - 33? V 6y = 12 . ■ . 



2y * 6x + 6 D^y = 0 



: J V - y + 3 
- ' : (ai + - a^QT = 0 * * • ' , . 

■ 3i® + 3y^ Bj^y - Sx - 2y ='0 • 

, . . , ^ ^ , g ^ .... , . . 

3y^ - 25C, • , ■ 

3. For each of,, the following use I'mplloit dlffBrentlutlon to find ^D_.y 

; (a) =f = ^^^^^ ■ ■ 

(y + x)(D^ - 1) = (y = x)(^y + 1) ■ 

2x = 



(y * xf 



d V , x(y + x)^ •*• y 



(b) . X y + ^ 



23Qr + xS-y + y^ +^ 2xy"D y - 



2 2 

- 15 V . - - y 

- a 



P'l 



1-8 



(c) x^y^ = 10 ,'('m , n integersXW 
_m*-l n m / n^l 



y nx y 



D y - 0 



■ (d) + X = y 



-1 



• xy- + 2V^ " . ^ 



ii-, Uaa topllcit differentiatiori to find D^k 
* (a) / yi^ - ai^. J a constants I 



{^) 3xy + y^ + X - Sy*+ 1 ^0 . 



i^xto^+ 3yajc + 3x + 2y + Dx S =,0 
■ y ^x;+ 3y + 1 * 

.(c)^ (x +/yF- + (x. - y)^/f 



1 



^ " Vx + y - y 



..4 



. 181 • 



r r 



2 ' 



Bxttt + + 3x - l^y - 0 
V ax + 3y • 



( 



5. For eaeh equation, find the slope of the eurv-e tapreeented at the-stat^- 
^ pDint . . ' ' \ 
(a) 2x^ + + + X - 2y +^1 ^ 0 at the |oint (-2,1) , 

Ifx # 3y + 3x D^y, + 2y + 1 - = 0 ^ 



At (-2,1) , = - . . ■ _ ; ■ . ' , : 
(b) x^' + y^x® + y3 . 1 = 0 at the point (l/-l) 



'3x^ + syx^ D^y + 2xy^ + 3y^ D^y ■= o 
'.'..At Ci,-i) » D^y = -5 . 




(c)/ ->xV^ - 6y--a 2 at the point 



,"td) -"'4; COS y - - a at the poitit (vf ,|) 



x( -sla y D. y)^ + ^ 6x 



At ;(^,|) ,:Dy - 
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6. . For each equation, f Ind slope qf 'tjie o\£ts:e^ represented at' th6 i^nt ^ 
: r . ■ oi^ points where x ^ y v Give a geoipetr^p explanation fpr thes^ r^^Htf . * 



3x 



3ax D y - M.-3y- 'd y = 0 



-3x' + Say 



X + y ^2 



mx ;+ lay x*^' ^ 



y 



-mx 



m-1 



x^y . my^ 



m-1 



x^y^d 



3x + Sy D^y - 2ax D^y + 2ay 



Say -I2x 



x=y^ 



2y - 2ajc 



x^y 



(« ?^ or 



^tteee curve i 'are syimiietfic atoi^ 'thesUri©, y x Thiia &t .thf/folte 
• where . x ^ y tha tanginti to %he curvis are orthogonal to thfe Mne '(R^fep. 
-to Exarciaea 2-5 j^O^ 10) • ■ ■ ' 

7«-v Find pD__y by impilclt aiff erehtiation* j -. 



(a)* ; a>sln y + b coa.^x Q ; (i 



GOB y D^y b B|n X ^ 0 



fc*aonstar 



b e3ji_x 
a- cos y^ 




-1^ 
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' (ti) 'X QQB y + y sin 0 . ; 



^ , ■ : cos y - X sin y, + sin x + y ^gos x 

: ^ QQg y 4. y COB X \ / - : 

^ ^x sin' y sin x * r , - 



. (c) ein xy ^ sin .x + sin y * 



. i/? ~ coi y - X eos 3Qr' 



~^d) " e^e(x + y) " y . ' \ * 

-Qec(x +-y) cot fx + y)(l ^ D^) ^ rf^Y 

r 

s(x^ + y) -ootfx + y) ' ' 

2,(x + y) cot(x + y) +1 - 



X csci 



(e) ■ X tafi y - y tan x = 1 



^ . . 2 - 2 

tan y + X sec y D _y - tan x D__y - y sao x ^ 0 



_ tan y ^ y X 
^tan *c - x. sec y 



(f) tan 3Qf -,x ^^0 



(sec 3Qr)(y + xD y) -2x^0 



D y = gxl^ y sec xy 

X ^ S 
: X sec^ xy 



(g) y sin x*^ x tan y j 



sin X D^y + y cps^x ^ tan y + x sec" y D^y- 
, Bin x- - X aoc y 



^ that f '(x) ."'.i^ negative.. 



V ~ D y ^ 0 11. 



^ vhic^ la alw^s ^ negative sii^c^^ x , y, > 0 



'9. *AaSTM^.t^iat ^^^'^y^ (i.ei , x Md 7^y are ^Indep^d^nt^) ind 



J/ the foUbwiing^ 

2 



(a) D.(x + 30^ + GOe y) 



(a) D^(x2) + Dy(y2), 



b(xh + D.(y2) = 2x + 2y, 



(d) /D_f(3Qr), + D^f(x), 



= yf'( 



= 2(xy)^x D^^+ y) = ajQT. 
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*10. ''Lfet.r e'j^r, .and ' to^^ two^'emrves/ which intereect at the pojLnt (^QjygV ■ 

' "'and l^t7^)iy"il'opaSv©f and . ^ '^t ■ (xqiYq) W ^ and |^ J ^ " 

^re^ietively.r.lEf the pro^luet «quala =1 ^ wej say that- the curYas 

and' are orthogbnsl. » . ^ ' ^ ' ' i \ 

1^ -fid',.. . \ ' - ^ ' 6 

; (m) ' ShQw^^hat the l^ee/ vith- equdtioiis. li-y 3k - 40 = Q: &nd . , , ^ • ; 



^l^b^y - 3 ' and D^y - | ^^t^ ' ^ 



3D y + ^1-.^ 0 aria D^y f -5=' - T 
.ffi^ • ^ \ihenGe the lines are .arthogOTal. 



\b) Show that tho, airola r, + = ■ j"r ■ .. oonatant} Is orthagonaii tp 
Y . th^llna y = mx ^ m .constant , ' ■ ' - ; 



11- Flnfl' thtevMUnbi of intersection of the eUlps ^ 

l^erhol^^^- 8y^ ^ 8 ^ and the slopes of the curves at theea pbints 
of interaactton. fShow that the curves are orthogonal* \ ^ - ; 



iUlpse + iOy^'^ 10 ai^ 'ttii 



fdlnte of ^Unter'iee^iori ^are^ ■ • 



ior the elli^s^ ^x^-^ ^ ' 1^ 



■For the, hyper^Qla^ ^x^^ ^ ^ J Sy 




' 1 ; ■ : = V ©ach two 



■ V' -■:°'"tet" ('xl.y'O be trie: point -of liWrs%ctio^' pf r^4"e-'4^^^^^ 



I j> ; . euryes at ^ 

=Ai3.'/ ■^'or^^/tat^ ^yal^ufs^ iof ; Id ' wi'H ther.a be; exaGrbly one lln.e passing through .the 

' ' ■ prfint- (o^yk) ^ and brtliogpnai to the. parabola 'y n x^ ? For ^hat values 
"-^w; |>.'vrtli^tb^^^'b^v#w three, orthegwal/llnas? ^1 ■ - -vy 

"le^'tht aqua^tion of tl^e line through. '(Ojlc). be^ ' 

, ■ - -. ^ , , _ . - ^, . , ... . . . 




The line intarseeti y Wx at - 



* Slope of parabolii / 

'rt polite ^of irit^reection Us ■ m t vff^ + '^I^ * :For. orthogonality . '^'^'i/,-- 
m(m Uk)^ - -i' ^nd k'^ | + -iyi Hence ^ for ali r^'al . numberi; . ' 

m j k'> ^. Thua^ there ^rill m two orthogbnal lines of the fom ; * 

^.y ^ mx + k which pass through the. point (O^k) and ar^orthogon|l4to vv_;'i^ 
the. parabola^hr However, since D y ^ 'Sx is# equals t^'^pyo at^ (6,^ the 
y-axii oi^hogonal to the parabola at the^Mg^^ § 




y>ajfts 'it orthogonal to parabola, 
> g- , 3 llnle are orthogonal to parabola. 



A ball dropped but 6f^ a window 

'^,iff-''^p^Q^m' *X&t : - ;feet in t ' aaconds 
: " '^p obsfervei* fs; Vatdhmg from ] 

k /another window the Sam# height 
■., fi ";1U8 'faat awayi* At what rate ig^ the 
. = / di gtancfe Q^ ^^p^baH from' 'the ob-i = I 



.server %: 




two seconds after^ 
df 

it ion which. 
fines > the *di8- : 
t ) between ■ thq 
ftjia^ball-i^^^me 




'(b} -Uae Implipt'^differentlationl ^d^ansFer- the question of the prgblem* 



1 



^2y D: y c-^4«6" 



■t^ 



.^The.di^fice of the mLl fr^ the bbserver" Is Increasing at the >atfe 



J' of 



ft/secj %vo*seconds after the^ball*iB dropped, 



as*" 



(a) *- GivM_ the simple, harmonic motion is^dg^^bed by "the function ■} 
■ j= t — ein (o^t + c) ''where ^nd^^c' are constantSi Find^ €hp 




'.v-= D sinCo) t + .c) Qj 'Coa(M,t cO ;, ^ 



;sin( ^t + 'c) 



= " C0s( t^^ + c) 



(b) Si^le harmanic 'moti^ may also be described ^by the function 

p . ^_:=^cos(wt + dp' wjiei^e ^ andy'c are con.sta£ts. Find the 
= valo^ty at time t = t_ ' • 

€*i iln(' aj 'tv+ p) V . 



, Y ^ COs( W t + c) 



'^D. cos( 4y t + 
t 



t^t 



sin( Ci^^t^-. + c) 



-186 



.1.,. 



37 .sX 



^Ce) I»''what aense are 



aami 



The magnitufieB or the motion described (a) ^'and^C'^; . ar^;. 't^^ 
' except'Cor a phaf ihift 'of ' | radiSipe ,\ V.,' 7 ^ ' "^"^ '^ ' 

. i ^ '^^^^^ ' ' ' \Ly \ : 

vi6to'\' if a simple hamonK motl^ is d€a'crihea thi \fT^netion - , 

^ ' y . % — ^ A 'sin w t + "B dos en t-' where A , S[f and , ^are conit$.ntSj 
■ 'f-'J 'detemlne .the .mailmiiitf ^sjl^ifl, ■ V,V^ 

rV-i; .y,(Rfefer to BoXutipn? EbcaWlseg ^l^-l+j Ho-,\l5 
'v\ ' A^sin' t i B cos w t = A" + 1^" slri{ ci? t pa} 



V. * ,t .—^ Hi' 4* IB^ J COB (:£i3 t + a^) ' 



Speed' ts maximum wheA ^ |eoff( f.j t -k a) | ^ 1 




^ Sotoiona ^ Miscellaneous, ^^rclaee 



1. Evaluate I^, ' 

. / - . . . 

. 2 ' arcsln ^ 



.(*) 'rCarbsln v'k)' 



Co) .dVS: 



3x 



9^ ^ 

,- 23- 



(d) 



D Hyc— x" , where u - x , and 0 < x < 1 



u 

D v4 - x^ = ^ 1^ - * • D^x 

u ' " * X ^ u 



2/x ^ X 



Sx 



+Xv4 ^ 'X~ 




vjt-,-'- 



.'(f) i(x3 l^fr^^HJ..^-2^„ 



.3(x'^ . 3) 



173' 



u f 




-)-— D-{-X— =^ 



< 2 

Vx' . (X . JFTIf^T7 



(j) . DVx + 1 ^ 



a^x +. 1 ' 



(k-) .-D'^Bth X • -cot x) , whtra' v.a gob x .. 



D_;.(ain x ' cot x) = D^(8lg' Xj ■ cot x) • D^x 



i::^J'-^sH'x' 



2x 



(m) D' \ % ^i^r^ A ^jieipe y ^ c 
^ V \1 + cos X/ 



X 

COS J 



^^V 1 + COB/X ^1 ^cos^.^x V/ o 



=2 X. 



(1 + cos x)^ -sin ft sin ^1 +'^cos 3t) 



-3tf/- lat - 1 ' 



2%- 



' P (2x - 3)^ J it(x3 - i)(ax ^ 3) ■-' 3x^gx - 3jS. 



x3 =.1. 



(x^ = 1)' 



3(2x 



Mi 

A* 



(p) d(2x3 + . X + 2)^^ -_10(6x* + lOx - l)(2x3 + 5x^ 



190; 



■i ' 



X H 



^^^^ > p^l^ vheye y = arcsln x. 



1 ; (t)' D(,tan- (x"^ »). .f ' = + ^ BeB-(x'^^ r x). ' » ^ ^. ^ ft. ^ 

2 lii Section 2iU we i&lm& \ thi volool^ of an objeotlwhpae .IpcatlMi <3g a 

: ,.\ i x_ . ^(t) = 0(tj - • . : ■ 



t = t 



'L^ in Bection 2^5 ve observed rb^t^Ms. limit is t^^lue of 'tto V 
derii^tive^ 0* at t ^ t. , ^Ixp^feental^ it h^s been establishea that 

W distance ./^y^^:^^!^^^.-^ 

■to t^ , and therefore it can be represented by^ the function 

t'— Gt^^ , where c ' is a poeJ.tiva constsr^. Show that the.Yelooity 
of'a freely failing body. is directly proportional to the time.- 



4 



. V ^ .0 * ^ ct 

\ ^ ^ 0«(t) ^ 2et , ^ . — - 

." ■ ■ , /.-^ ^ ^ kt' ; where. = k = SC. is a positiv^con|tant. ■ ■ 

M ' ' . J . _ #^ ' ^ ; , 

■ 3^..^jJ»g^^^„^\i^l, velocity of feet, per saoond . Negleot^rlc- ^ 

' ' tlgn and assumeyttet-the prpjectil^ movaB'up and down in a straight IIm- ) 
• lS e(t) dandte the •height (a^^ove f) in feet ftiat ^he projectile attains £ 
- t BioSiB. Ler ejectiih- NoteJtKat If ^^r""-^^^^^ ^ 
■ acknK on the projeetl^e, lt:wo4a oontini^ to mofre u^Bd » constant . 

- • ^Soclty! travSllng a^Astanoe ^ feet per eacond, so^hat Its height 
■.r~^at ^ would te given 'hy-; 9(4)'.= v^t . We know that the force.of 
■'"'t:~ ™ity-- acting oi^ th^ proJ«tile mBes it to ^siow dowH-until itpeiooW, 
' , iB^ero and^tSen travel ha^k tp the eaBth. On the basia of 'phyelcal.ex= 



■ 

f 



\ 

^ - 



perjini 

Of ;g! 
ai loDj 



jnents the fornwla /©(t) = v^t ^^i^ w^re $ ^epraienti ,the force V 

[rav^jr^ is usift to rMrei^ (a^ove P) of the pfojaotila V 

.ong. ai it Ib aloft. $ote -^Hlit ^(t^ when t ^ 0^ and wher\ ^ , ; "i 

-^vy^Thls means that the/;p returns to -fflie intial ■ 20 'foot 



0 



level after --^ eeaonde. . . / 

(a) Find the tflbdity of -^I'e prejectlle at t - t^ "'(in teme of v^' 



and 'g)* % % 



The Veloo^ty is given, by. 



7^ \ PHtl ^ y^ -gt 
^-f \B^<tJ:.--V^ = gt, 



r ^ 



{^) Sketch the vSi t ) and the ' v vsw- t siirvef on the eame^ set of 



V ^ 0»(t) 





















































































\ ^ 










































1 












1 










r 










— 














- i—t, 












































/ 





























t).= VQt -i gtS 



'St 



(c)^ Compute (in terms, of v^) the tin^ required fior the velocity to 



drop to zero. 



0'(t)-= . gt i 0 If t =^ ^ 



J 
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What is/ the velocity on return to the initial 20 foot leTel? 

^ " " ' \ • \ • ' — ^ ^ y / '-^ . ■' 

^ .Jl(t)^^ t(v^-|gt) ^0 if t- 0 t-— . : V 

Thm velocity an retton to the initial SO foot level Is g^ven 

As^rae that the prajsctlle returns to' ear-th B^^^t^oili^^^O^^m 
heJow the initio P * What Is^tlfe.vel^oqity at 



2 2 ' 

Wa knov that^ (v^^^^) - (v^) ^ 2gs , ^ ^ . 

since • ' - ^f^ ^^0 t * ' b 

^Blripe the o'bJeGt Is trayellng downwrd/ g le poel-tive* Thus 



(vj). ^ + age and v^" ^ + 60g eincl s ^ 30 



T(5-lp . IntrQduetlbn, 



In Chapter 5 we study the derivative f' In order to pbtain ■informfltion 
about the funotlon f , *^We ^ere note some .genereaizi.tion^ a^out" furictlons 
which are derlvatlyes.= I ■ 

= 1*" ^mie derivative of a IpntinuouB fuifbtion la not riece^sia^ily contlnuoue, 



MmM'SS^' Coneider the function' f given by 

^elni , %^ 0 ^ 



Th^ derivative^, given by^ 



2x sin — - cos i , X 1^ 0 



1 

X X 



is continuous for all x ^ 0 . The derivative ' canriot be continuous at 0 

^since llm f*(x) does not exist. ^ ' ^ - - - 

■- x«0 

2. An^ derivative which exists throughout an Intei^al has the inter- 

mediate value property; that is, if ta^es on any^tto values in 

ih^ Interval Da^b] ^ then it' t^es on every value between them 
■ (Exercises 5-3^ Wo. 20). Hils property is quite re^kable In that 
it holds for derivatives h|vxng points pf discontinuity (Example. 
* TC5-1). . ' ' . / 

^ '3, M Immediate consequence of the intermediate Value property of derlya- 
V . tlvea Is the fact that a derivative, if discontinuous, cajinot have a- 

* finite iumn. Note that in Example Tm-l neither llm f*(K) not - 
" " " . V ^ .... x-0^ 



llm f^(x) exists. (See ^ercises No. 16 for comment on left- 
x«0^ ' 

sided eynd right- side4^ limits. ) < 



1. (a) Obtain ajS expra a slon for the flr^t aiid. higher derlvitlVes "bf 
t where n . is a* nattiral number^ ■ ^ - \ ' '® ' ' 



— — ^— —1 — ' 

Jn general^, if > t / ^ ' V_ 



;^ D^x** = l)(n =' S) . .. (n Ivl + 1)3^=*, , 

which call formali^ he pr6ved hy^ mathematical^ irfduetion (section . 



For the case . i > n D'^^-^ = 0 ^ sin 



ce 



ifx^^ n(n - l)(n.- a) (2)(1) ^ nl, ^= arid ttir^-O Higher- order 
derivative a ^ are then all zero, ■ . V . ■ ^ 



(b) Do the same for k^^ ^ where S is rational and riot integral, p 

, - %^ / ■ i/p 

*and q ,relatively^rime,r What-, is the 'domain of f * when,- ftx)-x^ ;7 ^ 

, \Fo» what Value e £ la the domain pf f different from that ot 

t % K^-^^^^ ? -Mswer the same question for higher derivatl-vei of 3^^. 



^ corolle^y to Theorem ^'-5s ' 

r . r-l J ■ .. 

for al^^ation%^ nunibe'rs-> r :. ^ induction^ Just as in l(a) above^ 

- r(r ^ l)(r -.2). (r^ n + l)x^-^^ \ 
^ since r - n is rational and r - n ^ p.. ^ 

If 0 <^ ^1 ; then the domains of i and f' differ: dotnalh f . 
includes zero, and domain f does not (f'{x) will have x in the 
denominator and f(x) will not). In general^ the domafn of. f^^^' 
will' differ from that of f if 0 < £ < ri . • ^ 

■ ^ , . . ■■- . 

note i ^ p ana q are reiativelj prime. If ^ were integral^ 
.^erclse l(a) above would, apply* * \ * . ' 
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(a) iin X ? ' ' (c) sin m "7 

(^) cos X ? ' ^ (a^) 5x^\. ^ ^ b,x^ ^ 70^^ T 



(a) 



f"'(x) 



Wfe see ih&i guL.w^^ - 0 1 r 1 ci^ei, I 1 ^ 1 
Thus j 
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5-1- - ^ ' 

result of problem 3g is used in 3h| hence, i^3h is assigned^ should 
also be assigned. ^ 

3. .Find the n-th derlvativao ..I ihr_ i ... i i,.wi i.u, is ..^ 
? (a) f ; X ^1*. (&A t l; 



.0 . 



I j 



5-1 



t) # f X cos- 2x 



^ t^lce a^lying.^-th€ addltidn f^ormula for vjosineB, ui , &i ternatlvely, 
from Detoivre's Theorem iBl^G, IntermedltilG Mathr-iua i l^s ^ Ulmplfer 12), 
-w^ get 



or 



'ill 



\ 



1 j 



We could -write this 



be Vei i I I t J L wife, (1..,. { I 1 



.4.4. . w^iil I. Uia^ 



i>C L 1 I . Mil. 



( a) Shov tha I u , I i. 



( b ) ir i I 



■5.1- 



f(x t h) - f(x) _ f(x) • f(h) - r(x) 



■ 1(a) . 

and 



h 

f(h) - I 



11m r(x) - ^ ^ ..... M - / . . . - 

h^Q f^-^-^ ^- 



i 



/ 



defined, for all x ho^. i i > a / ^ ■ ■ i - ^ ■ ^^-^ 

/ 



«i ^v^o ^ ^'■ 



. F 



^Thl^ ^ondlUwn (U. ... 1^ ... I . ity UiiuLM 3 (homogeneity) 



"Leimnr^* Gintlfmlty at le^^ - ImlleB continuity for -all x - - - *- 

' . ■ '. \ ■ . ■ . ■ ' ■ 

, ^ ..Rroof* Given e >^'0 , we have by continuity at that for |h| < 5 

]f(Xq + h) - F(Xq)] < € , mt F(x^ 1^ h) - F(Xq) 1- F(h) ^ F(x 4 h) - F(x) 
for any x , So F ^continuuUd til tMiy .p-Ui^ ly . 

: . ■ ■ ^ 1.^ 

'Lemma 2p F(i^x) ^ cF(x) , i i;^tiwMaj ^i.J. k mi^ i^a* iiumLei . 

, - Proof . F(^-i ^fx t- ^ 

F{^} '-^^ r(xi 

^ £f(a) \ ' ^ ■ ^ : 

^'^ ^ • ^5' . ^ ^ ■ 

or" =^ . . . ^ 

A ^ iM , J iu= / 1. iitiUuraJ. number* ° 

^. r " , " 

f ~' ' ^Oombinin^ w.^^dt^ i ww &- in uu^ j .iiLi.„.. . ■ ^ * 

i F(£ ^ X — ^ ( i y iAiiiS q any iiatural numbers 



F(i.. ) a^FCa) r rationeCL. 



L^t iJ(i/t t w ...ill .!u.. i . f^-,.. ,uiu. a / u l^leii 



1 s. 



U 1 ) I 



1^1 I i 



5-1 



"So'"' a-s' O via -T(h) = hf(l)-+ 0 =-hY^(l)' for my h . But tMe is 

Jisuff IcleniJ to shoV h,ora,ogBnelty . . • 

■ ^ . - F(kx) =, kx ,- F(l) 



' =. k . f (x) . 
So F 1b homogeneous and, uoasequeiitj^^ f a 1 1 i v_-jf. i i i , 

6. ^"Mvep that the' -function F ^is^eeflnea iur . . i:;. jii 

[Ojb) , and Batisfies "F(x'm kJ(x) i -.r . ; ^ ( 

" " Shov that F is ^veryi^here dif rerentitiL le a. id t?i t i. t> ih. 
of F assuming - 

(a) f(o) ^ 0 , F^O) = 0 : ' 

(b) F(0) ^ Q , F^O) - 1 . 



graphs F . ^ ■ ^ \ 



X* such that - 0 <• 5^^. < a 



. I i aJO 4 ill 



Then, 




We distinguish between ari axtrerTfui (a v^iuc of the fe'i^ii.. i,l un ) m6 the point 



(or value x ) at which ^he rmigtlon t^es 



s on mi 
% 



the ^'i 

Lrtri.'iuTn 



extrenmm; it dyeg not irripi^ thai i 
f 



Theorem ^^2d, It is a& iiiipt^i laij L '^u ki.ww .tii^oit=tM auc^ uwi irr^ly 

as it is to knov what it 'does l{u_tji^. IQ Jocq i.^^i iuipi^- that / -^^J^ 

On the' other hand^ th^ geometi^iv. inic-i 1. 1 .^^t y t i W^^- ^^'^^ iliutulnatc the proof 
biitf may actually sau^e cojif\.*aiQii alii^. e i.iie uitU. d ul' f' Is indirect. 



l,u) / lU 



CyiTliiiuii hypwthese^, '1.1 it ui.i i. 
U w i 111 ^ f ' [ u } s fei 

points, a j b , 
\ 

^. 411^ Li I. - . ^. , 
r( X J , ( lii Hu^ftii 1 =^ 

Jw^t i 1 1 .y I Ivi.* I ... 



i I 1 



ii. ii idi^y the remain- 



ihu.,, tor axsjuple^ 
/ aisvj iriaxiniizes 



1. . , -'--vi 

1. 1 , .. u and 

j I , , I i £ u ; cannot 



5 -a 



(a) Hiree men live on the same straight road, ■Where on the road should 

they agree to meet so that the suci of the distandes they trS^el aloi^ 
the road fTOm their hqmes to their meeting place is to he a minlraumf 



We BUppOpe th^t no two men live in the baine iioube , Given any tvp men^ 
the SU^ of thfe distances they li&vti Lu meet f3Ll aii^ given point 

the man ^o lives between the uih^i m^i^ 



bet^reen them' is Independent ul Lh^ yuin\. 
shovn to mriinii^e the travei &l Uic Liiii d i..&ui 



What is the answer ii ii 

* 



or (| ♦ l)ih t 

be I . e i > 1 1 ...... . 



n 



i t uii the road in 

I . la . 1 li the 



and V).. 



O: t**. 



.ojne 



1 i 



1 1 1 



sfc£. A] j , W J 0 
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=*A etone wall 100 ^ards long sta^ids on & i^eiich, Paj't or all of It is to 

tised In^ farming' rectangular corral, using an i^dtiltionai 2bO yardg^f 
fencing for the otner three sldeB\ Find the. moJCiniLim area which can he so 
enclosed ^ . , ' ■ 



area of the corral is giv?^i. 



where X < 100 anfl x > 0 



/ 



.,MJtiiiium area 



I 



1 tal and 

♦ , . . , , i re Hit: 

I ea.. I W.t lib 



11 QUI 



f^(x) m 2x . ^ ^ d if Mid only If x ^ v55i ThQ function f has 

on]^ one eKtremmi at x m , For x.^ 0^ (ib£erclses 3-4/ No, l6) mtk 

suffieiently.la^e/ f (x) . can te-made arbitrfiprlly Iwge, imus, the ^ 
esrtremm is a mlnlnriuiil ( See/graph^ of f .) Kie /dimensions that require , 
the minittrum. material B^m * ^ 



300 



200 — 



100 



1 



by 



X - 



(m inGhee) 



10 



8, A right triauigle with hypft©.nu&^ is rotated a'^out one of Its lege=. 
Find the maximum volume ofl the right circular cone produced. 



Th# volume of the cone is given by 
V ^ H (K^. . x^) ^ f(x) , where 



. 0 <^x < k , 



W^= ^^TriO) . 0 , and 




'f(k) ^ 0\ Ihue. the maximum volujne at the Interior point = — 



The maximum volume is 



5/3 rtk" 
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5-2- V ■ ■ . ; 

9. Detei^ne the lengths of the sides of a triangle of maxirmm arei. with 
^aaa b and •perimete.r.^ p . (Hlnt^ use Heron's forntula for- the area of ^ 

al^langle: - A ^ Vs(s - aKs - hJU - ^0 > where ^ b ^ c ^e. the 

Itn^ths of the sldjes^ and {b^^^ b + c) = g * ) ^ 




A m f(x) - Vi(s - xHx - bKx + b - s) , X < 

^ (x + b ^.i)(s)(b s) + e(e ^ b )(s 
.. ; 2Vs(s - x)(s r b}(x + b - sj 

s(b - g)(gx + b " gg) - ; - s 

" ■ aViCs - 3c)(6 - b)(x + b - s) ' . .. ^ ^ - : 

f«(xy^ 0 if b ^ a ^ I or if k If ^ | i the. area Is 

zero* Thm maximum arei. Is glyen by an isosceles triple flth tTO equal 
sides i^-i . - ^ V 



Solutions ^erclses g^gb 

' ' ' ^ ' ■ . . . ^* ^. ^ • 

1. P^ove the corollM^ies to theorem 5- £b* 

Corollary 1. ■ Let f be continuous' on the closed intferval [ajb] and 
differentiablp on the open interYal^ (a^b) , If there exists only one 
point u : in (a,b) where f'(u) ^ 0 and if either*^ f(a) < f (u). < 
^ or f(a) > f(u) > f(b) then f(u) le no-fr a local extremump 

^ Consider the case where f(a) < f(u) < f(b ) (proof for f(a) > f (u) > f (b) 
is similar). Suppose f(u) is' a local extremum on (a^b) ^ then by , _ 
Theoram 5-2b " f is increasing on one of the cloeed intervals^ [a^u] and 
v [ujb] = and decreasing on the other. Therefore^ either f(a) < f(u) and 
f(u) > f (b) , or f(a) > f (u) and f(u) < f (b) , But this is a.contea» ^ 
dlctipn- ^ * 4 ; . 

Corollary 2. Mt f be continuous on the closed Interval [a^b] and 
different i^le on the open interval (a,b) Let there be only one point / 
u in the open interval where ,f *(u-) - 0 . If f(u) > f(a) and 
f.(u) > f (b) then f(u) is the rmximum of f, ©n [a^b] * If , f (u) < f(a)- 
■'^ and f(u) < f(bj the^_ f(u) Is the rrdnimum of f on [ajb]- . ' .-^ 

..^..Q.^Qjir (ayu) -and (u,b) . Iherefore (The orem^^pfia).^ there. are^no^^ 
extrema on these intervals. Then, by Theorem 5-2b, f is either increas- 
ing^ or decreasing on [a,u] . [u,b] . ^ If f(u) > f (a) and f(u) >f(b) 
then it follows that f(u) is th©^ maximum of f on [u,b] ^d f(u) 
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' Ifl the maxiftium of f on [a,u] . Kierefore, , ■ f (u) is the maximi^ of '/ 
on . [a|b]: . . . . ' - . 

■: \ ■•; , ■ ;^ ■ ■■ ' ■ ; r f-'" ^ : 

M"^": of ^ f; on [a^'bl \ ^ 

2. For ^B^dh of thi follDwing functions locate and' ch^acterize all extrema, : 
On^what intervals i^s the fimation Increasing? , aecreaslng? , ' 

■ (a) f I X— *4x^ v8x^ + 1 



*fKx) - 16x3 ^ ^ i6x(k^ - l> ii 



'(x)'^ l6x-^ - l6x = ifixCx - 1> is Eero if x = 0 or x.^ 1 or^^ 
. X ^ -1 Sinoe f(-l) r(l)^ .-B and f(o)^ 1 , Lemma 5-2 w ; 
/ ^ croncliide that f(p) is a local extremumj fCO) - 1 is a local 

maximum* Similarly, since f(-e) ^ f(2y - 33 we conclude that 
f(-l) ^-fCl) ^ -3 are ^nima, Thm function .f is- deareaslng 
.,....„,.. ■ <■ ■ arid [ 0^l]"j" ■ f :is-'iiiareasing';^";" 

throughout the intervals' [-IjO] and x >1 * 

(h). f I K—^K^ ^ kx^ " \ ^ - / ' 

f(x) - x^-^ ifx3 . ^ ^ _ ^ ^ \ 

■f^x) ^ ^x^ ^ I2x^ ^ kx^(K ^ j). is zefo if x ^ 0 or "k-.^ 3'» 
. f(0) 0 ^d f(3) - -27. Since f(-l) > f (p) > f(3). , ' f(6) ie ■ 
not a local extremum^ by the Corollary to Kieorem 5-£t)* Since 
f (O) f (^) J f (3) is an extremum by Lemma S-^S* f(3) is a minimum 
value of f - ' The f miction is decreasing throughout the interval 
X < 3 gmd increasing throughout the interval x > 3 ■ - _ - '. 

(□) f I X — ~ ^ 



1 4^ x" 



■ x3 
f(x).-^-^.. 

1 + x^ ■ - . ' 

^ 0 ^ ' 1 

ft(x) . " ^ - 0 if and only if x ^ 0 . f(0) ^ 0 , f(-l) j 
- .™(l-^+ -x-)".... . - 

f(l) ^ i / Thus, by Corolliiry to Theorem 5-2b, f(o)/ is^not m 
ixtr ermim [ ffie f imcti on f is increai i ng^w lir relT' TOnffiW SF^" 
f »(x) > 0 . , = . . 



•■ " If' •• ■ ■ ■ 
(d) f : xV 



f M - ^ ^1 * Since f*(x) m 0 has no solution^ £ has no 

eKtreimim^ "but is deereaslftg throughout the Interval a . x < -1 ^ (=1^) ^ 
and x.>-l . (f* (x5 < 0 for am :x , [x| ^ l) . ^ / 



1 + 



^ ; 1 + X 

f'(x) . 



; 2 

Xk 



(l+x8)8 



is zero If ^ - 1 or x - -1 



miniraum v^ue end .f(l) ^ ^ is a msxiimm value of ^ f: t The fimction 
f ii incraaslng throushout the cloeed int [-l,-!] a^id= decreas- 

ing throughout the inteinfals x < -1 x > 1 . 



A rectahgle /Is ineari^eia. in a circle of radius- R , Find the ^rectangle of 
maxinrnm area, of maxiimirh perimeter. 



From thevrectimgle protilem^ Exercisee 4.-1^ Jiunber 2> ^^ have A ^ tM \ 

m wAh^ on the interval ^ [0j2E] ^ i,e.^ 0 < < 2R , where w is . 

thi .length of one side of the rectajigle, Thm derivative 

fr(v} ^ ^^:Vt£^ is i^ro at y,^ -Z? R . We note that f(0)^^^ 'f(2R), ^'-0 

and. f("/2 R)^ m 2R^ and conclude that the maximum area la taken on at the 
interior ^ point ■/! R , Thua^ the rectangle of' majcimunt ^ea la a aquare 
of side V2 R 

For the maximum perimeter j 



■^nfe der ivaWve ' ' g * ( w ) '^i 



Ur - w + w) ^ g(^) 

..^2w_ 




l¥^zerd~K^^" w^^^Vl R . ^IHce^^^^ 

g(0)^s R J we conclude that the 

maximmn perimeter is tsJten on at the Interiof point >/s R , The rectangle 

of m^lmum perimeter , la a square of side E * . 

21k - . . . ■ ' 



22 o 
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if , ©le wea of the pointed ' text on a page Is; A square Cfntlmeters, Ttm 
left right margins ai^a each c centimeters wide, eiid the Upper and 
lo^er margins ar# each d aantimeterSi = l^at are the most economical , 
dimeneioris of the pa^es if only the piount of paper matters? . . 



Let the total area of the p^e he T 
4, T W (k ;+ 2c)(y + 2d) . .^ 

'..(x + 2c) (I + 2d) - f(x) 



2dx^ - ' 2Aq 



cA 



. . zero at x 

t\iK) > 0 if x^ > ~ ^. and 

V^'^ f*(x5 < 0 if . 

■ a 



Sd X feW-^ is. a minimum^ emd the = most econprnical dimensions of the pages 




are 



so by#+ 2d , 



' in centimeters. 



f(x) 




T ^ f(x) = (x + Sc)(- + 2d)^. ^ ^here c 



sf, A rectMgle has two pf Its vei^ices' on.ihe' x-ixis Mid -^f otjier tTO above: ^ 
the axis on tlie* parabola y ^ 6 - x * Wiat wre the dimensions of such a , 
rectangle if Its :area Is to he a maxiimMa? * . ' 

V (Be^ Jbcercises l-lj No* 6*) ^ ■■ ^ '■ .-. \ , 

A s f (x) % 12x = 2^^ ^ . 0 < X < . ^, . 

' \ f ^ 12 -*1Sx^^^ 0 ^Uf x^Vl^ ' . ' ; 

iThe'area is airaipcimum If the dimefcelons are hy> .tt * . . 

6. ^ A rectwiBuiar sheet of galvmited " metal is bent to form the sides and ^. 
bottom of a trough, .so that the cross section has this.'shaper |_| . If . 
ihe, metal is ik inches wide^ how deep must the trough be to carry the \ . 
' ' most water? - \ " . ' ' 



. (See Ibcerclses 1-1^ No, 7*) . 

where d ±b the depth, - . ^ • 

^^ ■ f(o),- |f?K-V and f^)-^^^^^^ 

The trough should "be u ^^iT irieHe^ deep to carry the 'rm wrter, ^ - ^ -v.... ^ 

7*. Find the right eircufi*^..gyl±Ader of greatest volume that can t»e inscribed 
in a right circular cone ChiHpadius r, and height .h , ; 

(See acerclses 1»1, No\ 9*) ^ 

' . - Y ^ f(x) - rthx^ - , 0 <K <T , --^ /' 

■ ■ where, x is the radius of the cylinder, ' " . . 

, , 2.. , . V - 2 .. 

t'U) - ath^ - - 0 if X -,0- or X ^ ^r . 



f(0X-f(r)-0 sjid f(fr)-p=rtr 



^The^.right-.ciiculEtf... cylinder of .greatest volume has a radius jv^tch ls^ j ^ 
of .the radius of ^'the "cone and a height vhich is ^ of the height of the 
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The lowar right-hand Qomer *of e page is. folded dver so as to reach the 
left-edgt 4n such a wey that one endpoiHt of the crease is on the .right- 
hand edge bf .the pa^e end the other .endpoint ii on the.ihottom edge of the 
ps^eVa© In the figure. If • the width of the p^e i% c incljes^ find the 
mlnlBnga^eBgth^ £c-the_cre ase., — . — , . ' ^ ■ - - - - - ..y-.-: 



See ^erclsfes 1-1,^ No. 11*) 



vfr nbte.j usi^ BiMlar tri angles and the ^rtfiagoremi O^eorem^ that 



X m Q or X - 



8x^ ^ 6xS 

3 



is z'ero if 



Since x ^ 0 
4 



is not in the domin of f we 
QOnsldar oniy , x - ^ ^ for extremum, s 

, ■ -i) - S'=^- ■ ^ - 

^,6c) J 2.l6e® " eidV f ( c ) ^ 2c? , ' ' 7" 

We concludf that f (=1 is a ' \ 

■ ^ . ^ ' ^3/3 ^ 

tlftniniiim valuer The miniimim length -of the crease - is = c 



Wiat is the smallest positive value of t such that the slope 
y ^ 2. sin(S - ^) is zero? . - 




> 



^ f(t) = a Bln(| ^- |) • 

f(t) = opsCi . I) is zero If | - f =■ |% I.e., for 



A wail h feitlhigh stands d feet away from a tall building, A ladder 
li feet long reaches from the ground 'outside the .wall to the building, , 
.Let 0 be the angle between the ladder the building, 

.(a) . Show, that, if ^ the ladder touches the^tOT; of wall^ 
Lad CSC 0 + h sec 0 * . " . 

Mftfr to the figure. , ^o- ^ 
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. (b) nnd the ghorte St'' ladder that will' reach the hi^lldlng i'f \ h m 8 wad 



f » (0) 8(eec 0 tail 0 - 3 esc 0 cot 0) is zero if tan^|i^ 3 ^ i.^,, 

0 m arcffcan 3^/3 For thle value of 0 ^ f(0) ^ 8(3^/^ + l)^(^ . , ' 

CCh€ shortest ladder has length .8(3^/3 ^ hk . To see that ; 

1/^ ^ ' Hi * - -' 

f is a mihlraum at 0 ^ i^ctan 3 we find f (arc tan ^) J 28V5 apd 

•fC^fet^ ^ l^^V^ ; for exai^le. Clearly^ eaeh^ of these- VaMea Is 

"greater than f(wretML 3 • aus^^by Corollary 2 to ^eorem;5-2h^ 

f(3^^3j 1^ minifflum vaiu 



le. 



11. Ih exgperiment repeated n time's, one obtains: the numbers a^ , a^ ^ 

VV. , a for a certain physical quantity x * ,What value of : x should 

^ g we take if we w^t to: - ■ . ■ . 

(a) ^nimfze the sum of the squ^ea of the deviations^ l*e,^ / ' 



Let f(x) ^ (x - a^)^;+ (x - Bg)^ + (x » a^)^ , Ihen 

f«(x) ^ 2(x- a.) + 2(x - a^) + + g(x - a^) , f*(x) ? 0 when 

(the arithmetlG raeim of the &^*s) , Blnei 



^ " n ^ 

the graph of f is a parahola 



f(x) ^ nx® - gx ^ -^. ^ j ^ an^ n > 0 / 

' ^ ' .^^1 i*l - ^ ^ _ 

f (x) is' minimum when x Is the ari^toietlc mean* > 

(h) What value of x ehould we take If we want to minimise the sum of . 
the absolute values of the deviations^ t^e,^ ' ' 

' . ■ %^ 

'J ^ a^l + |x - agl + ... + |x ^ a^l .? ; ' 

.Take f(x)>;Jx - . a=^^ | + | x a^l + * . . + |k - a^| . Note that f 
is continuous eveiywhere and differehtlable except when, x ^ a^ , ^ 
r ^ a ^ 2 f • Jji J n . We have 



Since 



,f 'j[x) -^^Bgn(x - a^) , (x / a^) 



|n(x s a^) ^ f 

( -1 , X < a^ 



.2l£ 



. ^ O 



we siS : f / •'gwmbt "be zero unleis ^here are as mmy mlhuBes 



i < X < a I 



the riumber of terms Is even^ n ^ ^ i and . ; ■ 

If X < a we aee that the number of pluies li*lasst 

JUL . . ■( ;- : - - - - - -- -■ - -.- > ■ 



thKi the . nu^be 
each Intervil. 



minuses^ f '(x)^< 0 ^ and ' f . is deereasing in 
['^■% a^^^] where :1 < m and . a^ ^ a^^^ . Thus f 
Is decreasing Ibhenever X'< Similarly j vhen x > a^ ^ the num- 

ber of pluses /exd'eeds the numbi. sf minusei an^ f is InGreasing* 
. Since f is/constait a^^ x < a 



m+1 



it follows that ^1 such 



values of ^^^feld the .glob^ ndnlnnHtt. 



Sindlariyi if \;n' i^ odd^ n ^ Sm = 1 ^ we conclude that f is 

decreasins for x^ < a and increasing for ^ > a . It follows that 

, . - ■ " . m " m 

a the minlfflum occurs, at ' x = a / , . 

12, Bind' the raaxinwm^of K^y^ {m j n fational and greater than 0 ) if 
S + y - c (c constant) and x>0^y>0-. 



Note that th^^^ statement includes' results established In acefciies ■5'-2a/ 
Numbers 8 and 9'^ and EKercisea 5-2b^ .Numbers 3^ 5.^ 6^ 7^ and 11, as 



special cases, 

X y ^ X (c - x) . 
Let 'f(x) ^ x™(c - x)^ J then 

F« (x) - mx (c - x) - nx (c = x) 

If FV(x) ^ 0 , then \ 

x^'^(c- x)^^^^(c=x) ^ ^ 0 . 



;X = 0 and x = c are endpoints 
whose function values are zero. The maximum is achieved where 




m(c - x) - nx = d ^ 6r where 



m + n 



Thus y = 



mc 



m + n 



'and 



the jflaxdmmi Is 



I m + ^n I 



r 

m+n 



^^^^ tWi-' minimum. of x. if . x^y^ m k (k ^onst^t^^= , m ; and n 
: rat i^al greater than -6 ) ' . 




fee Tn^imiiiiig ratio — in Number 12 
is the aame ^ as the . mini'mizing 



^ in Number. 13* 



icercieeE 



ratio 
5-2a, 



No. §, special case .df. tl^is prob- 

lem,)-' ■ ^ — 

^, / V = m ,=l/n «(m/n)-l 
^ ' " . n ' 

If F*(x) ^ 0' then ' 

. . - . « - -. ■■ ' . . 



TC5-3; . ^e Law- of the Mean , ^ 

' ' . _ ^ _ h - . i _ ^ 

: Rolle*.e Theoriem (Letmna 5=3) is named, for Michel Rolle (l65S-l7l9)j ^ 

^ench contemporary of Nevton and Leibnitz* In some versions of, the Theorem 

the end valuee^ and .f{q) ^ = are- taJ^en to be zero* 4 

■ " ■ ^ " \ . ' : -V 

The Law of the Jfean (Theorem 5-3) is^ a generalization of Rolle -s TOeorem^ 

it does not assume that f(p) ^ f(q) * ^ 

■:■ In many other texts the Law of the ^dean is referred to as the Mean 
'Value Theorem, of the Differential Calculus as opposed to the Mean Value Kieorem 
of the. Integral ^fcculus which we call simply the Jfegyn Value .Theorem, (We do 
-not prove the Jfean Value ■^eorem in the 'text ^ but leave it to the exercises- 
since it is not used here to prove any later tlieorem* ) 

Law of the Ms^n would be false if there \^ere* theoretical gaps in the, 
set of real numbers. The proof of the theorem depends on the completeness of 
"the^^'f eai" HumbeF sy^^^ MDr e" spec if Ic ally ^ the proSf ma^^ be traced^ Ih tiirh^^i'' ' 

tla^ough Lenmiae 5-3f 5-2, Iheorem 5-2a^ Lerrma "j^k, Theorems Ait-l^ 3-7a, b, and 
the Nested Interval ^^nciple (AI-5) to the Separation Axiom*. 

. Geometric ' intuition, suggests that the Lfiw/'qf .the ^fean sh^^^.,^JLlow 
inunediately from Rollers Theorem* Ihe inherent ^aFficulties ^p^^^auiked in 
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the taxt. However^ the intuition". remains valldj ■oomp^e with the Gensrali^ed 
* L&v,of the tewi (Qiapter 11), Consider a diff er ant iWle. i'G (Chapter 11) given 
-^4a:iD^Metyic^£Qrm by the eq^ Ij ^ i ■-^/ ■ 

. -= . V . ' ". , ' ■ F(t) y.. G(t) yA ^= " for t^. < t < t^ , 

^are ' tf end are. aontinuous oA 'the closed interva^ It^^tg] ; ^d^ "differ- ^ ^ 
entlabla on the open intervA (t^,t^ If F'jt) . Q' {t) are not \ '^ 

siimltaneously ^ero in (t^.tg) , than there is, a.. YBiue:\ u, in (t^^tg) for ; 
■ ■ ^ which the slope of the curve ia^ -^la same aa^the slopa^ orP^the chord Joining the . 
sndpoints/ ^(^^ . G(t^^ If {sa^);; F'(u) 0- > thtB. 



er 

atatement takes the form 



V - ^ ' . , ^(tj - G(t ) ' ' ^ 

.. . m " (Genaraliied Lm of the Mean). 

WW F(tg) - F(t^J \ - ; - 

Btatement of^ the Ganarali^edHaw ^ the tfean - Let F and G ha functionB 
/ continuous on [a^b] and differentiable on (aih) . miere exists, a value 'u 
5 in (a^h) where ' " ^ 

v .. G'(u)[F(;b) - P(ajj ^ F*(u)[G(h) ^ GCa)] . ^ ./ 

The Law of the Mean is the special case with Q(x) = x , . 

There are functions that do not satisfy the ^rpothesis of Theoram 5-3 for 
which the cdnclusion bf the Theorem holds. 

Thm Law of the Ifean is. of utmost^ importance since it li' used in the proof 
jDf most of the theorems of differential calculus,. Ihe theorem should ba ■ . ^ 
■ thoroughly .^Meritood and permanently remembered by each studentvof calculus. 

acanple TC5-1 shows that f*(a) exist slthotigh lim.f^^Cx) does not 

— ■ ■ ■ ' " ■ x-a • 

^ exist. We now^prove that If lim f*(x) exlstf, then f'(a) exists. ^ our 
■ x«a 
"hypothesis, f'(x) exlsts^forall x in a deleted neighborhood of a . 

Let L ^ lim"^^) . Given € > 0 , there, is a S so that 
_ . . . . x^a " • ; . \ - 

X |f*(x) = L] < £ if 0 < |x - a| <^S 



{£\ _ ^ If 0 < |x - af < 5 . the' Law of the Mean 

(kV- f^CiV"^ 0 < It - a| < |x ^ a| < S , ' " ^ 



I^t ^r,.. - ^ 



hence ' " : 



jr(x) » Lj"^ |f'(l) - lI < € if 0 < Ix - a| 



2^, 



7 



Solutlone Exercises 5=3 ' = . ' 

'Ptovb Coroll^wfy 2 to Lemna 5-3» ^ ' 

■ Corolla^ 2^' A polynoralal of degree n 'can have no more than n distinQt 
real^fwts. ^ ; 

Let pfx) ^ a^.H- a' K + a^x" + + a x " a ^6 / The: »-th derivative 

of p Is jiiyei¥l"by p\ ^ {n) ^ nla^ ^ a nonzero constant function. 

It follWiV'^y Corollary 1 to Letmna 5-3 that p- " - has at most, one real ^ 
,rQot, Appl^f^ttg this argument recuriively -^e obtain the de sired: result. 

Sketch the graphs of the functiQns in Scample 5-3a/ 



\ 3* ,,ls th# folldwltie Gohverge qff Bblle^^ Is continuous = V 

on. the -closed interval ■:■ [ p ^ and - diTf e'reMti abli o^,i."tihe open interval . ' 
~ ' (Pj9) J .and if , ther'f Aii, a^ty^lea^J . gifie point.,. u : i|i:\t^i;*%pen interval where r 

v such .that-:'. -fCjn);^,f(nT V h ^ l-^' '-^v- ' ^ ^ ' ■ ' ' 



/'Not'' ibru#% ; .Gbun^^ for: ajiy interval cphtaining x= = 0- ift.' 

\^itfe i^tarlor^ r .f^-/^ 

' Doesf ^R©ile ' e ^febrem justify ^He conclusion that ^-S '^ o ^or some values 
"■ o?;'^" ^.in'the ihtervkl. -1 < x < 1 for' (y + ^l)^ ? . \ ' - ^ 

' (y '/^^^ ^ - - f ■ "nie conclusion pjELfcolle ^ s 

- ^ ^eorem do ilot^ hql9.?rfor^ the closed [-Ijl] since ^ does not 

V exist -at ., x = 0 '-^^ & ' * j 

'"rjVr'Givarir ~'f Cx) 'i" -x^^ . ' Determine (piariy solii- " 

\ ' ^ioris f ' (xO '.^ 0 ;^^ha^. anS find ,ln^#rvais. including each^of ■ thiee wlthbut 
^calculating f' fx) . :.;: \ i ^ ' . ^ - ^'^ 

I"...' ^ Qorollary 1 'to Lemma "5-3'^' . ^f ■ (x)*':fe\d.- has four solutiona. .Q^'rp Up ;&ne ' 
' ^soldtidn in each of the open in^^ (O^l) ^ (1>2) ^ (2^3)VV ..(^^4)."" ' . 

sincte>:the ^eroa of ■■ f are "0 f pi ^S^*^ "3/ j ^ - . " . ; ^ , ; k., 

6, Verify that Rolle' B rheorem ( Lbmna/J-j) holds for the given fimctlon Iri ■ 
' the given inperval or give a riason why It does not, ' ' ' 

, , (i),lf • x-i^x3 + kx- - 7X-, lo' , 1-1,2] . ' 

(a§;; i, . V -'-f ■ X" t-itx" - 7x 10 . . , * . ^ , / 
--^r-'-p 'rM = +'8x - 7 ■ ^ V. ^ . : - ^ 



f(.l). = f(s) =. 0 



U of the^zero^. of f' , — ^ — ^ , .Ib iri^, ihe iniervaT^ ("1,2) 
^ttus^ Bolle*;s pradrem holds. . " * ' ' ' t^ 



5-3 



^The function ,1s not continuous at x = Q 4aJid hcnc© the theorem toes 
not apply. 

7. Prove that the equation 

f(x) ^ X^' ' yk + \ 

^eannot' have i^re' /thaji two pewd. bdiutibiifi iV-t ...iitigti n nor more 

' thro three real solutions for an odd^ n . U^t; liQilt u Tlieor^u^^ Th^^ 

profilem can also^ibe dbne wl^iout it ( hlxer.. Ises i = 7j . c'l).. 

, - ' fi(x) = + px q 



If n is everi^ yi ojti 4^-,., .i i' . ^ ^ne wniy one 

BOlution* It fuiiOT^B fiuiii (>..i piiai^ . I i i ill I dJiiiwC have 

more thaii two real sOiuLl^..s iu ^Im.,!,. ^ :j uda, r' 

is of 'even degree sLtiA i^'C-^) ^ ''^^ m... ... ih&j. iw.,. jv_. i 1 1 In this 

caee ^ 0 has ''no ^tf^re tTiarv tl^fi-e. real Sw:uti..ns. 



A function ^ ua^- . . : ^v, , . . * ^. . vai 

[a^h] . The ^^uatiO - ru^n . . .: dllicr.nt L.ions in the opeq 

inteiVal (a,b) . Gh, thfcL e-^jM. ' \.) htiM at least one 

solution in the ^^.^n intferva. ( ^4 \ ) 



interval (a t. 
have at ieait 



f(x) ^ taii V in li t; 1 i . . ' ^ . . . .1.. v^n)^ . ' 

Open Interval ( , , i f , ) ^ ( ij . . . - i p j i 1m ..ot 

defined aV-.^ ) i ii ^ - 0 ; i....^. .-^^ u tn^ Law 

of the Mean h^U i,. . i . fd .xl ^t u in 

^ (1.5 J 1*6) such Lii I .'(u^ t . ^ V ^ which la 

^ nonnegativei » 
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10. For each of the following functloni ihow that the Law of the Mean falls 
to Jiol4,pn the Interval "[.a,a]. if a > 0 , Explain why the theorem 
■ falil, '■■ ■ <■ • ■ 



(a) f : X- 



f(-a) ^ f(a) = a , Yet T'Ia) 1^* c.iii.ti .i ..i =1 ^iid nevsi- 
%ero , so the La^ or the Me&ii faii^ u. li^i^i ' {^)^ du^^ not ^^xist. 



(h)-^f : X— 

X 



If the Lav of the Mean t*uia^ r Lue iuteivai [-a^aj ^ 

then for some u in (^aja) , i '(u) Hui f'(x) ^ - — 

so is never poBltive, ( i' i.. i l.!.i1: = uum. .it U . ) 



lis Show that the equal iui. a' 
the open interval ilj^) 



f( 2) >,0 the I'uiiv„ L i I" h^.... 1. . 

In termed late Vaiuc -lii^ ■ 

f hB,B only one zeiu in th in . 



J J one sulution in 



. f ^iif?^ ^ and 

ti.. i. (1=, c') j I'y 



I the function 



12, Show that ^" 



Let r(A) - X 



Since r(u) - - i ^^-^ ^ 
zeros in «Bfie feprf li^i 
Value ^Theot^em . 



13 , Find k -tYm^&et " tii^ 
for thti given fun.. 



a f ; X - 



u - are B mi 



. inttt- there are 
L I le i litermediate 



the Mfcflui 




^ 5=3. 



(b) f : xi— — x3 , -1 < X < 1 



& or ^ 
3 3 



(q) f : X— - 2>£^ + 1 , -1 X s 0 



(d) f % : X ^ cos X * Biu 

lU* Deiive each of the iwiJ^wi*.^. ^ ^^^^ Meaji, 

(a) 1^1 li A Biiiy|^|A i 
If f(x) = ©in A , thet 



Its. 



. lab It igr ail' 



. i tiiLi able 



go .that 



4 J 



^.15. 



3/ 



Usfe the •Lav of the Mean to apprommate * OOti , 



Here f(x) = Vx andsvi can c^^se p = 1 ^ q - 8 fuj uuinerical 
slttplicity* If we approximate f(x) the iincfai iunwtiv_,ii ^ wh^^c 

graph is the chord '^Olifi^i^^ the puiiiia (i.L) a*,-! i^i,^^') , 



Thus, an approximate vaxuc i VI . OOB 
Since |g(x) - f (x) | (a ^; wi,. 



in [p,qj 



p/ 



pi 



To ^et a beLLci ap^iN.y a i 1 i 
A%-Gonvenient value is q 



Ik 




EiJ , i L. t 4 i 




it follows ^hat -nV ' 

o K.^ o_ ■ ^^^^ 

"vTIoro - ^ ^ l<u< 1.008,/ 

■"l,008 -13^' S 

(here f(x) ^ , q - LOOB , p ^ 1 ), Then, ^ingd r^(u) is , 

^monotonic in [1, I.OO8J , we have 



008 ^ ^008 ^_ ^^^006 



3^ 3 Vi.ooa^ 

or 

1.00 If - 4n.o()H ^. i .A/^i 

16, Use the Law of the Mea*. tti.i . . » i 6^ 



H P 



Choose 

Note t^ii& I I- 



,3 

n 



1 .A I i 



17. Shov thai a 

a > 1 ; n > 1 ( rail a. 

Let f(x) ^ . 11.. . 



Choose q ^ a" + € ^ p a 
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• l/n 



n , , n 
a < u < a .+ € 



and if a > 1 , 



va + 



€ va + e / n sa 
— — < / a + - & — — . 

n(a + e) na 



aince 



n 



n 



n a t f ; n [ 
we obtain the desir ed iiiequai l l i ^ ^ 



18, Uiing Nunber 11, obtain the rollwwiii^^ d|^^.rux luifci ti 1 



(a) 3 + ^ ^ ^v^30 i ' ^ ' 



If n 



10 



9 



.0 



II we bet 
ubL^lii 111. a 



1 



note 



Letting 



^05 



2 -Jt^ -.4 2- 
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Al9* (a) Show that a straight line can intersect the graph of a polynomial 
function of n-th degree at most n times. 



Let y ^ mx + b be an equation of tt ^ti- sight line &i.J 

p(x) ^ + a-x + + ^n"^ polyiiunaal (a^^ / O) * 

Then if y = p(x) j have g(x) - D , wh^re g(x) ^ (^i^^ = b) 

+ (a^ - m)x + a^x^ + 4 & a^' , & / u . i i ai'^ t= 



^-3 (proved in BoIuLiyii im., i), - , i ^, i uX uh 

degree^ has at most n dist-i.tol .u^.^Ls i, extiiMie^ sLioi^hi- 

line can intersect the graph ul & pwi ^ i.^^/iui i liiii-. liui. wi li- Li* Jc^i^ee 

at moit n times (urileba, ...ju^..-.. i i ^-^ ij^iiii =-^!i,> w , l.c 
p is lineai' axid p(a) - Ui^^ t b i 



(h) Obtain the con-e^pwii J i . .-ju i i . 

Let Hf x) - ) -k wi,v 
s > 0 , g(-x) ^ 0 . WJ.. E\ , ) ^ ^ 
fimctlon of de^u^ee n ,, ^ ( ) 

■ q(x) ^ p(x) * ^ i ^ ^ ' 

i > 



1 J 1 J3 I , -iJ Li ' i I i 



I r, y . 0 



J 1 ^. i . t /i!! 1 &1 

.... ^rt, 
i J near 

1 , ..aii 111'-, 1. 



No . u. 1 1> 
th t Ei q u u t i u i ■ . 
. The bfeyuc; I cii,,. , i. i 



dif f erent iabJ e on Uu = - ■ ^'^^ 
value "betweeh f'(p) ' ( i 



SuppQb© r'(p) ^ lu i ' \ 
exists a va.liie^ b uatl nf\v i 



f(p q) f(p) ^ ^. 



(p) 



^ ij i J Lc.,.et.4iSlyj 



i.' J IJ 



For the function \ ... 

g(x) . - - ^(-^ , . . 7 

Wirere 6 ie fixed ajid satisfies the precedlii^ ^undlLiuiis^ it roliows that . 
I , gCp) < m < g(g - B) ^ 

The function g(x) is contlnuuub un the ..iuBed intervaJ [p ,q - B] 

and therefore Batlsfies the liiteimedlate vaiue ^.luy^rty that ' -interval . 

TOere raast then exist a value r in (p , q o) such "Lhat ■ 

^ the Law of the .Mb an we ha^re for somi. value u , r(r + 5) = f(r) ^ 8f* (u) 
where r<U<r+Q. it rulluw& tiiat f *(u) - m . 



JU^ternate Solutioit , 



Let. 



ii^^ ■ for X 1^ p , 



X - p 

1^; - 1 ^ for X - p 



P 

5n all Values Lt^ i 
f Sioil iaj. i j 1 \ 



q . p 



I wi X q J 



X q 

t i , ) - for X - q 

r 1. ^-^-ii - ^ and 

q Q - P 

f* ( 4 ) Oli i 1' , 4 i ■ ' * * ^ ' ti'-uii^ i . ^'re exists a SUCh 

that r*(,. ) - i. - -J - ' I. iHh. ; - 1- (x) for all X 

in [p 4 J D t . ^ , / * J I ... I ^ I iie„. i &Ke; wii al 1 ViuiUeB 

J^aLw^eri i- ' U ) ■ '1 1 i lOJi.. Ih.^ i^w th^ ffeto Lhat 



TC5-ii'. Applications of the Law of the Mean , 

^jSnie La^ of the Mean is useful in situations when we wish to derive a 
property of a function f from a property or the dcrivatiy^ i' . 

; ') 

* Corollary 1 to Theorem states the seeinlngl.y obvious propoeltion 

that If the d^ection of a curve is horizonial uii inic.wai u.en ii.^ cux-v^ 
is a horizont^ straight line. In klueiiiati.. it^nue, ii .i.^tfes U.^^ an ohjecL 

, which has gero velocity stays in the same pr^ce. (To the Btua^uL uhl^ may 
seem like disappointingly small potatoeeO Perh&pB ii ^h^uid pointed out 
that It is worthwhile to check our ^nMl^'lical absti ac i i .^i^b ^^..t±^ i until 1^ to 

'Bsa how closely they afe related to the intuiLivt^ cuncts^Li^n^ rrQm ^hich they^ 
have spCTing. Further, we sh«ij wi^pi^^ ( u.mi n.i.:^ ^..e:uiin^i.y iii^i^iii^i' 

cant corollary has importaut ^uiiseq.^eu c^*^ 

]^ample Hov sruail " l i^.i^^^i ^ 

In order to guarantee th&t Lht- it^^.u^-^. - - ■ - iii^^- 

. we assLLce Liisl 



We suppOBt. I i I . I 

follows that 



It is s\if f iclfcMi 4 ' i- ■ ! ' 

b i i, 

1* On wh&L iii€erva:io i.. Ui^- fi 

■ \ , . ■ 

atr&ngly monotuxief u . ! 



^ Theorem f is iticreaj. . ,4, r^. . i . ' ^ 

deer easing for 1 < x 2 and tOi d . . 

4)' 



By Theorem f(l) is a maximum and f(3) is a minim™ 



9.. 




i 0 



I 



3 ^ 



2, LouuLs all 



No. 3:") 



L ( a) 



1 i I 



Kef^i to kxe. , 



f is inereasin^ f oa 



f is decreasing for ^ 



For each of the following functions find all'polrits ■ a fpt^^hicfc;; 
f'(a) s 0 • ^^amine the sign of f' and deteimine thoie! irite^'fais on 
which f is strdngly monotone* "\ 

(a) f(K) ^ -^^-f^- 
^ 1^+ X ' 



fU) . ^^^^ Mad f(^) - — - ^ 

1 + X (i t A ) 



f '(x) is zero if X 



f is inoreasing if |a| < 



(h) f{x) ^ (1 ^ x) 



[x) - (1 - x)^ f'A..^ 

k(l) - 0 . For A - ] , t * i J 
X < 1 , f'(x) < 0 and f Is .1c 



eve 1 J i li I & -y -5 ] j 



(d) r(x) ^ 



f«(0) - 0 ; r^ ) ■ 

hence f is ii.Gri.^ .i. 
f is aecreaslng for ^ x 



If p aiid q are integers and . ' . / 

' : fix) . (x ^ l)^(x + 'l)^^;'#'^-2 > 2) 
find the extrema of f for the following c&^-eg t ^ ; 



p 'anfl .^-q' are both even, 

t'^)" ' ■ is. even^and q is odd* 

(c) *p is odd and q is even* 

(d) p and q are both odd. 



First ofeBerva on the "baili ut' Lemrae , iiioi ,i .5, ja i.dhal one oxtreinura 
in the open in;terval (-1,1) . Next we nute thai the derivativB vaniahea 
at onlyf one point in (-1,1) au Lliai thlo Ib tht: only extremuin in tha 
i nte rval ; name ly , 



q - p 



3Q that ^ f-(x) ^ 0 in ( i ^1^ 



..Ly u.i X = ^ ^ixially we observe" 

q + p ■ 



tha^^if**,q, is &vcn^ uiis ^igii Ui*^ j^^uivaLi v^s^ ^iiaji^e^ ^ ^ 1 aad . 
"there is an exti-emuin Ih^i-ei if 4 ...11, ihe Jueb not change and 

there is an in£"le^i i^n* dai..^-: .'em..iK UJ-s^'f ui^ p at x ^ -1 - With 



this a 8 a guide and ktlOv. ing alst. 
we can esalJ^ LiKeLi_:!i the; ^.r&^.h. 



h&ii^ti s at X ^ « 1 



1 ^ 




If P ^ q &nd r are pw^ii . 
graph of the function 

f : X— ^ (a 
Discuss some special ca^eb ^i. 




5-« 



.U^ . I J 



r(0) ^ i «• ' 

(b) As X incre&isea n,, s.^^h i u .,. ^pc. i 
• ■■ wit!iw\iL bouiiti ^ fife A i^-. i ddafc I, iii 

grow^ lar^e wlit..^.. , ,..1 if j 
large wiLhuuL bw>ui i i . i ' 4 

(c) By Lemnia^ 
Interval (a^b) i ii 



Now Q(a) I .tg quaci. u I 1 
root J must ^hen uuaa^jp 
and (b^c) , 



J i 



^ 1 



, he inteitvalb la^b) 



We can now easily augij^^w 11. 

of g(x)(x ^ a)" where ^(u) ^ u 

are three basic casee tu euu&i.it-r; 



i i B .i 1 L i-ferBfli i-ab^ ^ * There 



EKLC 



(I) n = 1 i The graph' y ^ g(x)(x^- a) erpsses %hm x-^axis at a - • 
without tange,ncy, 

(II) n even . The graph y ^ g(xj(k - af does aot crosa the x^^axis 

at a ^ is. tangent there and has constant sign in a dei^tad neighhorhood 
of a * Hence x ^ yields an e.^tremunu ' ° = , , 



(iii) 2. Mi^ £ i ' '^^'^ gra^^i^ 
at a and has a tangency there . 



.i._.deeb the x-ajfiis 



To eketch the graph of t we u^s/ om^rv^ utie chaji^s or^slgn In thfe 
functioh and use thf iwre^uiii^. Sm,..^ y , ^ aiid r uari satisfy the 
'conditions (i), (ii), (ui) Ifldupanj^ui . ^ Ui.ere arc L-f distinct cases. 
We sketch the ca^^ p - i 4 .^v^.., a^.i i odd^ r 
r(x) 



'1 




right olt ... 
part* Fin a li 



is . t _ .. , 

1 enu. 'i h ; 

y . this L i wr 



L^k^ for th^ 
le v.ylli^arlc^ 



The BXitt'..^^ t 



«^ ^> ~ I 



■where V ^epresants the volume. ' ' ' ' ^ ^ ' 



'is zeto If . r =■ o^Borye that IT r < , t^en f«'(r) < 0 , 



and If r > ^ > ^hen f »(r).^ 0 / 'By Theorim 'SpVc^ fC.V || ) Is a 



- ■ 3/3V : 

minimum. If r - v ^ than 
fflOit econdifllcal dlmensj^ons ^je; r ^ ^ 



1/3 



BQ. that 





7., Find th&; rangth of the longest rod which can be earried horizontally 
around a Qort^^r from a corridor 10 ft* wide ijbtp one- 5 ft* wide* ■■■■ 

Safe Ejcercfeii 1-1, Kumher 10* 
ti§) ^ 5(2 CSC S + sec 0) 
\ ft(i) ^ 5(-2 es^^ cot © +see 9 taa-al 
is zero, if tan- $ ^ 2 and 



e, = arctan .2'-^ . lor this '^luo of S , 
L,. f(e) '= 5(22/^2/3 , ,^1/2 , (22/3 , 1)1/2) 




5(22/3 . i)3/S 



'''M '^^lpe TtMt' this ;is'^0 value " of " f{ 9) we observe tMt -'thira is ' 

only one ertremum in the intorv^al.. (O^jt) and for 6 near 0 and w in , 

— . ^ - ■ l/'is ' 

^ ' ' " ' " ' in 2 - ) is a minimum 



this %hterval, f(0) is very U 



3o L - fiarctar 



239 
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S. Pina a point P , on the arQ; AB 
■ such that tha ■ Bm bt the 4#ngths 
■ of tThi dhorai AF and BP ^ is a 




Let kngla FOB = 2^ Then angle^ 
'BMl. F 2f - 20 • If -^Mit 
equitl lin^h' of cHord ffl and 
equar Ifength qJ ahorfl -^AP 
then s toe tflangles POS and^ 
POA are dsoi^Jfee, wa have 

X Sr. - sin 0 
' y ^ 2r 8in(a = 0) * 

To maximize ^ x y let 

'Si 

Vwhenae; 

\ f » ( 0).^ = . 2r Iqoe^^ - CQf (i^.;::, 0) 

vhencf ■ - ■ . ^ '0 

■This oceUrs vHen P Is the midpoint ^*af arc 



. ml 



.+ e.in(e = 0);r , 



Onm 6q\jM alao^ Qpnsider the family of (.confodal) -eMi^sfes vhoae foci ari 
aV A B / By symmetry, the largtat iUipaa Ir^raecting; the aro ; 

■(minor) AB will ;be tangent' to It at ^^).mi.dpoint. , . 
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Bhow how t6 determine a line, if poeaihle/ wlft.ah passes through the point 
■(5,8) s^ch that the area of the triangle formed in the first quadrant ^ 
is a positive number & . For what values of a is it imposalble to 
eonatruet such a ti*iangle1 



By similar triangles^ 
X X - 5 



or 



8x 



.J^et.fte area, of the triangle be 
f (x) , then , / 



X - 



X 




2^0 



^4 8 



inj'^'fitx) ^ ohly if -fehe quadratld fquatlon k7^ ^ - sl hai real 



a t A(a. - Bo) 



a imiet W greater than or equal to^ BO . This .dtopllis that the minimum 
value' of ^ : . ' ^ ' . ■ - ^\ ' 



fCx5 - 



X > 5 



is ' 80 # Note that for > 80 j there are tw triangles satiafying our 
conditiQnSs ^ . 



We can also ohtain thiBv'reBUlt. hy setting 



Thus ^ 10 and 
ail—'-x : ~ is - given 



- 80 # A graph of f with the domain esrtended 
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lO* Find a poiAt. on the altitude' of an ieoecelei triangle eueh tha-fi the siafl 
of It'a* distanees from the. vertices 1^ the smallest poaalblei • 



The sum of the dlstanoes^ S , is the 



aum of the lengths of the e egmiriti 
AP J W , and OP , where P is a 
point on the altitude of triangle 

, S s Sa see a + h - a tan a , 
where' a repreients i the length 
crf' thfe basa AC . S ^ f (a) so that 
f2 sin a -^is 




,f^{a) a see a(- 



eoa 



We. 



note that f'(^) is ^ero If and 
on3^ if sin a ^ j j that is a ^ I" * - 

If a > ^ , then f»(a) > 0 and 0£ < |^ th^^f«(a) < 0 , hence / ; ; 

f (|); is a minimum. We. note that this minimum la unQbtainable if the base 

angies are lesa than radians , as P must remain in the interior of 

the triangle. If a < angle A < then the ,minimtm of f is obtained / 
at the e^dpolnt of the interval^ where 0£ ^ angle A . 



Alternative Solution t 



S m f(xX^ a/Ch - k)? + a^ 
so that 



/(h - x)^ + 



is zero if 



2(h - x) - /(h -.x)^ 



+ a 




or 



(h , x) = A . ^ . 

This result agrees with that obtained above. 
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2Xm Let f be aifferentlable oil a neighborhood of . a point a for vhich 
.f«(a)'s 0 * If f»{x) < 0 when X < a- and f «(x) > 0 when- x > a 
. vthen "f(a) is a mlniffl^. If f*(x)>0 vhen x < a jand f «(x) < 0 ■: ■ 
' tihen X > a^ t^n, f(a) .is a ntolraum. Give a proof; ' , . , ; 

We^consicler the case, for- f (a) a minlmian. The proof for f(a)' a ^jcliMn. 
is slMlar. Let x he a point , of a deleted nelghhorhood of a « By the 
- Law of the Mean thtre is a nmiher u • eueh that f(x) - f(a)^ f»(u)(x -/a) j 
for a < u < X; and for x ?< u < a * From the hypotheslsi whetlier ^ < a ; 
Qt X. > a It followa that 

" . ^ \f«(u)(x - a) > 0 . \ . , 

We conclude that f(x) > f(a) for aM^^^^X^^n the nelghhorhood of a. * 
Therefore f(a) is a minimum.' v ^ ' 

42* Let f he Gontinuous on the eloeed interval [a,h] and dif ferentiahle , 
on the ©pen Interval (a^h) . Suppose u is the one point in (a^h) 
where f*(u) ^ 0 * frove that If f'(x) reverses sign in a neighhorhood ^ 
of u then^ f(u) is the glohal extr^mum of f on [a^h] ^appropriate 
■ to the sense of reversal* " ^ ■ . 



By the hypothesise f*(x) ^ 0 has only one solution^ x ^ u « The 
derivative f*(x)"' must have constant sign in each of the intervals 
(a^u). , (u^h) or we could find another sero of the derivative by - . 
acercises 1-3^ Number IJ, Since f*(x) reverses sign .in a neighborhood 
of u ^.either f'(x) > 0 for x < u ^ or .f«(x) >.0 for x > u . We 
will Gonsider me case where f'(x) > 0 for x <u and f*(x) <0 for 
X > u Cth^pBDof for the other case Is sim_ilw). By Theorem 5-^^^ ^*(^)^. 
is a .maximum in a neighborh©od of u • By the Law of the Mean^ for the 
interval [a^u] j f(a) - f(u) ^ f'(v)(a - u) for some v ^ a <v <u . 
Thus^ In^this case f*(v)(a - u) < 0 and f(a) < f(u) , In the same way, 
applying the' Law of the Mean to the closed interval [u,b] we can show ^ ^ 
that f(h) < f(u) . The only extrema on [a^b] are at fte endpoints or 
at points where f*(x) ^ 0 . Since we have eliminated the eMpoints as 
pbsslbie maxliii/ we^ ^conclude that f(u) Is a global maximum of f on 



13i.v-0iV#a'ft fun^^ such that f(l) ^ f(2) ^'k' ^ and such that f"(3c) 

. . ' "exists Md^ i^^ the interval 1 < » < 3 • What can ■ - 

, ybu conelua© rtaut f '(a.j)? ahout f (2.5)? Prove your etatementg,; 
statlngf-vihatever th^ uee in your proof * (Notej This statement ^ 

of tha problem differ a from that in the text*) . ' V 

, f(l) - f(g). = 1^. : ; ^ , 

'.' Sinbe f" exiati on' the intervalr *[i^3] ^ f » ^ is continuous and dlff^ren'^: .' 

■ - ; . • . _ • • • • • - ■ - .... . ■ . _ . . j^- 

; tiable on [lj3] and f also is continuous a^d dlfferentiable on » [lj3] • 

^ Rolite's ITheoremj there is a nmber u ^ 1 < u < 2 ^^^eugh that 
l^^H^^^^-P^^ f"(x) > 0^ on the Interval [1,3] , -p is d^riarfaslng;^ 

hehee, for u <x <3 1 'f»(x) >f»(u) 0 0 t Thus - ■ ' ^ 
/ ^; f»(2*5) >0 . Binee f*(x) > O / f or x In (u^s) ; f. is increasing . ; 
in [uy3] ; since ^ u < 2 > it follows that f(2*5) > f(g) m k ^ . \ 

Xlf* = Let 7, !f.. /he. a. differed function on (ajb). # Prove that the ^reguire-.. 

' ment theLt ^ he Increasing is equivalent to the condition that f*C^) > 0 
... evei^^T^are At that eveiy interval contains . points where f*(x) > 0 . 

Bet'iis. as pume' first that f Increaeing^ If there were an entire Intei^al 



on ^fijclt^; -f »(x) m 0 then hy CoroHa^ 1 to Theorem 5-i^a it would follow, / 
that f; is cone t ant on that Interval in contradiction to the assumption 
tha,^\ f is strongly increasing* Oh the other hand, suppose that 
f'(x) > 0 but that every Interval contains points where f*(x) > 0 * ^ 
Taie any pair, of pointl , x^ in (a^b)^ 'with x^ < Xg * We wlU , ; 
show f {^) < f (Xg) , By hypothesis, there, is a noint u in (x^,Xg) ^ ■ 

where f'»(u) > 0 . Since f»(u) ^ 11m ^^^) " ^^^^ it follows by Lema^ 

3-^4^ that for some sufficiently enmll 6 -neighborhood of u within 

(X^,X|) 

(1) ^ £kL^jM>o.. 

5C ^ U 

Choose particular values p , q in this B-nelghb"orhdod so that p < u- ^ ^ 
and q > u . 'We then have < P < u < q < , It f ollows ' f rom (l) that 

^(2) ^ f(p) < f(u) < f(q) . * ' . 

However I under the isBiofiption f'(x) > 0 in (a/b) , we have from 
Theorfem 5^^a that^ 

(3)^ ' ^ f (x^) < f (p) and f(q)^<f(xg) . 

Combinlmg the refults of (S) and (3) ye see tlmt If < Xg then j 

■f(x^) < f(Xg) , 1*6'., that f(x) Is Increasing. .| 



diffV^^'^^^S*' ^ ^ ***** 

rve that £(x) Wf(0) for all x>0. 



V fMi) V'f(^)'<:f(0) i prove 

^ " Suppoie there; ^ists wi such that ;f (jL) > f (o) ' . 

f(x^) > f(xQ) > f(0)^ , we havav^i^ 0 . ; If ^ then f'(3^) - 0, ^ 
hr^edrem 5-2a|Uf 5^ ^ " then ; f ' (^r ) > 0 (it, on the contraiy^ . 
f»{x ) < d there would he a neighborhood of ^ wherein f(x) > f(x.) 
for ^ X < I 'as can he shown by the applloation of Lenpa 3"^^ in the . 
precadiflg -prohlm or hy the result of EKerQises No, 17) . In, either 

ease* frbm f'tK ) > 0 we conclude hy the hypothasls of the problem tlat 
f(x ) < f(0) j a cant radiation* 



fl6* A". funQtlon g is eueh that g" is Qontinuous and poaltlve in the 

interv al (p|q) « ^^tot ie the maximum nimiber of roots of eaqh of the 
■ / .equations g(x) ^ 0 and s«(x) ^ 0 in (piq) ? Prove your re siJ,t and 
give some illustrative exeinples. 



.f.yg.li^e---g''- - is- continuous and- pbsitive on-.-Cp^q)-. *. Then _. g^ .Is .con-^ ^. 
. tinuous and increasing oi> and thus, can have at mgit on'e real 

root (else g'U^) ^ S*(xg) ^ 0 and g* is not inereasing) * 

, If gUx). - 0 Lfor any value ;tof x ^ say x^ ^ then g*(x) > 0 for 
^^x >gcgt^^^na/ slM- ^ d ■ for x < x^ (g^ is lner#asing) * Then is 
^^.^Jj^if '.to^ X > and. decreasing for x < Xq and can have at most 
' two reii'^iiiots / If g*(x) ^ 0 for no value of x then either . 
g*(x) < 0 for all X or g'(x) > 0 for all x , and g(x).,,^.is eithi^ 
increasing or decreasing for all x and can have at most ■ fial'-^bof^* . 



Case 1. 



a(x) 4' 

g"(x) > 0 

g'(x) haa. no root a 
gCx) hae no roots 
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Vj-;.-.:;-.;-.{-\ .;'.,V':,';7f,\: 




.g(x) ^ X + 1 / 
g(x) has na root 



g(x) ^ X + X 
g"(x) > 0 \^ 
g*(x). haffl one. rooi ■ 

g(x) has otm I'oot r^ 



ilV?W^Al. ;v;'^^■■■^ •^; 
■••■S'l * -^ '^ i^^ ' '- ^ ' ^ 
■ W/v^::;:;- pa;ea, #4 







/ ' I 


' \ "J ■ . 











































-HI 



^ tiasvone root 

S S ( ^) '^S/4^VQ ' ^OOt E 
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It* (a) If^ f > 0 ehow for valueB of x In a neighborhood of a tlmt 
if 3c > a then f (x) > f W j x < a then fCx) < f (a) , - 



' ■ - -■ f (x) - f (a) 

Thus hy.Letn&a ^here is B > 0 such that 4 -^m 

graater than zero for each *x satiafying. 0 < jx - /a| < 8 if 

^; f t(a) > 0 w ihiirf/^if >c > a^ than f(x) > f^a). / and < a 

. then f (x) < f(a) . / ■ 

(h) Giva an exampla of a funGtionVf for whlGh f*(a)'> 0 but vhlGh 
is not Inor easing * in any nfigtft'^liQQa of a |. no mtter how small* 

• v : ■ - , . ^ . - 7''^?" : 

One exampla Is given by the ftOi^to^. defined Ibcero^oes, 'i-3aj- 
Nvnnber I*,- .Another example, at 3C>;Aj'0\j Is the function .defined Toy 

,. ^ ■ ■- ■ ■ _ \ X ■■ . 



f(x) = 



2 , . 
X Bin 

X 



t>' ^ - 0 ■ ■ '.^V 

The produGt rule for differentiation does not apply here^ so ve faU 
back on. the definition! 

1H6) lim ^^^^ "'^^Q^ - llm [x Bin | + l] =,1'," 

x^o ^ ^ , x«0' " 

If ^ X ^ 0: .then f^(x) ^ 1 - n aoB-| + 2x sin | , ;^f ^ than . 

;ao& " - l- and^tfc^ >x - ^^em cos - -1. Thus if 0 < x < ^ "-^ 

'then f*t|j) < 0 and f*(fj%^) > 0 * I^®™ 3-^ (f* i.^ 'eon^ 
%inupus at-evei^ point other than O) is positive and therefore;. 

f is increaaing in'. a neighborhood of -g^^ ^ fP^ negative and there- 
fore f is decreaeing in a neighborhood 'of , V l^' ' - Thus every. . 
interval centered at 0 contains a sub interval where f is 
iiiciteasing and a sublnterval vhere f is decreasing. '.Therefore — 
f^: Vs not monotone in any fnt^rvaJL which contains 0 ^' 



2kl ^ 



Thm^ study of convek l^inctibne and aonvex, sets is a beautiful subjact Ih 

the appearance of the graph of a function/ The generality with which we state. 
the definition mora than we need for this course. Most pf this discussion - 
and eprrespdhding exerciefee m appropriately be used. as collateral study* 

' . Definition 5-5 does not retire that f- be aontinubus- We can more ^ 

full^ /appreciate the notion of 'cohyexity by seeing one li^plicatlon of the / :\ 

requir^ent that a ^nQtlon be cony ex* Lit, us aastune that f is flexed up - 

wa^tfj'^llt is geometrically evident and -'^Wiiy verified^ an^lyticalO^^ that-* the - 
' ^ : f(x + h) -f(xJ :A-.>^^^ . \ 3 ' 

difference quotient — • — , VIb a nondeeya asing fimction of h 



for fixed X # Moreover J 



It then follows that the^ limit of 



^ h) ^ f(K^) 



-h 



if h^> 0 * 



\as h approaahes 0 



either . through positive values or through negative values exists, Thus, a 
conveK function must have; right and left-^ sided derivatives,^ everywhere* Con- 
trast thig'^^ind .of behavior wiW^'the bizarre- behavior permitted a Qontinuous 
function, (l4ivffiS^'^WeieritrasB; friction, ^" ' -'^[^. 



I fete ; Nuihber^l^-.;lB used in Numbers 15 ^ 22=2^, Numbers 21-23 should be 
aiWigneil (as a bl^ck^; together * ^ , 

1 



For eabhVSf '^^^F^ \ff^3Xowi locate and characterize all "esctrema' 7 

arid state the Iniervmls on which the function 'Is increasing (decreasing)* 

On what, interyals the graph flexed upward? downward? 

S ■ -2 ^ f \ ^ 1/2 ^ -1/2 

f I X - - pr X + X (c) f : -^x^- + X ' 

f , x-^^'.| J (d) f I X. 

" .-. ^ ^- ..... ....... 



(a) 
(b) 



3 2 ^ . 
+ ax + bx + c 



-J (/ 



k3 



f"{x) ^ 2 +' > 0 /fori: 0 * ^ , 

a?husi f(l) * is a loGfll mittiratm of f , and / f ( -l) ie .a l^ai 
mlriiimM of f * ^The function f la dacra^elng on the . Intervals # 
(0,1) mnd DC < -1 ^^'and InGreaslng on. the intervalB (-l/O) and 
- X > i * The ftoQtion f - ±m flexed upward for all x in ita doimlnj 

. f, _ ■ - , ...... 

that isj for " x ^ 0 # ■ ' ■ ; - 



X 



Thue f(-^) 1^ a JqGfti;;^ml^iiiM The^^u^dtlpn f is , 

dearaasing fOK:^ x^%.l^^^^\!W^_:fQT k > 0 , kn^:±m^^Q^kBpng^^:(^ ... 
Interml..^ jt-^fe) j;^ T^i-^ction f ie flexed t^wwd on 'the interval. 
(-6^0) and for x'>,Q j^ownmrd for x < -6 , = - 



^»/ ^ X - 1 ' . ^ V ' , ■ 

> 0 . ^' ■ ' ■ ' 

Thus f(l) is a local minimmn of f , The function f le < 
^creasing on the interval '(O'A) and is increa&ing for x > 1 # 
The function f ie flexed upward on the ihtervaj (0^3) and down-, 
/ward for x > 3 . • . ■ • 



2^9 



2o/ 



Ev^ry euMe is Gentroisnisnatric aborut its point of infledtion ( 

ana TO2-3) and Ws. aithar no maxima or minis^ (e^g.y f (K)%^-^) 




^op^a^mMCdffium Binimum^spaced equally apart ^ from thi,', center 

symmetry*- '.. •: ;/ , ^ \ v. -.^^ -..-^ ■ .. = 

/ ' I r • »^ 

For bravity> wa as^^^'S i b/> D.ii " The solution for ythar Gases is v;: 
siitfllar. ' ' ' ' 

fi) :lf tha diierlmlH&.-Qf > 0 j then f wlU have, a laaxi*' * 

Infleqtion. f vlll be flaxe.d-dgfa-: ' 
waid, for,^/A < ^.^^vard for x > increailng fo^ " 

^ > -a ^ ^ gb -^/<^ -f - ^' ' deeraasing'" 



(ii) If tha^^dis&timinant of .f» !^ 0 , f i^ill haya only a point of 
inflection at x • maximum or minlim^i f ajicriaslftg 

for all ' X * 



2*,^ Bho^i that the graph of the fimatioti 
F -. t A X — N.3 Bi^ 2^ V5 ' / X ^ ^ 

is flexad upv^d vhan f(x) <0 and flaxed dOTOwrd when f(x) > Q « 



f fCx5 ^ 3 sin 2x +.5 eos 2x \^ 
f-(x) = S eos Cx - 10 ein 2x 
; f''(x) ^ -12 aln:Sx = 20 gps 2x , 

^ f(x)v', ; 

'Thg conclusion foUovs at once by Theorem i5 -5b * 



3"i Fi"nd"Tind ,Qhara*ctep^^ 

;^ ^ f * x t X sin X + cos x 
on the closedf interval/; [O^s] # On what intervals the &raph of the 
f^mction. flexed downward? upward? 

=" f(x) 'X iin 'x ^^ cos- X ■ ; . ; ^ ^ ■ . . ■ . ^= • - - . 

f*(x) ^ X COS X 

f"(x) - GOs|x - X sin X , ^ 



' on 



^ • ,v • , . . •- -1 ft ■ e' ■ . ■4= . '* ^ •■■ ^ v^-. '.t* r. 

f(|) So f(|);' is the maxlm\m of t on [o^ft] and' f(ir) ,tWe'.'; ' 

^mlj&lmm,. f"(x) - 0 ; when x - cot x , ^or' x a:.^.86 U Is^ the 

^ onl^ ^lero of f " oni .[O^n] • Than einoa f"(0) ^.-l >,Q 0 :fK C x)- ^ 
, [O^Xq] hy tha. Intarmediate Valua Thaoram ind €he -grdph of I ^ ii^lested ■ v. ; 
^ upward on that Intainral, Similarly,, V le ^flexed ' dowiiward oi^ Cx^^Jt]- m-,/-' 

*'AsStiiaa that t^ie f^inction f has a local ^ma^iinum C or mlniimam) at,- ^ =;/a;;.^, v ^- 
"whara f l( a) - 0 , ,^*an,d f " ( a) ■ ^ 0 i' Detamine conditions on a funotlon - ; 
^ , as^m^a aif(#rentia^la/ iiush thart x— * gfCx) -Blmo has a local, - 
BifljciiniiHi ,tor minimian) at ' x ^ a * ' ■> \ . 

f has a Iqoal maximum at a* Tlma, ^*(a) ^ 0 , -Also we hava f'V(a) < 0^,; ^ 
. To guarantee that gf(x) has a local m^iminn at ^ a | we requlra , ■ 

[gf(a)}» -0 and Cgf(a)]" kO , ; ^ - ' ' ■ V^-'. 

[gltx)]". - s"f(x) . f«(x) 2 + g^fCx) * f'^Cx) . ' " 7;" 

.' since 'f"(a) < 0 and f *(a) ^ 0 V [gf U) < O' oriy if g*fCa) > O:.^ 

If ^ g is- an incraaeing function of "f > and f has a local maximum of " 
a . than the conclusion that gf has a local maximum at a followi easily.^' ^ 
without calculus. ' . 



We use simfiar reasoning for the minimum * ^ = . . 

Use Theorem=5-5a to locate and classify all ^xtrema of the function / 

f I K — m sin x(l + cos ^x) 
on the closed interval ' [-n^n]^ , On ^hat intervals is the graph of the 
function flexed, downward? upward? ^ ^ 

, K - ' f \ . . sin 2x = 

f(x) sin x(l + COS x) ein x + — _ . 

f'Cx). - -oos X + cos 2x^. (£ . cos A -'l)(co.g x ■+ l) = . 

f''(x), ^ -sin X - a sin £x - -sin x(l cos x) 

Since coa(t_|) - | and f»(i |) ^ 0 , we obtain f(|) . ^ as^ a 

maximum' value of f on. [-n,n] and^ r( - |) - a minimum value, 

The iraph of f is lexed upward on the intervals (-«^-Xq) and .(0,Xq) ^ 
whWre ;cos x^ ^ ^-'^and x^ ^ 1*82 , approximat Ay . The graph of f 14^^===^=^ 
flexed downward on the intervals (-Xq,0) and (x^^ft) • 
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ERIC 



' fiV .' liet' :f(x)^^; * ginoc Does f ^Mva any ek^|pia? Justify your ansi^er. 



f*(x);s*0 if. .eos;x ^ 1 j that Is, if ■ x ^ Snn i n v an integ^^" other- ^. 

Idy inaremslng 



* .- viae f^(x) > 0- * ^ ^iioram p-^fa the funct^dn ^f ;' is wea 
- on My naigji^orhood of x m Qim n an integer, and hence 



t 



f Mb no 



.7> Let f(x) = -T-; — • , ":Dq9B f jhave aiyr fjrtreniE In the open Intopvel 



(0,y) f Justify your an'sw^rir. 



^^f^^) 4 ein^x - k.eos/x 
. ' :sin^ X > 



/ 



If - f'(x) ^ 0^ ^ than sih x t x dbs »^ ^ 0 , or iqullrale^^y,. tan x fi^s; 



^T^^ovaver^; in- the; intw^ (O,"!-) • y ta^ x x ■ -ha^ ho - eoifutioni henae -f^ 
.has no.-^-extraina in the open intarvaj/ (0,p *. ^o see t]riat' tan x ^ x_ 



taya .d;. .X 



■ Jtmk 'Solution iA ( Oj|0 conai^ir^ g( x) - 

/ ■ Wi-hWa^: S^M ^ee x - 1 ^ so^ that g' (x) P 0,. fpi/ x in 

feKOij) * Since ^ g(0) - 0 .it follows that i(x) > 0 for all x^. in 



(Oj&) y by Theorem 5 Aa* 



■/ 



/ 



8*' At: what point of the positive x=axis Is tip ^ngle subtended hy ^th§ two. 
ppinta "(0,3) and (4,7) greatest?' 



. See figure ' at right i tan ^ - ^ 
7 

and tan g ^ ^ ^ . so that 



x(it - -x) 21 



^It is sU^^cieht to f£hd x ^ 
'that +'^^ is a minimum or that 




52 



tan(a t l) is a miglmum (see No, ' 

(i^x ^ = 21)- , • ^ 

M ' f(x) ^ 0 if X ^ - i . 

If X*' is/in^ie interval^ {O , M - 3) then F(a) . 0 , ^ud ir x Is 
greater M -.J then ^) > u . Tnua, tai^U ^ 0^ ^ mir.imum 

if X ^ ^'3 , by Jfbeoreui 4.; It i.^xi..^>^. vhak tiie angle ouuLena^a by 

thb points (0,3) and (U/r, in u.e^^i^aiost at tii^ ^...n.t . ^ /^g - j . 

Suppose that f»(a) - 1^..) .. r^'^ ^^a) ^.^ ^ u 

Detemine whether rU) ib ^ Ic: i trAii^uium anj it 1b, .j.u Kpd. 

(^int: consider separately tne cas^--S n even 'and n odd,) 



Let'^C(a) - r"(o) 



(I) wheii^vci - : . ^ ^ ) 

( I I ) whcii^vrei^ 1 . ^. ' ■ " ^ - ' 
( 1 i 1 ) wUcua ^^C 1. i ^ .-■ 1 I , I ( 

'ii.-. f ^ * i i ; ^ ' ^' ■ ; * ...... ^ 



joi ill ^ 

Assume tiis-t 1 1 . 
a a 

is not entiiely ir. i 



Since a t D and p i D there 1b ai leassL wi^^ ^wi.a (^{1^/^) , whutu 
x_ < t < , oiihthm se^ent which IB uwl ii. b . li.i.. u.cariB li.^a 
y f(t) >*0 . It ^follows '^y contliiuUy ti.al it,..rc lb a i.e i t,huoi i.w^ 1 
X s t where y - f(t; > 0 , ueuwe lii^ac^g^mci. . c3 lu^.a 

^ut the graph of r lw^ p^Au.. , i -i^- ^ )) . a^eid 



Cun^ider p ^ 4 ^J^i 

D ^ Lha set polrn ^ uii.i , i _ , i . ^ . .1 1.. 

1 G 



I 



1 Mtii^ ^ l<> 



1^ 



p^oof , Let a >e ax^ fixed point In I * Equations ur chords through 
(a,f|a)) aid '^'(q,f(q)) p for other pointB q a in i , w^ll be of the * 
form ^ 



,v * g(x) - f(m) * (x a) 



*^ftr Defirfftion 5-5| the graph uX. l 1 4. licAEd .^^i, ^ ^(p) 

for all p hmivmmi aud .4 , 1...., r^, ^li \i ^...i. Uua^ - - 4 

or q < p < & . ill elLiiesA' . .^^■^ ^ i.^w, 

r(ri > g(p) _ 1 i-) ' ■ ' ' 'q i ' 

If p , th^n q > ^ i . . .. 

. p - a - ^ - a 



iX" y 



'€1 



V then rvpi ^^^i ' 



4 ^ 



so that 



for aH X in I 



X - b - P - ^ 



(&) Let .r be aiti cia i -.- i , . . 

inteTVai i . tius^e thai iLi. f ..m ti-i. 



point I . ( 



V^i. . 1 ....... , 1 

I .wlLli I hfc p^'l I 



FyuppOcse that t h 



\ 



are both decreasing ofn. X . )^iu; . ^f^^^J 

^(a) 5 "f (b) , it rolldws thai 

f > 0(L) - H ^ ■ - ' 
In wthei H..,iae ^ r' i ..... i - ^ 

^raph of f i„ I'ie e-i i . Ol. 

Q P 



Li A 

r " q 



i ) ^ 1 t 



1 . 1 



(f»,b) . ^ , 



■■.„■" ..... 

f . 

Alternative Proof , If f is convex on (a^b) iii^a. t* weaJu^ ^ 
decreasing on (a;b) by th^ reBuXts ui' l^miibci ii ( ty) ..b.wt. . dlnce r 
twice differentiable un (a^b) , fC^) u,, ii.^wi ..m;;, ain-.^s 

weakly increasing on (a^b) . 

ll^^* (fci) Let X &nd ^ tw.. .... . i ■ * ^ 

function f . ^hovy th..t a yu.nl ii> :A] th^ i iw mu. th^ p..lnis 

(ax ^ \ I .j^ I ) 



ir a( » _ ^ ; 1) ' I. / 



X - B H & 



¥6 require that f is convex ori i , and ihe^i addi 1 1 wusii^ , the 
graph of f ^tB flexed upvard^ tifteu^ ii.i i i i ©ii ..hurae 

lie above their corresponding arcs, ur 



f (ea + (1 ^ ^ 



This equation^ th&n^ is Ju&i li.^ i^, 
taJten to coiiveA witi. ^loyi. ii -. ^.a 

graph Of ■ t i3 li.. iyv^iA^d., 



{ w) U^e 5, b) to iii,.. 
flexed up^£trd * 



i 1 . 

( 1 J 1 




r 



5-5 



^^^tarting from this fact a'^^^^erbing the sttys takeii au.we^ 
we obtain the d^eired ref^^&k = '^^ , , 

(a) Derive the following pi-u^jer^.p^'^^veA ria*> ii U ^ i.^.. ^^i^i^ii ui" 

f 1^ flexed downwara on ari\ iiilserval. T ^ thei. foi Til poiuts a , 




In words, the i*uiii;tlon va^Jai^R', -WeJ r,-. i ■ 
weighted average of the f^W.«.« j 'ikueB . 




B,,h t, 1 




5-5 



To prove necessity, use results eitablished in EAei^ises 5-5, Wimber 15, 
and set p - q ^ 1 • 

To prove eufficlency ve must show that ir f is cwi.LinuQua hi, .a 

for all X ^ th^n the ^i'aph ..i i i - ri-..-^i ' ■ > i * -4^ 

(1) thai 



.All. iJ 1 i 



4 



Doubling the nuubt-i .... ^^p^^ fe^., ...i 



,1 'A 



5-5. 
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provided IS-rl < * It follows Uiju^t < f(A) r ( a ) & . 



At the eame time 



l©f(a) + (i d)r(L) 



We have 



f(,. , 



i kill.. li.^i 

b = a 



a ' 



) 



We have ^xi._-4=it.1 .. i i ( ^ / 



b - a 

,.1 li 



all X . ^ii 



t f ^ e late , 



1 > /I i ^ 



U • \ I: i 

r(. , , I i , 

1,^^ It, J I . 



) 
. I 

1 i -.ut. > .a let 
. . . . _4 i j ; 



Under what clrcumst.ences will the gcaph of a funct'i 
both be flexed downward? One flexed downward and t 
Answer this question botii with and without calcului 



Without calciilusf Let [ajb] be aii iuLex v^l in ih^ 



the g-raph of f on Taj'b] is flexed upward, it Is ir 
of (a^fCa)) formed by the ray to (b,f(b)) with LmWky g^inB veiiiQ^ll^ 
upward 




and its inverse 
er upward? 



or r . ii 



golng^^^^rlzontally to lus -i^-i ^ t. ii.-i ^i. 

If the angle" was acute (f itiuA £s^i i>-.Ie_-.. l=.i 

fjrst quadrant below tue chui'a* if th. a^.. ub 
the reflected graph ile& itk ii.^^ ..^^.ui^ 
argianent can be made aJ^^cbi ai -.w/1^ 



Reflection in the line 



1 .6=. 1 r 



Witli c^lcu_I\,u , i 
where g Is tue iiivGr..d 



lis ) 
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T 



4^ 



i9. 



th.. Ql4tet^ ^fi^- hay ti,^ 
by eevei'SJ. sAtiiupi . 



/ 



(11) F(x) = If = ^ 



k3 ^ 2 

— + X 

3 



3 2 X 



F"(x) - X- - 2x + 2 , - A f 



1 



X 

1, 



then Liic ^rtii 1. 



If thfe aph ..i 1 ' . . . ed 
a. .-< b ,^ c , show ti L ^Ca) , . 



ii I -tie 



.1 i i 



■(x) > 0 



22.S''ta) I^et a , be tjiree points in I such-ttiat "a < b < c , and > 

euppose tnat the graph of f is flexed upward in I * Show that 



(Hint I uee the result of Niimber 
*- rtence^ show that :^ 



BlfflilKriy to lU(t,) iL. . i. - Lu. ,j 
number line here TL^Uier th i ^ he piaiieO, I 



iome 0 : U < a < 1 
6 



u + (i - 0)d , for ^ " \. 



0 ° tJ 



— c - a 

L ^ Q ) 



. no 1 



J t , > . w that 



4 -Jii l4 



'I i 



■) J 



let 

ajE^4 thtt^ 



i.. 1 



4 



p - r ' . ■ ' ■ r: 

• 7 Similar^ ■ for T < ,x < P ^ wa :liaYe a < r < and, using ('a)f agairi^ 

(c)^ Show by ,a- cbunter example that, the result Jif fa) is nd^^^^lld for an' 
open interval. ■ ' . ' 

The graph oS ^ f i x— ^ is^ flexed upward on (O^Xq) ^ > D , 
but Is unbounded. HoweYer, f is always hounded below on a finite 
■ I . ^open interyal as well as finite closed 'intervap.^ as can ^be seen from'^^^, 
the probf of (^) . / ^ ^ ^ ' ■ ^ 



3. (a) If the grgph of f is flexed upward in an opep interva4^ ghow that 
■■ • ' f is continuous in the Interval * - ' - . , . 



sotr 

is continuous at a / i,e*^ 



%5 J ^ 



Lg% a be sqme point in an" open inte^^l I ^e ^ish to show f 
/ i.e*, 

lim fi^y^ f(a) 



x-a , ^- 



a is noi an .endpoint of I and thus there exists some d such 
that fa -.d^ a + d^] is contained in I * We first note that as e 
consequence of S2(a)^ 

V " ■ f(a) \ f(cV^- f(a) ^ f(c) cf f(b) " ' ^ \ ' " ' / 

/ ^ --c'-a-'C-b 

/ ":^#' ^ . 

f,6r a , b * c in an interval 'I and a < h < c / This is a 
'ptatement about the = slopes of^ the chords connecting (a^f(a)) % 
(bjf (b)) and -^bif( c^ on th®* graph of f , illustrated' in the 
..f-igure.be^iw.-. .ihe.jirdof is, cpntained in the^ solutioi^,to Niimher 11^ 



.slope < elope 'AC < slope BC = 

.No\^..if - .a x. < a . t using, these ine_qualltles_we h^^ 

. . f(x) - fta) ^ f(a + d) ' M) " ^ 

X - a T ■ d , • " 1, 

and'ualng a - d <a <x " ■ ■ ■ ■ j,. 

f(a) - f(a - d) j EU) ' - f(ar ' . 



^ ^ ^ f(a) - f(a ^ d) ^ f(x)-^. f(a) ^ f(a + d) f U) 
Thi^iame Inequality follows if ^ a - d.< x < a . 



So 
of a 



f(x) ^ f(a) 
X = a 



<k J k Gohstantj in the'flfeleted 2d-neighto,rhe^od^ 



'Hphen -k|x - a | < Jf(x). f(a) | < k^jx' - a | ^' ^- 

- and by- the Squeezd Theorem^ as . ^.|x - .a | (k) , - f (a) | Q... 

and lim f(x) ^ f(a) . ^.^ '^.^ ' 



(b) Show by a counter-example that the re§ult in (a) is not valid for 
a olosed interv^al. '5^^ 



=The = gfaph of. 



f(x) # 



I X ^ 0 < X < 1^^ = ■ - . = 

is ftexed upward but is noi^ continuous at x 0 i*e.^ It is not 
continuous on [Ojl] ■ * ^' V .i * 



kg^i-. If the graph of f is» flexed upward in an interval ^ > ^then f ^po eg ess ea 
'° V - ileft and ' right-sided each interior point of the interyal, 

" ' (Sea Scerciees i**2a, 1^.^) ; ^ * ^ = " 

Ife* are given a- fUnation f j convex on an Intf rvax M ^ its graph flexed 

. ■ . ./^ V ^ • ■ • - ■ ' ■ \ ■« 

J upw6rd,:,; Wp/tfish to show that ^ ^ » - i 

. ^ ' ' ■ '■ .; 



x«a 

: exist ^ vlv^rm a is an interior po_i^t of ' 



'I - 
We. again use tiie fact that 

- - ' ' f(y)-- f(q) : . / s ' - - 

is an inarea^^ing function on I 

Sinqe q . is in the interior of I ^ there exist points, a and b in 
I such that a < a < b , For x such that k ^ a and a < x < b ^ 
have. " ' ^ . = . . 

. ^g(a) % s(x) < gib) , . ^ . 

- . _ . • ^{^ ■■ ' ■ _ _ -■ ^ - 

.On [a^a) and (a^b] ^ g is a hounded mdnotone function, ^ We wish to 
show that this implies the existence of left and right-hand limits of g 
at a J i-e, J 

' ■ ' .X »' f(x) - f(a) 

^ ■ s (a) ^ Iim - ^- - 



g fa) - iim ^ ^ i ^ 



arid o^.^. -^^^ ^ ^ ^ 

x^ 

^' These limits are Just the left and right-sided derivstiv^s of/ f at a 
rftspect^ely* We now pi^'ove their ^existence . J 

'■ ..,We show g .hpunled and mQn£)tone on [bjo) implies a limit at a . The 
arguinent fot^ g on (a^b] is very similar. To prove our assertipn^ we 

- use the concept of leaBt upper bound {l*u,b*) discusaed in Appendix 
1-5. ,We claim' that " = ^ 

« 'iim g^x) ^ lpU*b fg(x) in =[a^a)] * ^ " 



:the'*llmlt of ' st^) .^c w a , since g ' Is^akly /in areas ir^, oi;,^t is;' . 

a rf^er of the pet ' g(x) * If it £s a mei^W of the setV aay ; ; 

then g- Mst be- constant iU) Q. at. a.: ; 

^ ■ ' * ' ' g^ ''"^ : ' ■ • ■ . ' 

\is ; a . . So ' ; . ;., • ^ " - - " ' . . ' ■■ ... 

' ' 11m g(d)*=. I.u,l5^ (gOx) x In [a^a)} . : = ^ ' V ? 



'Similarly^ 



lim i(x) ^ 1-u.Td [g^x), ^ X (ajto]} 



TC5=6* ^ Oonstralned Extreme Value ^ Problems' , .... 

- ^E^trimum^^rohlems with □onstraints ■ Inyolve tw or mora- vartables ■■and- 
or more funotlone .of these variahlee. One of the functions is to he maximized 
or minimised' the othir(s) toj^eld fixed, ^ thus imposing restrictions or 
'constraint on the varlahles. 

The work in this section ^pBla;ipposes familiarity with implicitly defined 
functions and their derivatives (Sections k-^, A5) , 

Examples have been selected to illustrate techniques that are generally 
a^iicable as wen as methods appitprlate for only certain types * prohlems. 
Obviously > there ars maw ways to attack an extremum problem, with const ralnti 
(e.g,^ Jxercises 5^S^^and 5-^c). , " , 

iaitave%.linm as the intersection of two plane a j a ourve in a 
»ction of a surface anfl a pliiej and a curye In space b.b 




K 



tion bfi ^Ho sui^-a^es . 
th^Qcmi-iii -^ac the-^ction given by ^ ^ f(x) is an.interval, ,.t^a 
jbHe oriered paim^ (x,y) \Wesent points in S-space over the interval D 
Similail/f ^ a function with domain D ^ a Region In-^ the ^ 

^xy p4nJrt^en>he triples\ {x^y.^) Vrepresent points in 3-space over the, 
^region-D ^^Consequentl^y -^4^ a.^.f(x^,yj ..may^. in general, be„ re|»re^ 

sented by a surface* J\ i . / - 

We may describe ^jh$V surface in a wa^hich does not require a 3=dlmen.- 
it, m pisemre tliat for any value of 2 ^ say . ^ the 
i^fcribes a curve which Is the intersection of the 



Lonal sketdh. 



relation 



ro 



^ f 




plane z ^ * Then, we obtain a set of such 
values of z * These curves ^ called ^ level 



surfaca ^ f f(xjy) 
curves bic.^Jaking varlpu 
^curves or\ contour lines, provide a description- of the surface i 



\ V Fo^r tH#Glraular yayaboloid given f:(x,yL^ x + y , .level. V 

J ouwes* corrasponciing tp v z^s ^^^p^ , and are shown, in Figiire 5*6^ 

' : ' ^ ^ - ■^'^ • ■ '^ \ ■ ' 

':=;' Now CDhaidtr a relation g(K,y) - 0 In ^hiqh the s; tem is abient* 

We nota that the equation i(x^y) ^ 0 ' composee no restrlctipn on z and- \ 
a-., htiiee takes on aU .real value e '(in a 3=dim^Elonal fram^of Ee^rence.)., 

ITh^ raiation g(x^y).^ 0 : is r^^eiented hy a cylindrical surface. In Exampie 
\ 5 -6a ^ the relation;." g(x|y) % - l6y - 12x t 75 = O^^^H^een as a surface ^ 

eaJied a parabolia cylinder* ' The name derives from the fact tlmt for jeach 

. - - ^ - .v-v: ^ • 

real value of z y S^Sf: > M^e plane g = z intersects the cylindrical 
= surfaae in a parab^k* ^ '4r^--v^^ fe 

^ :v . ' ■ ■ ■ 
The parabolic cylinder r 

^ : ^ . : ■ * . i(x,y) ^ - 1% ^ 12x - 75 ^ 0 . ^ ^ ^ / ^ 

meets the surface . . ' , . . = * 

;^ , f V^Ky) ^ x + y ^ g 

' ' ' ^ ^ ^ , ' ■ i 

> . aloh^ a curve in. space, -In the totreme value ptQbleni we loc^e the high and 
low points of thiiv'Curve: The tfOTce possible extrema are the points ^ 

-•'(' |»- It^)^. , ( , |, and ' ( - I ,_6 , ,^reBpftatively. ClMrly, 



the low point Is [- J > - g > '^g'^ where z "^"Jq ^ 



" 4, lb J- 

■: ^# ■ * ■ ^ ■ # 

. ^ 9 % S^^tj^ s Exerciies S-6 . 

1* ' (aj For a given vofi™ V f ind the limensions of a cylindrical 
' tin yn with smaflLeat Surface area. 

^ \ dr " dr 

' . ^^.so that - 

~ ' ~ m dr . r ^ • . . 

Surface area^ s ^ Sftrh +^2ftr ; 



2jT[2r - h] 



^ is zero If h ^ 2r 
dr 



i| = 2«(r:= P 18 ia« if 



Hence by Theorem 5*5^ the surface area is minimum h - 2r ^ where 



i: 9-6 



(b); if'the eost of tha /^idea/ top, and bottom; clf'-tM qan^s 

^par'f^^ if the cost of the beipidv^Dinln^' the top an4 .c 

^ A6t^& A the ^ide ie- . b '^ cents per linftapv^liM M^^^ the moBt,;:;.' r^y..:, 

■ ■ -i^^^kl dlmeniions of the c^^^ ■ -^V ; ' , 



' .'Lat cost ^ C 



'Y C = £ait(rh +'1^ ) + ^'brfr \^ . . ^ 
'^'^ ^0'= SJr|(W ;g.+^il t Sr)' 4. "ifbtt . 

dr . , ^. \ - . 

D G' is gero ifi h ^.'Sr. * 



where r' the_ pQeitive pplu 



-dPo ^ow 



■ for h ^ 2r 





gs'a ere most -eppnom 



(a) ' A aylindrlcilSK^ran.tonk wlth#t..topvI^^^f|^^Mo ^^^^^ 





idf'af tht^M**fc^^ be;-dDWruAed-f^dWa|^ 
rs- pSr "- g-d«-foatrmd *he:bae#-frte;atpcjc=^ttf^4if^ 



The. & 
doljtr^ 

pe#- iquare fopp^^ 
%''4:^he cost of 



v. 



■ftr 



W.., f"(r 



)\. & + 2AQj^ q " for ail r > C?*^ 



,.-. .7.4, 



Henofe by^p?^ 5-5^, the Mlus^d hei^^r whf^ cbMt^^i^ 
' ^nlmized is 



ERIC 



(b)' faallstlcally, i^ppps© tha-tr..tha 'feme©, hat 

^^p^^ square offside- Ir * Fin^ the^^'dimenglbns 

■"^^ ^ , ' " ^Ineludinfi the cost of. material triWed away 



4{f , <^ 



Cost - C i^^^ ^ tirl 




cmt f torn a 



Minimum cost 'if 



3. Find the radius and^ hei^t' pf the^ ^i, 

* cone of .greatast^ vplume fthsA can 
• be made frbm m clraialar sheet qf 
r ^ " ■radi'li^^ : ' hy- -cmtting^ ^^W^' - '^'^ 

the. centpA arid tending the. remainli^ ^ 
portion tor form a cone*" *^ 



Let R denote the radius- of base t 
of cone; and h ^ ^ the heigrit*, ■ Since, 



h^ +!r^ 




" ■■ 1 " ■ p , ' ■ 

V = ^;,j(jR 'h .' so; that 

'iv^:, l(H2 _ gj_2^ .^^ ^^^^ - 



Maximum volume is obtained if ' ^% 

h ^ = ^ ^ and ■ P ^— r^* ^ 

■ -1 . ^ 




k\. A point P is at 'a djkstanca' .h , above the center C of a *ephere of 
! ■ . ■ radius .r , where ; h; > r A " cone is constructed, having F for vertex, 
'and for ti'sse^the qircie 'formed by cutting the sphere with a plane perpan 
■■ diei;Q_ar "Bo PC,, li^^ order' to have the volume of the cone as g^eat as. 
j>oselMe^ should' this plM C j How far? 



■■in. 



■ 



suppose tH§ plane' is '•^hbve ' C 'U ' If .we move the plane toward 0 ^ the 
height erf, the cone and 'thp' area of the "base will each ^ncrea^e §o tjiat 

■ no. tnfi^imijm- Volume^ is r etched # 
•TOefef ore the plwe Q :or 
below G V iiet ; . R \ ^denote the 

■ r^ius'.-df the cbnfe^ and^^ h + x the 
ialtitudei l^hfra'- denotes the 
/distance from^the center G to the 
■^plane^of- the baBeV.Q£= >t Then ' 

tht volume, 

;y %. .|- 8^.(h + p ^and 




dx ^ 



^ . ■ / 'a "2 2 

Slnee r > E + x 



It , f oUoWs jthat 



is zero if 



dR 



dR 



0 - 2R 3j + ax and - ^ 



dv tT 

dx 



{-2jrh - 2x-"+ R^] 

2 2 
< -3x -- 2xh + > ) 

/a 2 



-h + 



Sij^gg §^ ^ (3x + 1) , by Theorem 5-5^^ the voli^fte-^ the cone is 
dx^ 3 ^ . . ■ ^ 



-meLXimum if x - 



the diatanG^e from C .,to the planJ;. 



where the plane is bplow C 



thuk f ormlng ^^riangla ABC * flndmie area of smallest triangle that 
eiji^ba formed in thls vay/* ^ ^ ^ ' . 



7 




Let ' ■ AB ^'-m^ . ^ X 

Then ID ^ 8 = x , . ^ . ^ 

DAV ^ k^K - it hy the Pythagorean Theorem 



T 



AC^ A»C m. 



2k 



hy ilmilai'..^ triangles .DA*B and C'CA» 



Area of Triangle ABC ^ — 



f(x) 



ro if X = 



f"^(M) >^o and hence, f (^) Is minimum 



value. The area of the smallest triangle 




6*-- (a) -the general equation of a straight line L he given in the.^fQ.™. 

^ / ^ ^ 4x + by = c . 

Find the point Q on L for which the distance to a given point 
not on ' L Is a minimum. Prove that = the line Joining P to Q 

is perpendicular to L * f 



Let P ^ (u^v) ^e the fixld point and Q (x,y) he the point 
..L^ Mi If ^ -s/;;.ilvthe dia^ce f^^m P to Q then ^ _ 

z = s^ = {-^^^lT -^^^ (y - v) 



and this quanti-cy is to minimized * At a mini^pu^we have, on 
differentiating with reject to x , 



W^m a5£ + ^ d: j ve have = ■ 

- Bntfet'lng (2) In (1) wje obtain ^ - ' . . . 

- . . ; a(y - v) ^ "b(x - u) ■ / V ' 

tad We i^e that the line PQ Is perpend iculai! to . Setting 
^ a(x - u) + ■b(y - r) = :c,',-,.au - Bv p w. ' , . 

ve Q'^tato for . the pooled Inatea' *i^f : Q . . ; ^ 

X ^ u + ^ , p and^^j^/;^v^ '^^ -te:'-" 2 * - 
a^-+' b^ • . + '^^ 



(h) On .the f^urve C glvari f(x^y) ^ 0 let Q he the point neareill 
to a ppiivb P npt on tiw. curve. If Q ia ^o;6 an endpoint of C , 
'.. and aH^ecaesary deriva^lvea exists prQve/;tti§t the line joihlng 
P to ft is perpendie^ar,.±p C .* , . : ' ^ . . ^ u ; ^ 

Let P ^ (u,^). denote the givin polntjl (x^y) the point on > 

and 6 the diatance from to... Q , We have . ■ ■ ^ ^y^:;:: 

^/ ^ ^ (x ^/U) + (y = v) ^ , ^ V ;^ 

If g ia a Ciinlmiim and (x^y) Is not an endpoint of . C then/ on 
differentiating with respect to x ^ have / . 

* 2(x - u) + 2(y ' v)y* - 0 • ^ " \^ 

The slop^ of the line PQ is then ^ 

.. ........... y - V ^ . 

Since product of the slope of and the el^pfe y* of C la . 

-1 - we have established perpendicularity* 

Flnd-the extrfeaa' of je" + y^ If x and y are, subject tio the constraint 
x^-- i23r>f y --By +-51 = 0 ^Give^a geometrlc=^£^arpretatiQn* . 

Different ia t itig^u + y^ , with respect to x ^e obtain 2x + 2yy* . 

Let ax 2yy « ^ o ; , 

I 

Prom the copstraint cdnditiorij we also have - 



276 



Therefore 



5-6 



or 



With y ^ |x ind- - l£x H- 5r^ - 8y + 3^'^^0 ^ we oWalu the 

following maximum, and ml nimtim point e (6 ^ '4^ ) y ^ 

(6 - ^^pj ^ ^^F^ ' Thus tte extreme values of x " + are 
2 



Geometrically^ we^nste that ve are 



x^+^ = Ca^t 1)^ 

fflliximlging the .equare of^'^ ;the distance between the orlglh and the 
curve x^ ^ ISx V - 8y + 51^ ^ 0 r ' .j 

Alternatively we firat not& that the constraint cDndltlon is that 

^ 2 ' 2 - - 

X and^ T lie^ on the circle (x - 6) + ^y ^ k) ^ 1- , (center 



(6^it) ^. radius l) * Since /x^ +^y^ is the distance hetween the point 
(x^y) and the origin, ^ we have to find the "Closest and farthest points 
of the^glven circle to the Qrigln.^These are the points ^ P and Q 
on tl& iine connecting the center to the origin . 




ThuSg the extreme values of x + y are 

[00 f if or { # + ifi- t if =.(2/13 1 



'-'>-'^7 ■■■■ 



2.77 
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5*7 



8.* If , — X. > 0;, i , 2 , .1. , n ' 

. find, the i^tmpi value of product i . 

f^^Aifume the Bmximiging va^uas for . # 1 > 3 are glvin by 



7 ' 

- 5: 



than we have to determine and x^ such that 



rand - V ■ ■ : ■ - — - ' '^i^; " ^^^- -v -^ls .a-^^maKtoim* - -.-.w^- 

This latter prohlem has heen solved preylously (Baction l-l) a-ndj' coijia- 
quently , ' . x^^ - ^ * By the same argiament' we ^Gonc^^e that ^ % '^-^ 



^ ^ etc.; hence^ ^1 ^ "2 ■ "n . 



= X 



Tangent Mid- Normal Lines . - ^ ; =^ ■ 

Ihe noetponemiBnt to this section of the discussion of tangent lines. -was", 
dellhertkfe* /With ^ the Law of the Jfeari as a hasis^ we are. now ready to ei^lolt ■ 
properties of ^taiigent lines and Juetify tta use of their equations to appro^ftL^^ 
matte functional values* ^ . , '\ 

: Miscellaneous feerclses^ Numbers 1-3^ are pertinent tg this section and 

ma^r' be, J,s signed at ^y time: the discussion of Numher 3 inalu|es genial cony* 

.^sideratlofk of tli^^umher of •tangent, lines that can ^ he drawn f Eom a give^polrit^ 
to a given conic section. ' ./ 

, Solutions Exercises 5^% ^ ^ = / ^ 



-IT^^ Shoir that the tiumber of t lines that can be drawn from the -point — 

*, «^ . . . 2 ' 

(h^.k) to the curve y ^ x is two^ one^ or ^ero^ according to whether 

k f is. le^S than h" ^ -equal jfco , ^ or greater than h ' ^ respectively. 
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■ 4, 



m 

• V:'. ■ ■■■■ ' , . ,, ■ \ J. V, 



■ -9: 



' Let' Xx^'^yQ) "be. a point of tangency on y.^ 3? feieh gui^e^uation of- ■ 
t^e liije throiigh tht;j>olnt (xQ,yp> with slop^ Sx^ is.'* . u - 

. ^|{e airie Joining the. point \ {k^^Yc) ^^^^^ glven^y ^ . 

■ ' ^0 " ^ ' ■ ' ' ' ' 

(^) - ^ ^ - ^0^ + ^0 ■ - ^ 

, , ^ ■ . ■ _ ■ , - ■ ^ -. ■ - ^ . 

Equations (l) and (S) deBorlbe the same line If the ilopes are equiij 

Is, if' J>> i\ ■■■ '■ ■ "■ ■ ■■ . 

^^hr : .^..,--2''o'= xq:= h = Xq^= ■ ; ^ 



or -*2x^h + k = 0 * This e-quatibn has ^olutions ^ ^ ^ 

=^ ^ . ^ h t i/h- = k". \.. . ' ".. ' 

If k.< > there are two solutions Bn^ heiidfe two polnta of tangency^ i*e.^ 
tTO tangent lines. If k ^ h" . there is exactly one^-iolution^ ^ohe tangent 
"line/" If k j there are*no solutions and' hence no tangent line^ aa ; ; 

specified* ^ . : 

' ^* ' - ^ " ■ . ^ ^ ^ ■ 

.Interpreted geometric ally I thi^^ theorem states that . * 

2 ■ 
f-i)" no tangeTnt line ''to y = x ; passes through th# convex rfgl'on 

y > x I ; ^ ' . ^ ^ . ^ ^ 

(ii) through any point on y x , only one tangent line to y ^x ; 
can be dravn, namely^ the tangent through that pointj ^ 

(iil) tl^oligh any polfit "ex,terior" to the paraholaj^ i , e . j any point in 

the jegion y < x ^ two tangent lines to the pa^abo^vn^ he flrawn. 



0-7 



2*- "Ffnd equation^ for the tangent and normal li Ae e to- the ; gr aphe of th^ 
. ^fpllowittg1l^indtldnB^at t given points, ■ = ' ■ . . 



(a) f -i 3c *ic .sfn x y x m 0 ^ x m S 




cos X +, ein x 
Tanga^^llne ^at x ' ^ 0 i 
Normal line at x = 0 



Tangant line''*at x - ^ 
NormfLl llne'at^ ^x = ^ 



y - 0 , 
xt- 0 , 

y - X . 



c7x^ - 1 



f(a) f'(2) - 

Tangent line at x ^-vBl 



¥ = -jJ (x 



(c) f : x-t^ 



, X -1 , X 3 0 



Tangent -line at x 



■1 i y 

Normal ^line at x is, -^l : y 

Tang ent\ line at x = 0 : y ^ A, 

Normal iine. at x * 0. : x ^ 0 



' 1 
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/ ' ; Tangairfc line ^;^x ^ Kq ^ 'where jx^l a i 



. 1 



g.J)^ (tt) :Fo'r the ellipae 



and the.:hyperb^la 

• ■ I" ■ / • 



E 2 = 



2 " ■ ' 



•1 




ottai^i equations o^Hhe ^lines tangent, at (a,b) or/^|9^ "'cuwa in 
symmetrical .form like that Example 5-Tb.for the ^i^^^ ' ' ^ 

.*For the ellipsp - 1 3 the tangent line at* {b^,J) \&b 



eqiration 



P ' q 



For the hyperbola^ the line tangent at (a,b) Is gii^en\by 



' ■ . 'p .q P4 ^ ^ 

' (b) For the same two curves, obtain equations for the normal lines at 
(a^b), on each curve in an analogous form, ^ ^ 



For the, ellipse^ -She normal line at (a>b) is given by 

' - _ ^ q ^ ■ q ^ ^ ^ ^ 

For t|ie^ hyperbola, the norti^l line at (a^^^^^is given by 
q^. P» P 
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lie -^.^^ ^vr^ ^ then* x^i;£=^^ ^. ' Bubstitutlhg^^^^^ 



3r"yV+ rHD 0 since a~'H^ 'b ^ i 



or/'^r y - gbr y + rnD ^/t since a 'b ^ r . Kiis equation has but 



. ^ tangent' line ax + by meeta the ci?cie in only one - point (a^^} , 

5 4*, VSho^ .that the gtaLph dfs^ih^ fHrnctiSna rf ' where fix 6x and 

/.g .* X + 2 ^ have a common t^igent line at the point .{l^6). SketQh 

the graph i ; •'. . ■ ''-i ^ . ^ V 

, ' . ^ . / . . . ■ . \ ... v.... 

■i. ^ .113 ^e^ ■ ^ - - ■* t ' ... 

S . = / • " ■ ? ■ i 



, / Wa need to show that f*(x)''% g'(x) and f (x) ,g^x) for x = 1 . 

: ; . f'(x) - la* j gv(^) - lac- t ^ ^ 

/So - . , . / 



5^ \rx 



6\ 



-the point i-*(m-; f!["tt>)^^^ and^ -(h /f.(ti)) onl^^.i^p^ ' £ , ,V ^ ' 

mie tangent li&e /at: f (p)^ ..hM slop^ f^(p),f.th^ chord Jblnlng ' ' ■ ' 



taiigen^' ^will-ha paral^al oiU.^ 'iffthair al^paeLari.^ ^a^quai.^ ^^e^ ^ -p 



Sip ^+ ;tr 




m + n 



.ife-we.aBB\OTe^ that . tn\ii^-n 'v^^ So ^''|iiiy^e V2ap ^^^.(m> ^n)-+ hi ]\^^^\^ 



Givan. the .-.ellipse .+■ a-y" ^ a%." and arMtrary, pointy, P. on^ t^^^ 

curve/but not on either axis, ''^ove that if the normal at. .P to the:^ \..- 
Ellipse passes t&oiigh the)Qrigin^ "thefi the ellipse is. a'clrcle. ■■ . ■ - ■ ,^ 



^2 2 - 2 2 as 
h K ^ a y:' - a & ; . 

^e^^irmal at Fix^yy^) has eguation 



If the normal at P pasaes through 't^e origin then x ^ 0 , j 
satisfies the above equation so that 



r 



whence the o^ig^pal equation is 



the^^uation a eli-^cli 



t 



X" + y 
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:*.,K>pol^t '^^>\!' Bbi^evt^;^,we^Qnl^',lmow; thfe. valiae^df, ;'f."" at,;s6me 'point.!;,; ' ri-'. y 
;;\ -'11;, ■cl^se--^iD.,,;a''i.'''^%5r, ■! < % 'eetiin^t^. t^^^^ error " lb ■ iiOTroximaWnf 



ffa) by*^ f (D- '-bi^'^ie, o'f - Law '^qr the '|ieari., - Appl^^ tHe 'Law ' of" the'' 



'■;-y . ^ jf(i) >. f (a.) fs' lit (a) V^Ci; .v/fc)fu v-a)f"(^}l; i. " „ ;:■ ■ , "/i;: 

'■I': since -.'|u'" - aj j<?|'a.»..".'a) ■ \ . .\. ■.■ ,-: ,i ■ 

'_r ■ ■. -r'--: ■ ' : - l" 

■ IfCa) ,= 'f(.a).|,<.|'(S = a)i'.'(^l . ; 

^Now'j .if f (a^^^-^i^s ' at or near ^§ ^maxlmuni .Cpf s^) ^ ..l^'Cfet)! , pmW;lv , 

■;.^^i^^^j^ta) - ■ f (a)i(i .iis nearly Becond order in (a - ,a| -. In that aaeej. ^ 
^ J. i fQr % CqIqbb to., a ^ the error In approximating \f(a) by' f(a) 

^.Aaxan-^&pplieatioaj--supp©§fe. .'we.- are^o^^htainJe'etimate^-Cor^ ^-^aln ,8§S-\.= and - /a-^^. f..- 
sin Supposfe the .^igles are measured to vithin 1" i5 i ^o^#that the- -^^ 

y * es^eri mentally determl-ned value obtawipd for sin 89 , lies between ^ ) • 

83^,:gS.., :ajid^^-B^^ in est^m^tlng- - si'i^^9° ■ and'"- - i^^ 

y 'vsih\5^- .fi'om -tte\given raeasnrements is niuQh less for the formerjy^slnce ^ 
V f ^(89^) ^\o.^^d^f v(5^)-'^. illustrate numerically, 



^ sin 89.5 --S99$e-.; 
o 



" ^ ' - ^ ^ cos i^,5° - ..0781^6 , 
♦ ■ /Sin 89,5° ^ sin 88.5° - *Qp030 ; 

sin 5.5° - slS»^^°.^ =^ :01739 



Ihe error in estimating sin 89° is less thmi ^'^h the error^ip 
estlmatiftg ' sin'5^ " ' . ' 



28ip'^ 



9. .(a) Estimate the error of ajjproxln^^n to y = sip x "tst "^he tangent ^t';i _.,» 

X - 0 1. y ' • \, ■ , < '. " " ' ■ 

■ I - : ■■■■ 

Erom, the taw 'of the Mtfai. we have . - ^ ^ - ' • 



^ ''^'-sin x^' sin O ^'k*gos u 



Tiftie^g u ■ lie S "betwa&n 0 ' and , Simi 



• >^p W^;^-v-' ^ ^ts-:^^^^^ Q CQmblnlrig^t he results we have / . 

■ ' / ^ ' \ \/"'' ; ' ?^ . 

, Bin 3c eop t!?^ x(r - u^Bin V) ' ^ ' ^ 1,' 

or ^ ' ' ' f .r ' . , ^ ^ .■ 

. ' V : •■"•■■1^ ^ - sin X - lin. Y, ' -.■^ ■• ■ ■ ^ ^i.^ ••■ -.j. 

Knowing that 0 < |v| < |ti| < |xl and .|Wvl.^l , 'we obtalft an ^ 
' 6stlast^,of the type in^tfie texi^ namely, ^-^ , _ ' ~ ^ 

- ' , . ^ . |x - sin x_| < X . , 

^(by.K^hDw that ihm error is" at least third order In l^.e., that 

; J ^ ' ' . . sin xl £ c|x|3 ,// 

; ■ ^whei^.e ' 0 is constant^'. ' , ''^ 



,We earry the-iargument bf: '|a) one .step further. We .have ^ as In 'the ^ 

firsts line ahove, ^ ^ ^ ^ - . ^ ^ 

' ■''.;sin Vv " Y cos W ^ \- ' ■ 



. where w lies between ©■ v , Henae, . , 



>rtience ' . / . \. . '^ .. . " . . - V v - . ^ ^/ 



Ix - sin xr'< ^1^1^ 



mtiiia X is' an excellent approximation to sin^. ^^for .small .angle s*: 

10. ^Con^ixe the methods of. ^^^^ section w^th ttie me^hod|^f Sectiopq=3 and 
;'acerciies\^3i^ lumbers 15 and I6, ^ , , , , ^ 



■She interesting question^ is the relative precision the^two mMm^ oT " 
estimation. -^5 erroi^ in apprpkimatien to fCx) ^x. in .(jbq) J^^ \ ,^ 

Wun|ea ^ov^-byr - (x; - p)(q ^^^p)^ '^ere . l^ V i sniper. .bb^d.^^^^ 
jf"(x)l on ^(p,q) * tte fervor in thp twigent approximatiOi^^ls bopded.^y- 
^ (x - white' is arr apper bound for, ^ lf"(x)J In tl^ . ■ 



Interyal between^ a ., imd ^ x 
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'1X 



1 > ^ . .* 



in £b£fflipit,5-3'b, .-ve -had 3c = -id p -^.?'V ^ * j 'and ve^-uead . \ ' 
- '^'•""v (S.q)^ obtain i'^<^ !4the' 



^ t^:^^nt ^pto^fttation, use m ^ 9 y snd t:ie same boxmd ,on the (3eriva= 
' tive.^tO obtai^ ^ ^ ife ' Thus^ Indep^^ndeni^iy of whlc^ of * the approxirna^ 
J ; 'tiWi^i to' /^te,^ ±B batter;, the tangent 'approxi inat Ion gi-Vep s^ar informal 
,^lon about in^thls caee, > ' ^ 1^ * 



' ^n ]ae eygi-seB 5^3^-Nmb er , obEerve >-for ^^f(^ )^^^. ^ ^^^^ | 



■ c: Is a? dWei^aelng mrtation of . x for 1-14 ^proKimatiibn 'to ^ ^ 

- ^^IToqS by lineax^ interpolatfon^ take J p ^kI ^' q ^ (l.003)r^', by th^ 
' tangent method^ ^ - 1 . Use IL f \wAV\ - Then 



e (1.003)^ - 1 ^'9^1 



i.a , 



■ sOi we S8^ thatj the tangent method/ offers latprovemerit in precis'lQn 



A similar analyais applies in ^Exercises 5^3^ Number I6. Here the diffi- - 
\. ■ J / ' ' ' if ' 

' culty 1^ .the linear interpolat ion 'method is the choiee of a point ' 
i"^- - ; • • . . . ^ ■■ ^ ■ jt ^ ^ ^ ■ 

^"^^ w|er^ . cps g Is kno^m mid is close ehQ^gh to — ^d. suitable for the, \ 
P: . . ' ' ^ . . ..... -i-- 3 , ; . 

, * pxir^gsee "of ^i^eclee approximation, , / , . - 



tl.........,gboK : hQV.. ..td , apprpximate 'v 2^. . f .1 . e stiniate the_ e^rdr.^ of ^ a^prQ^lmat i on 

-We^ahall a^^oximate the graph *of fCx). = x"'^^ by its taQ^ent line at J' 



W e haVe 



f'(x) - i . x'^- - 
^ ' n 



,11-1 



a,,ffihe equatlorL of the, tangen-j line through (S%2) 



4_ 



•If X = 2 + 1 /' 



+ 2 



Hie abfiblute error of thjs value aa an approximation for r(s" +1) 1 
glvon hy , ,.•,,'* 
• \ _ e < M((g".^ 1) - a-^^ < M 



'•'^ 



\ 



5-7 ■ 



w&ere ' M is Is^ upper Ijound for |f'^(x)'j on '{^ ) i 

* f"(x)V' is. decreasing taid positive -and so ve hive> the "bound^ ' ' * 

lOT of motion ' . \ ' ' : ■ * > X . ^ 

. , . ,^ s - 5 sin 3% - 3 sin ^t ..^^ , ^ ; 

Once it ^^^i&ti iomB the p^tiolte' first raaGh a stop? Ho>| far is ; 

; ; it iheft f t-om the rt^ ' ; ; ^ v 

■ ^ > : • ;^ ■ ' 5^ Bin 3t ^-' 3 aln 5t 



M COS 3t - 15, cos 5t 

at - ' » . = ^ ' 

i 

= .15 (cob - COB -3t) 

a .l5(ooB(ltt + t) - cos(i^t - t)) 

= -15(-a Bin ft t Bljl'.t) 




^ 30 sin i*=t-sin t • 



4, 



0 only if sin kt 0 or sin t ^ 0 . 



So is ^ 0 at . t - I ;<the first stop after ^he psa-tiele hae^^egiin, i.e,, 
t.> 0 , At -t ^ -J , 



s - 5 si^ X T 



13 . Find an^equat^ 



.ation.of^e Wgfnt line tb the ^f^liijim Qf Destta^teey 



':'at ttje polnV^ (x^^y!?) . Note paHlc.ularly the i 



BltuatloD at tlie, p^ftt ^ 



3x + .3y 
a 



'1 

y 



y' - 



J^-/ 

r, 'ax - M ■ 



k \4' 



■ . ' . ax - y- * • . ^ y 

, (Note that' ax -'^f ^ 0 it x ^ . ) the tpsent llnf to the cu^ve 

, - ^ . . . » 



:7 '4 
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5'(x,y).= P at (x-^,y>,) Is 



2' 



We obseirve, . moreovir^. tUat yp^'tlcal taiigents m^occur when = O r 



fly 

among the ppints (x^y) on th^ graph "where bk ^ y ^ 0 Hiie' 
.coniaitioh ie/gatlifled at the points -/(O^O) and ^ ^i^) / At 

itaelf at \(OjO) ani. does not have a jfcimgerit .ther,e in the - ueual s^nsey 
hijit does ^ have two tangen^^ln a senge clarified h^L^j^ametrlc areprasenta- 
tion (Cheypfter . 11) , , , ' ^ . ' * ; # ; ^ 



; The sltuatiqri ,^oaun be .analyzed - in the present cdntext . in thei foilowing wa^r. 
If a ciirve has* a tangent > (,non- vertical) at the origin^ tlien. ite. slbpe Is 



lim % \ Fo^, aefinitenees take a > 0 (for- a < 0 , the curve Is *the 



refieation In the origin of /x^ 4 - '3|a^xy" = ,0 . md the p^^tlem ^ii 



t 



e§^eritlally the lame). We separate off one of ^ *t^e branchee of the curve \* 



irr. a riej^ghhorh 



of" X > 0* by restrietlr 



|y| < |x 




l^QV J using ]5^] K 

4 * :. 



we see that^ ^^fter x ^ 0 



3a ' 



ThuSj lim ^ ^; 0 and the curv^ has ^a horlzdntal tangent at (O^O)* From 

the s5aftmetry^s "we see that it axBo feas a vertical" tangent . . 

■ ■ . " ■ . - ^ ' ' ' / - ^ ■■ 

It remains* to b'e proved that the condltlonB^ JCx^y) = 0 '&tid ]y| < |x| = 
really def ine y as a funetion of x ^, For thiSj use the techniques "of 
7^Seetldn 1^-8, Namely/ for a fixed x , x ^ l^'^vhire i / % j defiag 

Thm derivative ■ ^ ' ' ^ _ ♦ 



As CDnetMt Sign for y < a/jTT i hence g(y) "la ejbra^gly mqnotorie In 

and ' : ■ . •; - ' ■ ^ ^ ■ ; ■. ■■ ' v ^ 

' i-h"^ - ^ V i^alcffi^ r^pn^i tft Righa at thee^^ .J: 

' "! , small ' jt| . We donclude, that there is Wuniqiie value.- \ for ^hich .j^ - 

llf,,,Find the equrblorf of : the "tengept^ 14ne to ' t ^ ■ 



at the poln% 



3 1/2 1/2 




A"^ tW pQlnt (k^l) J the slope is | . Tlie' 'tangent line at (^+51) 
gl^f n ;by 



Skatehln^ of Qraph . 

sec^on pr©vides a fitting cone lus ion to t|e chapter: .the student 
■ is given an ppportimlty to examine Jocal and global properties of a function 
and theff^y^^arlse Ma findings in a sketch of the= grkph. the ^ork here draws 
upon aiip.ytic geometry , as w^l as the calculus and. uncles hoth. Given , 
't^tp ia^a*^d'^o^ts (conveniently located) on a curve^l^e now are in a position 
to^^ar^nine^^^^he^ the poi'^nts should he connected i^/M- 1 points (a^O) and " 



;(h^0) jrf mscellineous Exercisee, No, 5(c), (d)). Furthermore, we can isolate 
intfi^&ls where the graph is wildj we can find familiar rdurves which serve as 
, adequate models 'for t^e required graph over certain intein^ala* The model 
*he\a" straight line, as in the case of aByTT^totes, or gre^h- of -the f amilier^ ^ 

■ ■ n - 
tion X X . 

The dlscusslop of Mscellaneous Exercises Number 5 in the Teacher ' s 
Comnientary provides a guideifor for iket^hing graphs of relations defined by 




20/ 



' ... J 



/ We leave the . Bf lection bf. exercises to you. A -wide variety (in terms of # 
'level of dlffiQulty/ "degree Df at)Straatlpri^ *depth of insight required) is . 
provided, but ttils ^1 a ribt Intended to euggegt thi.i(^one assignment should 
comprise the entire rfii^e of vartation, ^ ' ' ■ ' 



, Sbluti©; 




ercises 5-t 



Ikwnple 5^a.^) " ; t 



* 1 = 



+0x 



(^fee 



■ ^' . . , ^ f' (x) - 20^5^+ l)3^x . 2)^ / /"^ ■ ^' ^ 

TOe graph is flexed QprniyBM for ^ < J flexed upward ^ for x > | 

f(-l) . Is^a locai maxinrum^ and f(S) is a' iDcal minimum, 'f(-l) - 11 , 
f(0)^^ 0 , f(|)^^i|i , f(a) - -232 



Is = * 

h ' ^ P ■ 




5-8| 



\2. "^Lockte the point 'of inflect Ion = oft t^ graph of f i^?^-* >^JM''|toGtan x 

'wf h^e - fV.(xy^ Siii|L. -sin^^ i 0 -and f"(x) changed sign 

(1 +^)" 



as x'^ Increases t^rbUih the'value 1 V i't^^Wfto^s^thai (l ^ |)' ^s^-M 
||^int of tnflectiqy r > 



3 ,' peffrmlne equations of the •horlaQntal arid'y 



the graph of 
(a).. :^ + y ^ X 



If^. ^ + 3^^vx then y - 



Noy, lim^ ^ lim ( ^ J ^ 0 . 
- , x^-1 ^ . x^^i ; ^ ^. ^ 
It follows that the line x - =1 Is a Yerticle asymptote. Also - 

lim, y - lim y'^, 1- / whence the line y - 1 la a horizontal aaymptpte^- 

* X«^ X'M-ee , 



(h) X y - 3^ + & ^ 0 



y ^ 3^ " ^ . 'we, have, 11m y ^ 11m y ^ 0 ,^ -whence the line -y ^ 0 

0 i 'whence the 



3x - 



is a horizontal asymptote. Also lim - ^ llm 
'line X ^ 0 is a vertieal asymptotte. (See also Solutions Mscel- 
lan^us IxerclseB, No. 5') ^ 



^^y - 3x ^-H 2 ^ 0 
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'-rapGiafR^ tests usea to 4diiitlfy: e^h such fcint.^4^3f the ^ ^ , 



(a) I K -Md^ 



For parts (a) ^ Mid ( refer to' So^utUnrm Number 5. 




, Sinee^ f ' fl) = O; ^ and f "(l) <i Q , by. Thaorem S-Sa, ^ -^i > i) is'^a 
, maximum point. SlmllMjlyj (-1, - i) -Ib * minimum point, B^'. \ 

'" Definition 5-8^ and (-^, ' .are pairits of InTlectlon'. 

Thm xVaxis is a horizbtS^al aeymptots alrtce lim f(x) = 0 , aatd' also 
, 11m f^j = 0 , ' . , ■. 




(b)^ f(x) = 
- f '(x) 
• f"(x) 



x2 + 1. 



2x 



" (x2 . 1)2 

"-aCsxt - 1) , 



ERIC 



^0 



1 
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^ TOeorem 5=5a, (0/0) Is k miniTnuni point, ^Points of lnfl«tlOTi 



are 



is a horizontal asymptote, since llm f(x) ^ i\m -ri^s) i 




i III w iMiifa I i- 




1 



(i = 




The gj'aph 1 i > 
to r all A in u i . 
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7. ,Dipc\i88 syTOmetry, Intercepts^ asynptotes^ extrema, Intervals of flexure^ 
and ^sketch^the graph. 



(a) f(x) ^ 



2(x= 2) 



Refer to SolutiuiiB Misut.ii? 



f'(x) 



X 



Vertical a^ynipioi 

Me* 1 tut .41. i , i i . i . I ■ 



# 



\ 



73 
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(2^0) \ There is a cusp iW^-O'fO) : f^(x) - =^ as 
positive values ^ There are points^f' infie'.-liuii at 




0 throu^;h 



8* ^ IM'^'H "the ^1 SLyh V- i ■ J ^ ^ , 

Eectlon of the curvt; with thi £3 jiii: 
one extremum arid loi^atH tuia ■. itiL:. ;L: 



i. poi 



, lit pu i ■ . t. inter- " . 
.X \j . h«ii,-. .^ne ^ibi uiily 



/ f 



0 ^iid 



the eiAlu Ot [TUU^r I i .= i 

'i'u iliid I h«- extitn.t. ■> 



il a^,, nip tote. 



- \ ~3 / 



ili. 



\ 



9^ Show that th^ fmnjliuii a - . 



or minima regardless ot .the valueg or ^ a b ^ c ^ and p . | 

If g -= 0 J the grapii 16 a sti&l^.i.i Ain--- ailj the "i^febult 1 valla^^^r 
^ ^ 0 , ^ 




TnUa , t lit- ^ i. Ci^ii 1 . 

inereaatn^ i*. 1 , . 
ereater than i^itti li .i. 



b 1 . , c r L. J 1 . 



g 

. i, i dec t efetSltlg or 
ad % 

wilt. I , ^ i b — 1 ^ 
C 



cxy + == ax ■ b Oi eq.av i '^^^^ 
the graph for liiS whei e d 

\ 



skeLgh 



Ep TroYQ that if a curv^ , ii-- differ en ti able flexed downward in .an 
^ Inteiral; the curve lies wholly under i^s^ytangent liner |fr thii . \J 
interval.^ ' 

■ . ■ • . 'A- 

Let # "be dl ffe re pt table atid flexed downT^a/d an [a^b] , For any ti 
in [a^b] ^ the tgLogent' line at f u ^ f(u)j Is ^ven by - \^ 

^ . . I ' y = f'(u)(A ^ u) ; r(u) . ^ ' ^ 

We are^to prove thfett l^x) ^ , i ui' til i -'^^^^-'^^ t^^t;]. We ^ave ,f or 
^ any X .in ^[a^b^^ 

fo:r Bome z^' in i a/i] L-et^.t.-. ii £^i, j u , ir^ tht La"w the Me ail;, 
' SlriCe f it. lUcA^d c1.0'wi._wfj=L d ..u [ .. i- } ^ 15^ ^ ^ ^ then 

,f ' ( ' ( u ; > II u - ^ I ^ - - ^' ' i ' w > I ' ( - ) 'rheoreme 

^ ... ^ . . In [ a^bj . 



b) bihO^ thiiC ! 1.., , . . . 



a aj i J L ' ^ 



^ if a is 



.on 



. i 14.. .{JOl i . ...J of 

1 ..aBin^ , by Hieorem 



I'ui =L0 V. I I ifi I t ! 



i (.j - ^ (x) .. y < 0 : It 

ihfc tsngtoiit line at X ^ a 



n , If any^ ^Iv 



t. wLat vaJ^ueS of 
ibY Gl^e sketches 



comparing ti.e ^.Tsphq i -.rit , 1. 1 v&i.ci^ ,,f n 



'f'"{x) = n(n-l)S^^*^^ . an^' thus tht ^rsph of f can hlve^s 'poiut of 
r-%t " - - -'-^ — - 



Iriflectlon om 



Q. (we assume n >'2y^ .Tor ^ n odd, f'{K} 
changes sigrt at zero end theref^oi^e (O^O) is h ^uini ^.jV iiil;l©cjtioni 

■ and (0;0) 



For n even, f"(x 
inflection polrit. 



> 0 fcu"' ail 



lb liut &ri 




/ / 



^1 



5-8 



For p > q 9 lim r(x) does not exist ^jUnce 

.a + a /+ , + 



incijemses . without b^uiid as 
tence of 11m r\x) , 

1^13. For what values or ^ dLfcs u.t. lu.. .1.. 



1 i A 



,,iiLiuii& iiOld for the 



iuii X'qi thld case* 



f^fe^i .siueS ll find 



j a has 



Live 
i V Q i US £3 
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^ Caee 3. U - 3a > 0 



First coi^sider a = 0 and a - 1 j ^lere 



and 



I'ui a s 0 ^ 



i I. i a - 1 



For both of these, felAj 



between th^ee ^T.piu . 



ii. u.,. Lh^ right of 



1 . , i 



1 X- iv..,-. 

liici i.^^ativfe or 

1 

I, X ) 1.01.5^3 

. £ It 1' ^ ' i -A 

1 ft ^ 

i 111, apt 1 



L i i fj I 



Here ^ , ^ ; 1 . 

cha^if^M B g 1 i . , 1 biid . . I i . ' P t 

ail ,&Ji4fe„^ a^^.eii.. ..1 i . ..D iL^ 

luti^ii mlni/ii MA 



Hf 
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"xAs '-ji^l' Obecp large, " t{^, '-. becomes wrbitrarlly close, to 




In ,(a).'the sIqS^ of .the elant. asy^tote Is- 11m- 1 
Show t^at. fOB the function 

the. JLlm e^d'sts although the graph h^s no lineir ^syniptotes. 



f(x) j fl X gy^ ^ 1 V i ^= — 



There fore . 



llm^ = 1 



So any linear .asymptpte woultf' have to he of the form 3^*+ h Bu^ 
.for all b 5 /"^(x - b) - f (s) is arbitrarily large for x suffl^- 
cientiy large; For - b,^ (l + x - SvS)^ -b - 1 + 2v^ , which ii 
unBoUhai^' since ^ ll' unbburtded; " * 
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; ■ ' ■ ■ ■ ' Solutions MsetllaneQUB gterolsea ' ■ 

li ShOT that there are two tana^ graph qf y = * ■ 

which nasi through the pol^ {k,l) . Fln4 their equatloni. . 

■ Let (xQjy^) ^ point or tangencSr. Each line tattgent to the cuwa ^ 
V at thfe point (x^^Yq). has slope 3(xq - l)^ . Each line through the 



-^0 



points UqsVq) (^A) was slope ^ ^ ^ • 



Thus 



^ /whence - 1 ; or^ " ^ ^^^^^ ^0 " ^0^ V3^^ + Sk^). line/ 
" y ^ 1 is tMgent at the point (1,1) and the line ky - 2kSK + 968 ^ 0 
1:.. .is .tangent at {^^J.:.^^) . - . ...2 

a. Show that the tangent line to the conic section 

a^^ + 2b3Qr + cy? + 2dx + 2ey + f ^ 0 
at a point (^c^jyQ) on the curve has the equatdorij 

ax^ + b(.yQX + x^y) + cy^y ^ dCx^ + x) + e(yQ + y) + f - 0 . ^ ^ 

At the point, (xQ,yo) on tha conlo, the slope of the tangent line Is , 
For the tfingent line at the point (xQjyQ) ^ 

- y - yp _ ^0 + ^ 

Thus the equation of the tangont lino at (xq^Yq) Is 

. . axxQ + t(Wp + * oyyQ + d(x + x^) +*e(y + y^) + f = 0 ' 

^yai^gr ax^ + Ibj^yQ "+ cy^ + aaxg = ^) • ■ : ■ 7 ; ^ 



A3- Po3f ifhat polnti = (h,k)/ can ona draw two tangent linei^ . one tangent j.irie,; 
no tanisni line to Ahe graph of ' ^' 

(a) 3r + ;33^ + ^ , (a > 0) t \ ^ ; 

{^ 3^;^ ^ + 3y^ ^.a?., (a > o) ? — \ 

(cy v5 + !v7 ^ ^ (4 > 0) 7 ; . V 

Interpret geometrieally, 



To f irid the equatlbn of a tangent 
lihe^froni a point (hjk) to the 
curve F(x,y) m 0 ,^ve solve the 
si&ijitaneous equations 

/ 




(1)" 



dx 



(h,k) 



x^p 



(2) F(p,q) m q 



(Note that (l) mfrely etatee that the slope of the line Jctinlng pointa 
(h|k') . and (x'>y) la equal td the slope of the curve at (p^q) .) 

.To find 1^ from F|x,y) ^ 0 ^ it la generally eaeler.to differentiate 
implicitly* ^ 

If we now eliminate either p or q ^ the resulting equation in the other 
variable wlU he a quadratic. The condition for two^ one ^ or ^ero tan- 
gents will correspond to the dond^tion for 2 real and unequal roots ^ 
2 equal roots^ or no real roots^ respectively. Thip condition ie 
satlsf ledi .by setting the discriminant greater tlmn^ equal to ^ or less " 
than^ serOj respectively. ' , . 



Geometri cally J the solution is easier once we recognize the curvjsips - The 

-curve-'-—- ^ .... - i- ..... ...i 

2 2 . - 

ax + bxy + cy" + dx + e-y + f - 0 

is a conic section. 

2 

..If b.-^..-:4aG..> .0-.^ the .curve is a. hyperbola,. ... ' 

2 • ■ ■ * ■ 

b ksiQ = 0 ^ the curvf is. a parabolai 

2 

b - kac < 0 ,j the curve is an ellipse. 

(There can be degenerate cases of these, e.g.^ the hyperbola case can ' 
include' 2 intersecting straight lines ^ the elliptic case can Include 



iingle point (x + y^ - o)). 
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(a) • Tlie discriminant, Y< - ha:G\, Is' ?| henoe the eurve is a lyrpertbla 




= 0) 



For arty point/ (p^q) on the curve (that' Is^ a - (p"^+ 3p'q + 

there will be exactly one tangent line to the cuzi^e* ■ 

£ 2 2 ■ 

For Bity point in the shaded" region (ise.^^ a - (p" + 3pq +q ) < 
tfiere ^/ill/be no tangent lines to the curves ^ 



For ar^ other points (that i|^ a - (p + 3pq + q ) > O) there will^ 
be two tangent lines to the curve. 

Note, that the geometric interpretation agrees with reaulte obtained . 
algebraiQally by using the discriminaht^ a" - (p + 3pq. + q ) - © * 
Che point (OpO) is* special in that the tangent lines to the curve 
■^^i^lcK ^paal ^ through ' ( 0";o) ate really ' ae^^totsa which ara-glven-^-by;- 
y =^rrD€ ^ where m- + 3m +. 1 ^ 0 . y_ _ 
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3 



id. 



53 



For a point (p;q) on the curve (i#e*| 3p +^ pq + 3q" - a O) ^ 
'tMif '^linSi exactor one " tang^vT J^ne / Tor "a "pQirit ^ "(p/q)^" ;^ris W 
the QUrve (1.8*% 3p- + pq + 3q = - a < 0) | ' 
thara^vill be no" tangent lines to the curve/ For a point outside 
theJburva (where Bp" + pq + 3q a ^ O) j ' . ':' 

tnere * 



^nere'will be two Jbangent- lines to the curve* * Again 

■ - - ■ ■ ' " ^ ^ ^ 2 ' " ' ■ ^ 

a correiponde to the disQrlminant s 



a . ^ 2 
3p ^+;pq + 3q 



(q) The curve here is a portion of a parabdla whose axie ie the line 
y ^ ^ . 



(0,a) 




■ For. any point inside the crois-hatched region^ th^re are* no -tangent, 
lines to the qurve . . *= "V • ■ , 



For any point such that + S ^ ^ there' are two. tangeAt^: r^"^" 

> lines to the curve* ' ' ■ • , - - 

. Vr . For any other ,point ( 1*6,, all points in the second and fourth ' i' 
quadrants and the points (x^O)^ and .(0,x) , k > a and x < O), , 
/ ^..^^ there is, one tangeirb line to the curye* ' ^ „ ^ > 

If we had the entire paraholai . i \ ' ' . ' 

" ;.■ ^ r ' ■ ' ' . + t 1^ = Va" I 

then the conditions would "be - .. ^ ' ' 

.for two, onei and zero tangents^" respeatively * 

' -AlnOp in gmnp^ if we have a smooth closed convex^ourve, then there 
■ '\ ■ wjli be t¥ one, or ^ero tangent Unis from a pointj according to 
- -the point he^n^^ out side on, or inside: the curve^^espectively.^'V 

' *4 ^ \ ' 

Detemlne equations of the ^ori^ontal and vertical aaymtotQ5> if . ar^, of 
the graph of ■ = • 
- ii)^ xy - Uy = X i 0. ' * . ' 

\/ Note; Refer to the discussion of Ml^cmaneous Exerciees,^ Itafeer 5. / 

^ ^The gyaph^has the asyii^tote x - 0 for both large^qpitive and - . 
^ ■ negative y ^ince 'lim . J^^ ^ 0 and lim g ^ - o) • . . 

' y^+cQ y- '1 - y^^m y '^l ■ - " 



It has the horiEontal aeyn^tote y ^ 1 to the right^ (since - 

' -^^^ ea) and tp the left (since llrn^ 2 ^ ' I 

T + -2 T y« 1 y = 1 

y« 1^ y - 1 . ^. , ^ 

y - also the-horig^^^^ ■ ^ to .the, right Xi^M.^.. . 

^ ■ ILlm ---^y - - ^ + and to the ieft (since lim _ g ^ — ^ - 

- - :\ . ,^„_jvvi.-^l.^y.:_«_l 

y- -1 y - 1 ^ ^ ^ -J' 

(See No. 5) ' ; 
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^ (b) ^ QQB - 0 



y - f (x) - 



cos X 



The graph- of ^ f has the vertical asymptote x ^ 0 for both large 
poeitive and negative "y i also, the horigontal^ aeymptote y -0 
to the right and to the left, * 
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5*; '^etdh'th© .grapha off 



" ' m , n integers n > 1 / bl ^ h 



« , / B J n j p Intagersj m , n , p > 1 j 



In the disease ion of this pro"bl8m we. do not attempt to consider each of 



the posiible oageei j>.n | p even or odi^ m>n>p,m<n<p j ete.| 
, aT> ;b > c j etc. We are content to oBtain a great deal of irrformatlon 
about the graph of a rational function (andy ittereafter^ a relation) with . 
T"miriimife~^#Jfoi^T^ 'I 

f in the neighborhood of a ^ b ^ c ^ reapeotlve3jrj Md for Is^g^ [x| * . 
In ^particular J we consider the points wh^re the curve "tcmches-- (crosses, . \ 
or is tangent to) the x=axiBj hbri^ontal aejnnptotes^ (to the right and/or ' 
to. the lift) J and vertical asymptotes (above and/or below). - 

. . . , , 

/ - ^ Vffl - ' K ' ' 

(a) y = • 'z^^, ^ f(x) ^ , \ ' % 

(x - t)" r ' ^ 

' ■ . . . 

^ Case 1. ^ >N^ ..^ ' ' * ' ; 

\06nslder th# cage i a ^ b ^ tn evTerij n evenj m > n * - 

Zeros of f i We set' x - a i 0 • The point (fijO) l^on'the 
curve. Since, m is even,'.f(x). does not change sign in a' neighbor- 
hoM ofi a } thus the graph of ' f is tangent to the x-axis^at a • 
(if' m were ©dd^ the graph wouldf cross the ^x^aocis &t ^ - . 

Vertical asymptote : Set x ^ h J 0 * The line x ^ b is a vertical 
asymptote ^ince ' * ' 

' ^ . Um ^ + and lim^ ^' - ^ ^ . - - - - - 

^ (x - b)" . V x-b- (x - b)^ _ ; 

Behavior for large Ixj \ For large |x] ^ y approximates 
m 

^— o x^"^ . Thus the graph of f approximates the graph of " 

X 

X ^ x^ (a - m - n > 0) i" for large jx| * 



Bketeh of ' graph i : For: -the left ■ tranGfi^t^the curves ( x ^ t ) . we , 
lodati the minim™ point; ^ finding the =zero^ of the darivative. ■ 




Case 2. - ^ 

CQHslder the case ; a < h ^ m even; n odd| m < n * ^ 
Zeroe of f I See - case 1, *" ^. . 

Vgrtlcal aiymptote ; The^ line x - b is a. vertipal as^gtot^ ahpve 
and helOT* since . ^ 

llm ' ^ = - » and lim^ i^^^ = =^ « . , ' ■ 

■ X'.'b (x' - "b)*^ x-b (x - ■b) - ■ -™ 

.Behavior for large Ixj • For large |xl y approximates 



n-m 

5£ X 



(n - m > O) • The x-axis is a horizontal asymptote to ^ 



the right and to the left. Since the curve is tangent to the x-axis 

at X ^ a , it must have at least one mininijm point for "x"<;T .r ' 

mh - na 

The mlnlimim point- is at x ^ m n * 




CaBe 3* J n. odd, m = ri 
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Case i^", a > b ,;m ofli, n'^ evan, m^ n « / 
cases 1 and. £.)/ . ■ = * ^ , 




Conaiaer the ease: a > b ^ m odd, n even, m < ri * 

The portion of the graph for x > a ^ in. part (a) ^ .aase is the 

.graph of - y" (the Bolid aurve) * - . , 



M Then, from ttti grapli of y ^ we; obtain ('by approximating the square 

roo t of _Qr&liaat€s) the required:. graph of |y| ( th€j_dotted. curve): 

c?:. and J thereafter J ^by reflection In, the x-gxlij the required graph. 



The ^urve le syiifflietrlQ with reippct to the x-axlsi 




A(c) 



y _ a 



n 1" 



Let a > h > / , . 

We observe, that for m n- p even ^ m + n > p=-> the aituatlpn 
is like that in. (a) ^ G&se;ir 'The line x m la an asymptote 
above for eaah 'branch of the curve (^ince m ^ n , p afe even). 
Again j the? curve is tangent, to the x-axis at x ^ a j and -in ^ 
addition, at x ^ b . For large |x| the curve . approximateE ,.:the^ 
graph , of x^-i x , where _ a - m + n -'■j;> 0 . = 
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^ In gfmeral, if m + n ^ p -tWer.c'pj^e approximates *the .line y 1 } 
' ll^a^fcy^the zllng /^y. _^ 1 _l^*a horizontal agyr^tQta^*_ If^ mjH 



:^ r.thfe x^^cls is a^ horizontal aeymptot^ 



... s. 



4 ==»:" 



' / ." As m part ("b) we may use the results (in respect"iye cases) of -iA)j^,, '. . 
1 to obtain the graph of mnd thereafter the "-graph of ,|y^ t . 

Finally, "by. reflect a^ng the ;gra^^ of [y| in the x-axis^^ we: o^tainf ; V ;; 
•the required ^^^ph/ ' ^- ^ "^^^ ^ J- ' ' 'i^-"' - ' '.'^* 

In past 8MSG witers* conferences it has been - ohservidv that 'wh^n, the 
number of wltera on a team is £8 -dr greater^. ■ali^'thp available time ^is. 
spent in discuaaion^etw^en members of the group,; W that no writing g^tA h -- 
ton^. Assuming dihat ^n ^ group of x writers (28 > x > l) each pa^ici- 

pant is engaged 'in writing ko(^ - g^" ) ^ hoiirs per'week, determi^^/j. ^l, 

the fize of the jtjtam. which maximizes ^the total^ nmber of .hours the. .group' 
spent writing* .(BraV'your own conclusions about ^he team. which w^ote this 
book).^ . : ^ ^ S ' \ # ^ 

The total number/ 5f "KduTf .worked 'by,. the. team, i^ given, by . . ^ ■ 

.5C(x) ^ ^Qkx f i - )~ j , where i i -lg\ the' number of weeks workeii, k 

- ^"'"12* 2xf x = l}i^ ' 
independent of "x. tten f«(x) m l^Ok^l - — ) - ~ ^ 2 

^ " ■ p T ' . U + V16 + 5736 - "V 

^f'(x) ^ 0 if 3x - itx - 728^ 0 I i,^,,. «.;^x - 

. Slnce-^^wi'^rW:. interested in an integral; e^lii^ipn^.and' since ■ 

16 < ki^S < 17. ^ we= consider x ^^i,ij^;'ited '='>e^ 17 . Cprollari^ ^2 ^ 
'to Thforem J^Sb^ since f(0) f (gS.);- W^;H.and ;T^(l6). > f ( I7.) >^ 0 y a; te^;,. ..: 
of 16 members .%s the most efficient team, ^ ; 



A plature h;- 'i^fet high is placed on a- wall with iW &ee ,b feet ifeove 
theXievet thi^observer* s eye . , If he stands x "feet from the. waH, 
^ Wrify 'thl}#^^%nile. of ^mtM^ 0 sub^nded -br the pietUre-^li \glven- by- 



^.. s . arcGOt ^ ^ - arccot .S^/W .. . 



Show that to .gtf^i^;the . ''befj'V,,xlaw of the Diotnre ,^^^^^ the largest angle 
of vision^ thi boserver siio.uld stand /b(h + b) feet sway from "the wall* 



|20 



5-M 



Since 0 + a m arocot ^^-^ 
and & - arcdot g , 
0 - arcbot , \ . - arc cot • 
tfa have 

■ " ' \2 S g £ 



bh(h + b) - hx~ 



whence D 0 is zero if 

bh(h + b) ^ hx^ 
or " K ^ /b(h + b] 

By Theorem 5' 0 uit^.. i. 



Let 'ABC be a right trlaubi. ti pe.,.>-n,. * b., , iiie length 

©f- AB ^ h ^ the length of ^ r:' i.^i Au u. uujolau lu side BC 

Datermine x ^so that the angle 9 r»c:Lveeu the meilgn the hypoteniiee 
of triangle ABC a niM a i fruim * 




s 



/x^ + h' 



and ^ A^^^^ ^- ^x"^ 
whence ^y^ ipplj k'^M. "fch^ ' 
to. trlattglM A^C we. h^_-s 



\ 



/ 



2^ * e 



It followa that 



dx 



in 0 (4x^ . 5xV , h'*,)3/2 



Is zero if . l6x V 20x >h + i+h ^ 5h + l8x''h'' + l6x , or x 
^ theorem 5~^c angle 0 la a lut*/, iimai, it ^ 



, 9*' The 'location of an object on a sti-ai^aiL llnej ai uim^ l ^ is given by the 
formula 

. . S Al - ( i ^ ^ A ) i"^ 

Show 'that th;e: io^ject moves forward Initially^ when A is positive^ hut 

ultimately retreats* Show Blbu iheal t\^L different ^/bluea of A the 

'1 ■ 
maximum pOB Bible diBtan-^c i i the li .ic ^an ms^^ye i^jiw^rd id ^ 



The object 'mpves fo^wfe^ij 



^ dt 

..ill V f 01 



A 



'(1 + A^) 



The object relrc^L.!. (^7 



I'd .J 1 ixed 



value of A the ^.w , i^'luic Lt..„Ci 



d d i a . ^ . 



Mi ■+ A 



forward jii=.L4 



) 



Mi. 



is a maxlniuin value t i 



'i f I : 

i . 



10. A man stand Ijrig at irui- ..-j,, . 

point ^ qf" the v^ay .irt^wi, 

plans to run aiui.^ ' tne-^eae^.. 
otraight to his debtinatioii 
2^ feet per second^ how 



■.i ./Vf'.'.' 



' i 1 " I 



p!jB ^ 1 bi e 1 1 



He 



; feet pei ae^^^und and riift 

ui! i.ui diving ill? ^ 



i 



Let V reprpsent the distance the 
man swlmi- and* "-u , .the distance he 
^runsi ^.t^e total distance f&^^+ v 
' $nd . thi Jbime' t required ife given 

V''' ^ + 

^ " ^ * lo • 

Let r represent the radiua uiie 
pool, . ^en 



and 



DlfferantiatlTigj w© DOtatn 



whence 



d6 



Ward ( ijv 
When 

and va.ei: 



Slriue — . 



all the wa^ ai.d 



5.-M \ ■ , ' 

All. A conical cup with radius r , height h , is filled with water* Find 

the radius R of the sphere whlcK displaces the largest volume of water 
when jamed into the cup# 



There 'are three cases to co^id^^^ 

Case 1. *The sphere is completely suhmerged in the cone. For this caBe^ 
the largset displacement oGCUrs (see figure bciww) when 





LlilS 



^;a>-ri • 5-M 



'"'iifSlSI. !• The sphere is aitting on the cone. In this case, 

B > h /sec S tan i . ' ^ 




-whence 

Using I i*^ i . 
R ana height h 

we hfeive 



Thus^ for maxiiuM 
above^ since 



o 
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u2 ^ 2 ^ 
h tan 6 



to 



maximize H S#a. make R small as possible (R > h tan s) 



Conffequently, the volume V is greater in Case ^ than in Case 3. 
We now eompare the volume roi-Ct>.^^& i .....i 



Let and Tg represent the vv>ii4iu.^ ^.a — . ..iii i eB^jecti veiy 



Then, 



3 1 ' 



Where 



sec 9 ^ taii 



( wher^fe tali u : ■ 6 1 1 



Thus 

V 



in the a^a,^ 



,3 



y ^■flh-' tftn-_e k 

^ 2 "T- see s tan e " (g^, e)2 



tan 0 



ac 8 + tan 9 

3 n .3 



- T ^1 + cae a 



So for maxlmtan volume, V , 

R 



1 + CSC 



/r + h 



rh 



fw — 1 



1 * 




Teacher' s Coraffientar^ 
Appendix 1 

THE REAL NIMERS 



We treat the real numbers axlomaii^&ii^ i*. ^ ^-^ . , , . - ^^i^- a bhcietMU 
sumary of their propertlei. " The goal is review nwi ^y^Lcm&ilc aeveiuprnent 
Of the already familiar properties of the real numb^ra froTn a set of axlorna. 



1* Verify i 

(a) that th^ natural ^utiihLcri b 
division: ^ 



Consider J for e^^atupiej 
(b ) Lh&l Lhc ral i --^uti . s 

Treat the rati.^i.. ^- 

i t la auf 1 luleul t = Jc; 

undei these ..jy. t y . 



not commutative or 



8 + (it i- C-) • 6 



\ 



j?9 



prove I For any real number a , -(-a) - 



Every element has an additive inverse j and the sum of these Is equal 

to ger&. Take the element =a . 

Then, 

(^a) + (.( m)) - g , » 

and ' 

a +, (-a) t ( = . a i . 

By field propertieg: 

(a + (-a)) + (^(^a| - Q ^ ( ( ^)) - K ^) ^ . 



Prove: For any real number a , (^l' 



:-l)a 1 K 



or 



Hence (-l)a Is the atjaiiiva iiivtr g ql 



1 i ) 



Prove; Fur L^t^l u.il.v 



Frotu Nu, 



He I 



FroVe ; Fwr ai*^ * . 

a = 0 i 



U I .1 £1 



du & u . i I. I 1 . 

If a ^ 0 / ab 0 
may also equal 'zeru 



r 0 



4, L i L 1 S 



! i' 1 . . i O, . ,ri 



7* Verify that %he nianbers 
constitute a field. 



J where a and "b are rational numbera^ 



This follows immediately from Number 1 (b), 



Solutions ilU^.4glSt-> MJ 



1* Prove: For any real number a 
(a) if a > 0 ^ th#n 0 > -a . 
(bj if 0 > a ^ then -a > 0 . 



(a) a > 0 

a + (-a) > 0 * { t,) 
0 > -a 



Prove: For ^tiy real m...,! /t 
,;then a + c b ♦ d 



Since 



Therefore^ !.q,.sii 



3, frov. 



be ^ . 



(a) 



d upp ^ a e a ' I 

a" > b~ c;. 4, 

Also D > a ^ 
b ^ a - Heiice, a 



r^^*ianyV^^atlve. numbers a and b ^ a > b if and only if 



S^ose a >b . Then -b > -a and and =a are positive. 

Hence, from (a), (-b)" > (-a)^ or b" > a" . Cokversely, 

appose > a- . Since b" - (-y)" , (-a)^ , »b > 0 , and 

> 0 ^ it follDV/sJ.f^om.U (&) tlmi 4.^ b > -a a > b 



Prove: For any .raa^3^ .^^uni^'e^ a and any y 
'(a) .sfi >ib if and only if a > n ^ 



Suppose a""' > b . Wov/, if &^ - b , then a ^ i/b , or ; a -.-V?" | 
hence a > ur a < - : uu, ad^me a~ > b . ^a >>;0^5 

.^i;h,en a" > (v^)" implies iUm^ ^ by ^(a) . a = 0 is 

imposaiblej since b was absunted pMbitive, If a < 0 ^ tt^ten ^ 
-a > 0. . So, again b^ ^(a), /h ainct (-a)^ ^ a*^ > (VB')^ ^ 

But by Problem.,^, ir , Ujeii (=a)(-l) < v^(-l) or 

a < ^ TTitis "ve see tnat Ir > tj , then either' a >-VS or 

a < . Uunv^x^^i^, .,.^.^..0.. ^ ^ 'b _ ^ -. If ^ > 



then & 

a < 0 ^ St. 
a , 11 



^bj 



^.p^ 1 i . ^ .iitl a 



it & ' 



= b. Finally^ If 
/b li-tii a~ % b 



(b) 



< b It 



^ a _ A, 

^ S u /b i 

Final i y , i i 

ironi ^ U i 

in tii i >^ tA 

of the ct.nivei . 



i.. - 1^ , hence 

! , 1 L u. w , I iieii 

. t . ,ni , 

u . , Lh...i. 

, b la . b 

...^ 1 i.^ t hat /l . a 



6, . .'^pTOyt. tfi^.'slf a>b>0 and c>d>0, then ^ ae 

a > b and c > 0 'ac ,> be , j 
^ ■ Hence, ac > M ^ Toy traneltivity , 



7. "Prove I Fdr any realsnwflbers a and b 11 . ( 
both a > 6 ap^ b > 0 or* Lot^ a 0 



By trichotomy either ^ a > 0 



and if b < 0 ui b 

then ab < 0 aU u 



Contrad tl^n . 

TSOjs 'If a > 0 , then b u 



6* Prove i For &nv^ real immber, a ^ 
(a) if a > 0 , thsii J u i 

1 



(b) If ■■ wl < 0 , that 



1 0 f aiia 



1 

Lh^n U at. J i 

a 



ii ud . w and ^ 3 

D Q 

If bd u ^na ' 



Hence, ad(^) , ^ ^ 



10. Show that for i .. , .ai. • i ^ 

1,1 



If a > b > 0 , i . H ■ M 



11. Prove that the complex numbers form a field C and that there can^be 
no order relation on C' * - / ' 



The proof that the complex numbers forrti a .field is quiie routine^ with 

the pOisible exception, of the existence^f the mu.ltiplicative inverse.' 
* 

This .proceeds as, follows, i.et 43 f bl / 0 we wish 10 find a complex 

• ^ »/ 1 

£ i -g-Q th.at ' ta. + bi)a ^ i lu^t 1 -&i ...t, .■ouid wz-ite 2. - . ' > 

' * ' ■ ' ' * a + Di 

■ - . - .. ^ ^ . V ■ =f - \ . 

.dnd'^S:^en imtlbnaliEe^ {^J^^ r){^^^^M^) ^ ~ . Since 'a> ii d. Q , 

■ a ^ ;0 ar b |fi Q , so a". +- £^ ^ 0 - tj.^^, ^ - — — — ^ ^^*T^ '0 

. " f \ a" + b" " a" ■+ b" . . . 

well defitied.. . So, we claim ih&t ? Li)( ^ : ^ i) - 1 . ^ 

^ b" a^ + b*^ 

If . .^^4- -a*^ i.'^i^' .> f-iL . a~ = b^(-i) 
•We. obtain . . ^ __ . .^-ji - . ^ ' ^- ' 

_ , £ ... . fc. ^ ^ 

^ -^-^ — - 1 . Ncw, ..... . ,c I. . 1 -yjii racts that^ have been 

. a^ + b" 

proxed for the ordering on ii^e. i^t&i i,..piL.^iii ww.iid hold for any ordetf'ed 

'afield. Thi^ ifi Ls^ause i i i*:. lJ wej^t^ LBsed wii Lhe field .and order 

aAloma alpne^ nui on a.n^ .1 - . ^ ^ . ; t h*; re&i . numbers'* Thua^ in 

an^ .ordered li^ij, ti^ . u • ^ / fey if tii^ oympiex numbers wfere 

■ But - i . ^ ^i^u HeiiJ^u, 1 J ^ n I ^ i . ^ Lj Lhe addl-tion^*'];^^w\ 
So, u i ,1, ^iieadj a^... I hat i 0 . 'fhug the trtghpt- 

* om^ law- ....Li uJi Lcci. , Thub ll^ji^^ 0.11 no Oi-der relation on .the" 



{ 



rational uLu.iDt_ib u.. 1 . i ^ i^n. ie'ittl.i .^'> , eeaus- ^ is § subset" 
of 'ft ^ Show Li.i. I / IS ^Itiw fderi t. U.t, relativii ^- where 



^'irst./ we lit., , , ^ . . , u i . d . 

I'gr if t L.. ' L ■ i ^' J / ^^^^ 



d ^ ....... . d ^ b 

ji lis , , , i.. " , 

is rational. So, j t. ihex^i a c 1. ^. ^ > sMtlsfieB tne 

Liachotom^ .Ifew, siii^fe t.. iai j s :. c- I i .. .uig.r.^' 1 -iw lor the rfeai 



a-'^.-bV^ = c - d/f » In the firs^t Imo cases we have, by definitiun, 
c + d/i ^ or a + b/S \-< c + dv2 , ' But li h ^ ^ ^ 
then by our remark at the 'begl^nirig a = u a|id b = a ^ «w 
a + h/i ^ c + d/5 '1 Thuij a + >^ .„ » d /p , & • i ^ a/T 

a + h/i C + d/2 . But, a ♦ d/§ a4.a ^ « - 2 ^^iij;.i^y at. 

one of these relations. iW-^.the iirsi ...,a i.^i^t . a^^i.^ji i 

be eatiefled^ ainci then by dei lnltlMti a i- ^'2 ^j/£^ ^^^^ 

ac^- b/1 < c - 4^ ^ and this wwuid cunusai ..i ii.^ lu-u ^ ih^t-. > 
^s.atisfiee trichotOTily on the tle\d wi rintiiiy^ iX ^3 ' b-Zk 

^ c + d/S , a - c and^ b ^ d , then ^ l^: - ti . ; , aiid again 

this is the 5nly rciatigri pu^b it- i^- s i .^--j i — ^.ciw^a.au^. 

l^raiisltlve Law. luis foilo^t, i . ,i i . . . i .. * * t 

aatlsfies tranii tive i&w. 

Addition Law^ a^tp^^^^ . k i't ^ , , . ^ 

.for ^ 5^ . But tneh ( . t ^ . t , U * ' 

'So, (a f ) i u ' t / V' ( . f i I , 

Aft-. * . , L : . < , : ■ . 

a 1^ T 0 • i 



Maltiui 



We assume Ol >- ^ i \ 

a > c - G /^^ •» . i , 

( ^ I • M , s 

bul ( £i I i J \ ! - ^ ' , 

and ' ' ^ > 

'But (aq +'ebB) + ( &b ^ ( ) ( i q ^' ) 



i^; . • -"fi&t- 238)^^*" (cs +.;Sq)V2'^ (gvfdi^) (q . -..Thus we l^'-^'iB? 




13- J^W.'ttt^t for all teal numbers x ahd y ^ x''-+.^ + > 0 



, li^% " (a) -iProya that", (x + y) ' > Uxy ^. • ■ 



(b) ^ For positive nm^BTB -. £. anfl b , sho\^ that';4he^arithTn.atie.'m^ 

"is riot' las^.than:the geometric mean ifWch f|1^,:in twni .^eater ^fi.a^^ 
or ©qmal' to the harmonic mean? ■ ^ -'^ ■ ^" 



a^+" b 



> ^ > 



-it 



When does equality hold in this relation? 



-Bince the ^.3 ^numbera in the inequality arf \posltive| it suffioas 



^.i to sho^ that 



. a + b u 



+ bs2 



Ua^ 
(a b)' 



^y part (a)^\ ^f:>. ab. and%this in^liea 1> ^ 

' ' ^ . . * ■ (a +^ 

vhigh'pro^eg the second part on multiplying by " ab * Jhe sign bf^ 

equality holde if and only if a - b , ^ - -^^ 



^ 15. Find all values of ^ x .for which^ 
- - = ■ ^ ^ ■ " ax^ 2hK -+ c > 0 , 

Discuss all possible cases.: 



4 0' 



2 



Let ; f(x) ^ ax" + 2bx + c / From Intermediate Mathematics^ It Is^f*, 
^-taown that- -the. €raph q£ £ is .4 parabola . which ^crosses the x^sicis ■ 



at x=^-^ 



(If the roots^a^e real) and^ha#:_its highe^ 
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':vHi'i-"^"C"-iovait''''']6olnt x ^ - l . There are 6 ^ cases corresponfiihg to , • 
^i> 0 , a < 0 , and "b" ^ ae: 5 0 , b^ -ac ^=0 j' and - %g > 0 * 



Consider the 



3 ^rfsei for a >"0 































/ ' * ac < 6 


;. ^ -^^ 






* ^ , 4 ^ 








far all, X . 












• * -'41 ■ 













♦ 



4^ 





0 . / ' 9 
















/ .. , ■ 














\ ■ . 









0 



Here, f 2bx + a > 0 for all x 




b - EG > 0 

.2 



Here, m 2bx + c > 0 for 



X > 



— - - and X < - 



Spr a < D I the parabola' opens downward and we obtain slightly different 
Alt amatively , 



ax + 2bx + c 



4 



The results for eaah of the six caseB follow^ directly froTa this form. 



l6i Observe that 



■ v then use th# gPlutlon of Number 13 j to prove the Cauchy' Inequality i 



i (a^^ + a2b^.^..-.4^a^J^ < (a^^-H a/-*- ...t a/)(b^ + bgS^.+ b^ ^ 
' = %*ith equality J ; If imd on;.y if * a^ ^ Kb^ , or h^^^ Q i. for . 
r - 1 I S > • . * I n a^d k , SOTe aonsta^ti . 

Since (a^x + b^) > 0 , for all values of^ x j then * , ^ 

' /. (a^x+b/)^ + (a^ +bg)- ; 

for all values of , ; x : ■ ^ „ 

._ .; Sin^llfyingi ^ 

+ :(b^^ + bg2 + + b^^) >b v' ■ / . \ ; 

^" Now u|lng N^bfir 15 ^Ith / ^ 

— 2 2 2 " ' - 

a - a^ + a^ +^ . . . + a 
. ■ ;1 2 n 

. and Q ^ b^^ + b^^ + + h^" ^ the deeired inequality folloirfs from 
the cohiltion that b" - ac ^ 0 . To have equality, 



or 



(a^x + b^)^ -0,1-1,2 , h . ^ ' 

a = Kb . ' ' ' (k QOnstant) i 
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Al-S 



■•it.; If h ftg ' ••• ' *n 



are positive num'bsn, ■hov that 
a, ■+.a_^+ ... + a. 



/ a. a_ a 



(Arlthmatle MmBn) > (Hwmonla Maan) 



This geniraiizas part af li^(b) i 
^ Cauaby ^ s jaequallty i 

Equlvalentl^i 



1 



>.h 



■ nj 

~k +1%;.. +i 



l8i Frova the genaral triangle inequalityi 




JV. (x^. y^\. 



Squaring both sidaa md, simplifying/ we nou^need to prove 

The preceding Inequality followB directly from Oauohy' Inequality . 
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TO M-3, AbsQlute Value and Jnequalit^ i , 

■ in Section A2^I (footnote), we dafliie [af as i/m^ \ ThU definltlbii 



lt*tw-of-emp hagtglngH^he-pog|L->^^ 

hfelps "bo prevent the error of vrltlng J? ^ a in case a < 0 . This ^ 
error^ieaas to the amusing "proof"! 

thus . .; . 1 ^ -1 i ' ; • \ 



We note that the fom /s^ lends Itself, more, conveniently^ to mathematical 
manlpuiEtlon (e*gy/in Ibce 5-ah, No/ U| the es^reasion for f»(x) 

raijuires careful inspection) • ^ ^ 



, ' \ - Solutloni ^erclsee -; !ftl^3^ 

1. Find the absolute value of the following numbers. 



(A) -1.75 



5 



(c) ffin(. f) 



1.75 



Jt 



/2 



(d) aos(^ |) 



2* (a) For what real nxunbers x does V3c 



X < 0 



(b) For "What real numbers x does |l - x| 



^ je - 1 T 



X > 1 



l40 

3.// 



■ 3 .■ 'Solve the , equatlbna j 
'(a) |3-x|-l 



X s a or X 1*. , 



(b) |1« + 3|: - 1 

(c) , |x + Sj BJC. 

(a) |x + i| = |x - 31 ■ 

(e) i & + 5| + |5x + 2 1 = 0 

(f) j & + 3| ^ is - x| 



Blther. /xH; 2;> 0 ©r x + 2 < O , : 
then* \, X -h'S ^ X, or -(x .+ ^ x .1 
/^Ui ^riare^e no SQlutlonst ' ^ 

The only sQlutld^As .x » 1 * 



^eraw^^a no BOlutions* 



X Im -8 or xf^ ^ 



(i) 2|3x +^4^1 + |x-^2| * 1+ |3+x| There toa no eolutio^J.^^ : J 
For ^hB,t values of . x Is each of the following true? f^j^fc yOTO. 



.answer 



Ifl terms of inequalltiea satisfied by x . ) 



(a) 




M , 




(p) 


W <3 'V 




jx = 6\ ,< 1 


(e) . 


|x - 3l > 2 


(f) 


|at - 3\ < 1 


(s) 


]x - a| < a 


(h) 


Tx^ . 3| <1 


(1) 


|(x - 2)(« - 


(J)/ 


|x - l| > 1 = 











X ^ 0 

x < 0 . . 
-3 < X < 3 
5 < X < 7 4^ 
X < 1 or X > 5 
1 < X < 2 

0 < X < fia^ 

< X < 2 or -2 < X .< -Vl 
X < 1 or X > 
X > 2 ' ■ - . , 

x^ 4 
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(1) |x ,. l| + |x - 2| = 1 

(m) . - a^l > 0 ; . : 



1<X,< 2: ! \- 



(o)* p < |jc - a) < 8 / ' 

(p) jx-lj<2 and |x + lj <| 



a - 8 < X < a op a < X < a + S . 







< .2 and jac- l| < 


3 ^ 
J'' 






jx+yl 


= [x|+ |y|^, for 8 


ai ^ 


X = 0 


(i) 


|sln X 


= 0 , - 




X - n J n. 1 an In'^eger 


(t) 


.1 sin 3C 


> 2 ■ ^ 




^ + TT n < X < ^ Jt n 


(uj- 


|1 - i| 
' x' 


< 1 






( v) 




1 ^ ■ 

■2-.^-,- - . 




■ 1 . ' . 1 " 



'5* Sketch the graphe of the following equatiane^ 
(k) [x -^ ij + |y.| p 1 ' ; ' . . 



For X ^ 1 J y > 0 J the^ 
line AB 



X = ly^ y ^ 1 ^ or ' X + y - 2^ 



For X > .l^^y^y, < 0 tHen f 
X, - 1 - y ^ ^ Q]r; ';^ x - y " fi^ 
line BC /'^'^ ^: ■ ^ 

■For, X < 1 ^ y < 0 ^ ■ then • 
^x + 1 - y - 1 or 
x^ + y ^ 0 J line CD , " 

For X < l"*, y/>-0 J tJien 
-X + 1 + y ^ 1 j^:,or ^ 
y ^ X ^ line DA , 





























































) 




















7 
























^1, 






[2-, 


0) 










(0 




i 
















• 










N 




























) 




a ' 


— ^ 
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, ■ . , (b) |x + + |x ^ y\ - 2 ^ ^ 

. . . ' - 






1^ 










,4 , 












\- 






if 
















s 


✓ 










Resolves Into parta: . 










/ 


v 












^1 




















k 








Li: 


^« 




1 



vhere |xj < 1 and Jy| < 1 



(c) y - |x - l| + \n - 3\, 

ror X < 1 ^ "then y ^ + 4 , 
^ For 1 < X < w ^ than w - 2 . 
For X > 3 ^ the^ y ^ Sc - U . 





























































s ^ 




























































































































0 










^ ■ 
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(d) y = K'- 1'[v.+ |x = 3| +"2|x . i*f[:,)V 

''t^T X < 1 , then y ^ -i^^x +; 12 . ^ 

'Jbr ' 1 < ^ < 3 J then y - -Sk + 10 
' ^ \' 3 .< x < ^ ^ then y U . 

, \|br 4 <\x then y ^ kx 12 4 



3^3 



3u 



^0 




;. . ; , f or , 1 < X < 3 , then y = -5x + . ,' ' . ' 

,■ . For 3<x■<l^ / then y= -Sx +.19 . ' . • ';" 

' : ' . For It < X < 3 , then y = X + 3 • ; ■ . ' ' 



.32 
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5- U) ShQV that If a > b > 0^ then ^^!^ < ^ 



0 < b — a < a + b 



^ \ ' = < b since a + b > 0 / 

. . ■■ .. ^- ^ ' • .. . ^ . . - ' , m, h r ' ■ ^.<v ^ . 

' ^' ' ' -r .. .-. .- ^ v^^ ^ , . ■ . _ ^ . 

(b) Thus> show that for positive ri^bers a and b ^ the cohaitlon 

, r.::".^^ ■■■■■ ^ -^^ • \" ■ . ; . '^^ ^ ^ ■ ' \ ^ ■ ^ " ' 

S < mln{a^b) Is iatiified by B ^ ^ ' 



5 > >, 



For ^ 1^ b tha result follows from part (a). For a ^ b ^ 8 ^.g^<,a 



7, (a; bhow for positive a | b that — ^ < max{ajb] i If b 



ft + ^ < max(a^b],.-^mtxCa;h^ ^. kaxt a,b ) 



(b) / Pra-O't "f&lall a,b that 

; ;max(a,b] ^ i (a + b + |a - jilj 

(cf min(a,b] -'l^^^^ ia..w4|); 



AsBUmei vi^hout- laes-.of' ^geriferal that a>b $ 
than \ \ maxCa,b) ^ % ^ "i '(a +" b + a - b) , 

and min(a|b) ^ h ^ i(a + h - (a-b))' , 

■ ^ 8* Show thkt 

' ■■ , ' InaaxCa^b) + max [old) > max[a + c ^ b + d] . 

From Number 15 

■ J max{a,b) + m^{c,^d} ^ l(a + b + c + d + |a - b ! + | c - d j ) 

■ ■ ■ . 'max{a + b + d} ^ i{a + b + c + d+ |a + c-(b + d)|) 

^ ^a + b + c + d + |(a - b) + (c ' dfl 
' The result foUows at once. 

< 



3^5 



3s^ 



2 , 2, 



: Show 'thilt If ab > 0 I then ab > mlnCa ) 



^'■^ 10. Show that if . /n^Ca^bjC] ^ then^ -a - ralnt-^j -b, ^ej * 



If a, - ma^cCs^b^c) ^ a > b. , a > e > 

thaa. -a=< pb -a.< -c. , ■ 

Soj -a ^ min[-a|-b,=G] . 



{a^ a^ a \ f^r) 

> — ' • ' > f^f ^^^b^j aimilarly for 



max* 



J n ,j prove that 



■/;.f-^;; V^-^:n r ^ r- .^1 2^^'^ n r ^ r^ 



Denote Mftiit^^> 'hB^^^ 1 < k^^'^ ^ 



r 



1? - 

Then/ ^ < ^ , ' r i 1 , 2 / 



Or, • a, b < b, a , for all r* Addlngj 
* k r ^ k r ^ 



Factoring %nd dividing^ we obtain 



^ r- k ' 1 2 n 



+ b 



k n 



In the. saihe way the remaining Inequality may be obtained. 



if 
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■Jk V 12r-'* trove that 




Use the inequali^^jpUtalnii^in NvUBb^r lly with 



(a) Prova directly froto the properties "of order - for. e > Q. ttot 
; if -€ < X '^en - < € . Converieiy^ " if |x| j eythen 



Bi^pose - -fe g k;.^ e . Jf " 0 <.x , [x| ^ x < e . 
if < br'V'lxl - But . < X impller' -x < e , Sb^ ^ 

^ '-x.;s^;v|xp < e , " \ ^ , , \ 

^ Cdnveraely, euppose |^| S ^ • ^- 0 < x , Jx| - K ^ eg , 
-€ < d <^ < € , thus we < X < e . Similarly for x < 0 * 

....... . - , . ... ^. . ^ . . 

(b) prove that if x is an element of an ordered field and%if 
|x| < G "for all poeitive values e , then x ^ 0 • ' 

: - ■ *: . - ,- 

If 0 ^ take € ^ |x| * We then have *the eontradlctory/ 

statementB |x| ^ |x| and |x| < |x| , ^ ^ . 



li*. . (a) Prove that, jahj ^ \b.\ - |b] * 

Just- soniider the ^^hree cases ^ 
• at > 0 ^ ab ^ 0 , ab < 0 




Therefore 



11 . 11 



- 1 1 . 



1 1 



1 



6 15. ^ P^ave.that y| < l^cj + jy| ^ 

16* 'Under what condltiong do the equ^ity tfigps hoW- f or 

|a| -^|bj < ja + hj <A|a| ■+ jl^l ? 

Equality^ ©ccurs only if a m t^m^ 0 . ^ ;^ , ; ' 



17. ^if '^'0 < X k 1 ^ can multiply "both slfles of ^the Inaquality. x <"1 fiy 

* . • ■ . . ^. f = - ^ ■ ■ . ■ ' % 2" ^ =" 

X to ohtain^ x <x (andj similarly , w can show^that /.x^ •< x , ■ .. 

X ^<x3^^.^and so on). Use ^hia result t^ show t'hat If 0 <-|x.j.< l'| 

then . + 2i| < 3|x| * , ' , ^ 



Is^ + 2x1 < Ix^l + |axl.< Ixl + 1^1 - 3|x| 



|x|" < |x| since 0 < |x| < ij , 



18. Prdv^e the fiollowlng inagualitles 
^ (a) X + 2 , X > 0 , 



3W 



* i \ ^-^^^ ' -/£jf '+ 1 >-0 or 'x^'+.l>2x . 

■ ■ - ■-^BiAQt * > © , obtain '^x:+ ^ > 2 , " 



(x + 1)^ > d Bo + 2x + 1 >ig|| 'or xS + 1 >■ ^px . , - 
Since X < 0 < 0 ; so + < |(-^)' ^i^' ^ + | < 



i-l^om (a) wa have-^x ^ j > 2 for ^x > 0 



I^om (b) we bava -(x + |) .g"! for x < 0 ^ ^ ' ; 
or ^ -(x - |x 1^ || > a for x^ 0 . ^ J^ ^ .^^ 

Ti^' , \ ; . _ jx + i| > 2 ' for ^ x Q . . ^ ^J: 



X ■ 



i9k Pripvai x~ >xlx| for all. reai x 



if X > 0 , X ^, [x| , ana %~ ^ 

If *x < 0 ^ x|x| < 0 < X . , fr:;^ 



2Q. ^Bhow that% 1^ - a| <JfL , thenvJiL.< foriM^,^ ^^^^ , 



' Using the i^^equalltias ^of 13 ( a), , wa .qlitain^ 



; ' . Ik - al^ 




^ 21*- ' Prove 'for positlYe a and b ^ where ^ ^ b ^ iixat^. 



8^ 



To avoid . iT" , let 



t III ^ n M 



2. 2 oau. 



or ■ ^ ^.^L^ . 



Bo^h of'- these ia^t^aallLiee t^ie ^ i ,i ^. ^ ^ if ii 



By way of example we bUow ..nm *.,r ihs- e .^i* i Vai .^i.. ^ 



1* Use absolute valua a & ^ . . t . > . . . i. i i 

(a) The polut x its 1./^^. t . it.h . is -^llit a . 



Ax +- 2 <: 



(b) Tha 



that X Is ii. U, 



(a) L J, 

(b) . (-1,5) 



J* Find the Intimral or delete^ Interval to which all ^&t\xmm of x nust 
helong for eacft of the followimg: * 



(a) 



Ix + 2| < 1 



4 (b) 0 <.|^ g| < 1 



X + a < 



(d) 0^<|x+a|<J^i 



(=3,-1) 



( 



ki 



^^^^ ^^i^i^ 



3 L5id , 



^- (a) A set of pMnt& i^^ld i l^.u^^ 

A such that -^1^1 <^ ^ fo, a.l mamhe ^ ?, 
thfe intervals in ii\mib&i j aie bqun'ie.r. h 



. f the agi . WhKh of M 



aseartloni * 



?' The> are blj i idtc 

(&) and (b) . , 

u 

liea 111 Ltie ..^l =.Ji. , J - . 

f 

(c) and (d). Aaaiu, fei^. 



X ^ m f ^. , 1 i.e. 1 ■ - 1 ' 



. . , i 1 u 

t . Set 



- ■ i^P^boimd^ 
p]^g.r S.'w a iowe. 
upper dlidi & 1 uwfti 

- - s 



but ib 

i ^ ^ . j I a 

L - Uia « t I LfJ I { , I 1 1 

i ... - i . I . 1 



tor .11 



a , I 



M ^ 



a., M 
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5. For each oT the following statCTientb giv^e Lh^ laLex-^fcii lauervals 
which the statement is true. * 

i m) - ^ ^ 6 > 0 , 



or (x = 3)(a ♦ ^) u 



be greater^ or botl. lec^e^ Liidjj ^^4.., 1 



(b) bM.. , ^ . 

(i) ail i la^ i... , . 

^ t=.lth<^i % 

I 

^ J ft 

n., 1 ... J, , , .. 

4. til. tiSjiici Q&ttJ 1' 1 i 



KL-k 
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6. In each of the following, for the glvsn value of a flud a neighborhood 
of a where the given Inequality ^oldi 



(a) 



A 



I in X ' - 1 



Wc the*, l.^ 



\ ) 



|x| ""■ 3 



(e) U ' ^ 



_J0 

300. 
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TC Al-5, Completenesa pf Real Number System . Th^ omyt^.uA i^u Axiom / 

The COTipletenese of the re&i iUMiiber o^sium u u,e 
Separation Axiom. We note that in the axiom the ^^i., A and B uu^Jit u.,i 
he disjolnti e*g* , 



^ the s^paraLluii SAiuui d^.^^^ n^a i t, , i i . ... ^ht. . 

separation nunibei ^ niMj , i. , i . t* . i ,51.. r llu 



J, 



rigorous devel upiii^iii ^^r ll^ 



upon the Beparation Axiom bccaue^s wi >^ i..lui ^; ^.mc iie cument. it 

aj5serLs the abg^n^^ .^r ^y^... U-^i / ^ ^. . . L . M... M.. 
■ Interval Theureiu^ U^i^... .,,,6. l l. , . ^ l^nA.^^,. 

are all logio&ii^ ^.^ui^sat.. n ... ^ ... i . i 

We iiave ai^^j. a..i.^i ii,. . i , 



i 



Prove 'CorollaiT' 2 ta the teaat Upper Buuiid PriiiMipi 
which is' 'bounded .belov has a ^seatei%»:J=owei bouud, 

"k 

For the proof of Coruiiai> ^, i-^ A i,^ ^ ^ i . 

let B fee the set of lowei b.^uiid,.. ..^i A . Tl 
ae the set of ita upp^^i^ bQUiids, t ^ u } 

or A 
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kf (a) Rfove for every real number a , that\^here integer n greater 

' than a (Principle of Archimedes), 



Supjose there were^o integer gr^at^r liiaii a . Tiieii^ ^liiu^i the 

Integers wduld have an upper* bound a they ^^^lUd have a least 

- -- 1 ' ^■ 

upper bound M , The nwnbe^^ M wuuid be ^14 uppc*^ bo\md 

^ ^* X 

alnee M is leasts UunBe4\AsiiCi^ ti.sife lu an i^k.^^^l- a U - ^ 



Than n+l>Mt^^M 
ajid least upper bijLui|l 



(h) /Ptoye. that giveii 



,0 < - < f 



eu i J 



w'here Is aa' Integer^ siia 

' ' the numher ;r whire 



>■ 



0 10 .^fi n ^ 

^luw tiiat thti pra Oil J J .eqUi. 1 ■. 
rial number* 



10 

La 



ct 



» unique 



i 




10 



. ^1. / i 



n 



4 
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A (-b) Given a rsp numbar r ve define Ita doclfflal rBpreeentatlon 

reourBlvel^iln tema of the Integer part function [x] as followa; 



4^ 



, n 



10 



:n-i^ 



^^^^^^Shftv that -yha inequali^ in part (a) ip M^U^fied 



Sh^^aiso' that decimale cousistlna entirely of 9»@ from suiw 
.point on are avoided, (^riius, obiaiii 2 ^ ll va>w uui 
2 ^ 1,999 



it.' 



(1) 10- (i- 



10 




U . 1. . > t 
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NpW| let us iuppose that r can be repxesented a& ^ decimal with 
Infinite string of 9's 



where wa may without lo^s or geiier&iii^ su^^. 



I 1 ,y U m 



iLher p = 0 



or 9 (l.e», ttiat the XasL de*=iaisi ^i^^ce Mricie & y does not 



appear^ if there aii;y . iii^ ^ ii. ^it. 



Take d. = y £uL ^ 
p and r lie bei-^/ec^ii Li 



I t both 



"0 10 



i5 
i 



10 - 



.iiowi 



that p = r , 

a Tinique ^ 

^ - i • J .. i 

Lh.^ 1 t m ( } L 

Lei viil urn I i ».Q t i i ^ i 



i y. .iL^iL.^.. ^. t I., it^^c. t a L 1 n au^ , e yields 

ill e (e) i& i i sraient- ^ne derirtltlon or Q _ 

w i . ^ ^ ^ ^.^^ list ^. quality i.uldia on 
, t I . siilatiun then the 



decimal cOiibIb i s 
Thus 



i Mi all 
l it. t poBitive 



i ... tiie piii^.d Oil, the 
I t_.i,e ©a,..e p digits. 



(ha .A 



Let 



r s c 



0 • °1 



Then 



where 



and 



.5 ^ 



10- 10»+« 10= 



0 • '1 



i 

with common ratio — - 



TT ( b ) Pro X t iti t . ^ r . 



. I \ .An ^ u 1 . . i \ 



i u t. ruisi .A' \ £ 



ic. 7 
i -a. 

10' T 



7 10 7 
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Kpare ttils procediire with thfe "long diviBiun" pryy^sei 



T 11.000000" 
• I 

30 

ao 
Ih 

"So 

1 



Note that wfe © tup 
^^would get a iep€tiLi.^i 



7 ' 

in 

y 

LcL .1.. 



il we ./©re to v.uuLinufc 



1^ -r. 



. II \ ....... . 
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- k — m k 
whence ■ 

Consequently^ on dividing ^ i^, .i. > > ... ^-^^ 

and the remainder - iu 

10 g are r^l^i v ^ i i 
by m can QnlyT yit^ ^^i U. . 



t/i. 



L 1 . 



1 . I\- 

K = i ,2 



follows that ati ie&st s^wv. ^^1 . Lc: 

, , m , must be ih.. , ^i^j 

we now prove th^t the aeclma. .ni ^ /for r pt.r.^a*c with ihc 

period p J i . -=^^n^,l. 



I 



p'. 1.,.. 

ail It t . . 



Provf for eveiy positive prime a d^herv-than* 2 afid^ 5 that there- 
, exists an integfr, all of vhose digits ar© ones, for whic^. a is a= - 
-fSctori l,e,^ a a f|tctor of eome niim^er of jtfhe fom" ^ , 

16" + 10""^ + 10"'^ +*../ + 10 + 1 . 
Lmt a be the. given prime* ■ can wl^ite (f^om.part 

1 (1^ - lyr'-*- g ^ ■ / . 

10^(1> ^1) ^ ^ . -.; ' 



' ■ . _ a((l^ i)t + V) - lo^CioP 1) . 

^ria<&|^.a ^ ii neithAr' /:2 nor 5 It^follovs timt /aS;li.a fa«£dr p?'- 

If a p 3 y then a imii.t a rector of the ^^rfission in'paren- ^ 
"thesis./ It' a = 3- j then a is & fadtor or 10 + 10. + 1 , - In 
eithsi** case ^ .the rsBult , is 'proved, 



Consider & polynomial with ii.Lfeg^i- coefficients; . ^ 

n u-1 ' , y ^\ 

n ^ . 1 0 ^ * ii ' 

FrOTe that ^ i^ e f^ft^. ^1 y.,,j^t 01 ,trii^ i^aui*. t gi^^u in 

iDVest^ermB, bhan . la ti ractoi- of j kna q ia a factujt^ 

a i s 
n ■ 



If ^ a . -I of ti.e u 1 V .1 U... 

. . n - J 

M L + Q ^ . , , . ^ • . 

li n M - 1 n-1 1 g . » 

q 4 

j ^ n u 1 

n ji 1 

It f*oHu^£3 ' th^t ^, 1 i I L . t 

a^^J" . Since ai.a j iiavs.i...j . .y\.., 11, j that 

p ae a faut'oi a . a i actor , , , 

Show ,tiiat. .X i h.L,^ .> 1^.1.1 .^imi i i 



0 



.362 ' 
0 



■f 



By the preceding , result tbe oni^r; ,cdnceivai)le ratiunai *'roQ,ta are '1 
■ 4^^'. and «1 and neither 1& mVl^^jot, ^ , - • . ^ 

^^('d) Prove that if i/n is rational th&n it Is inUa^^i« 

2 ^ " - ^ ^ 

A rational root ^ x n = 0 must ... = \ i . . .. a 

' ' 5 ' ^ 

' . n ^ since 4 ^ i 1 ♦ 

fd) Prove that Vf - V? IB irr^Liu.^. 

Set a ^ - ^ * Sqmring' 'we c^taln 

* whgiice 

and 



IK. 



l-hi . 



8* L .Li... .... dei 1.3 

* a]Bj obey a th^^ 6epa£ .i 1 n A 



a ^ P 
thei. ^ 



i i 



5 1 u 



S p - uh' ^11 a i bill 

/and- B ^ 



1 i £j e^Q i 
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■^era is one more caeei f6r eve^ f . , thara axist f A , f 1 * 
guch thai p - a € e i but for no a , p - does p p first 
find Baira ef ' nutoers (a^iPjj) such that ■ Pj^ - i and . ,., . 



< ^< ... < a - < 



- ;€ ^1 ,;ttea^ exist (^,p^^ftu5h that - < 1 * Batting . 

^ € , tharte exist . (^,Pg) such that pg^- < | . Than, althar 

- Og >^ or ^ < Pj^* * If ^ .SEi Ps <^P^ / "then we. have 

' found , (c^;,p^) , (ag,pg) deslrad. . If , alt^a^yf |^ ..^^^ or 
r . pg > p^. y say . ffg < ^.^^^ Ig - «i < | thai 'pairs - , ■ 

(^^pg) ^satisfy ^ht GondltCbn.^ ^t ayery step, such »a?jdftqlc^ can' ba 

,aj and so tha pairs (o^jP^) axis^. , : , - ^ — 

f .. . , , . . jj- ji . ■ #■ - ^- ' .... ....... 



Now, by the Nes^d Intfrveji. Principle there is some- a contained In, 
all [a ,6 1 separatee A and * Elsa, either v 

Pu -or a < all p " and s < stoa a ^ 



B > all Gi ai 




4k- a > t > 0 for all a , But for n 

. 'So 6 <p < s" '^d' s is not In 

n . "^n ^ ■ s f , V / . , ^ 



say the f omerpj: 
large enough, p^ 
[a ,p 1 . Similarly for ^ b < * ^^=So s is a^^flKration numhar 
for A and B * - . . . 



Prove that an ordered f^ldi in which the Least Upper Bound Brineiple holds 
also obeys the Separation Axiom* ' ' = 

Take two sets, A and B , for which every member of A Is lass than' or 
eguai to each' member of B * py thf Least Upper Bound Princlplfe/ there, ^ 
exists a least upper bound a for A ^uch that Si> a , .a « A and 
'e < b b ai^ other upper bound for A * In particular, a < b ,..b.* B ^.. 
since each mCTber of B is an upper bound for" A 
tipn riumber for A and B *and the Separation Axiom holds. 



So B ifl a separa- 



3^ 
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■ ,-'1 - 
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V • ' Appendix, a / " 



,.J\inctionB whose'' domain rangei ^^e, subset a of real' numbers are lusually 
^ ,aalled "real^alu|fl funatlona of a real ■a^ariable," In Chapter 11 we ^ shall talk^ 
about vector ^aluefl funcMons of a real variable. In Chapter l4 we slmll die- 
cuss Bequencea of real numbers^ l.e.> real valued' f\aict4pnB of an integer 
variitble* . In the eame pftapter^^e aleo *have sequences of functions^ l*e*^ , 
^^Ttoetlon -valuW; f uhetWn^^ ' ^ , — ... 

■ ' ' . . ^ — — . .2 

Exa mple AS'^lb . -4he atatement that the i%ilge of the function f • x x^ ^ 

' is the set of non'negative /real inumbers is equivalent^ to the statement that 

: " everjfe positive "hiM^ p^' h^s a square r^^*'u This can.be proved in , the f«^low- 

ing way*^ ^et ^ A b#^lie^ ae<%Qj&, nonnegatlve r^tt^ers whose squares are less than 



p . A ' is not ,e^^ since 'Q.' is in A A /Is-^bounded^ abovey. say by p + 1 



Thui. A has a least ■^per boimd^ s^ (Sectidh Alip We cannot have 
a < p, for^ if, h<l ^ then 



(s^+ h)^ + 2ah + h-_ 

- .; * ^ + h(2a, + h) 

^ < a" + h(2s + 1) 

, * < s"^ + h(2p + 3) 



Th^#, if 



^ - 2 
h < mm 11 ^- §^ 




^%mn ' Xb''^^^ an upper^wound for A -.- 8itiiilCTly>- 

s"# y is Impose ibla^ for if . ^ 



y n < h < — ^ — ^ 

v2 



' t^en' (s - ^) > P ? and thus s covld not be the least upper bound of A 

I ■. ■ ■ - "g' ' . . ^ 

J, Hence s ^ p • - * 



talned in the ^raph of x + y " w 25^ | we need only aasignj^ 0eh ;x, -ai^ . 



or >*i/2S 



for Bxample, for any a , "?5 ■< a < 5 |p have, ' 



■ 5 < X _< 



< X < 5 



or , 



I. 



- ^ X rational J |xj <-5 



/25 ^ x^ 



^ X Irtatipnal^ |x] < 5 



Howeyarj the exampleg in tfte text are dietfnguished by 't}ie propeirty that /they ^ 

are the only "cont inuoue fuhc t lone ^d ef 1 ne'i on [ -5 i.5 ] ^Ho am graphs^ ' eori - ' 

V ---- - . ^ ^ - - - - - 

jbained. In the graph of x + y ? .S5 i ^ 



lolutions Exere 1 s ^KA2 --1 





i\ Belo-w. are -given e^mples of aasociations Itetween elements of ^I^d iata. 

Decide whether each example may prdperly riDr'esent a function. Thii pJA© . 
requirer you to specify the domain and rangK^r eaah function. Mote' t&at 
no ,partieular variable hae to^be the domain variable, and also aome. of the 
- relations may give risi to several functions, , ' ^ 

Note that answers supplied are not necessarily the only correct ones. 
They" are, like the examples/ merely smples of th^R'irid of ideas that 
are possible- i ^ 

(a) Assign to each nonnegative integer n the nmber Sn - 5 - 

T>is is a. function wlt^i domain the set of nonnegative integers and 
rangrf^the set of odd integers not less than " -5 * , ~', 



(b) ' Assign to each real -number x the number 7* 



A constant function* Domain the set of real numberE 
set ^rtslsting of the one element, 7* . , 



(cj Assign 'to tM number 10 the real humbera y ^ 



Not a function. 
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' V (4) Asslga to iaeh^ faii' of dlst^Lnct polnti In tha pJUne the ^Istajnce 

. ' \ ■ ' . ■ . ■ ■ ■ : ■ ./\ ■ ; ' " • ■ ■.■ • ' ' \ ' ^ % 

^■•j;- =A function vhose. domain is the get ©f ^11 palts of. distinc*fe points , ^ 

' / . . . in the plane and vhoee range' is the set of poeitive real riumtera* 

■ (e) ,yw :3 (f OB all. x) j ' . V . 

-* toy repra sent a furietiQn (conetant)j whose domain ii the set of 

real nOTbers.' ^ The range is [,-3] . ' 

■ - =^^^'- 

(f) X ^, ^ : (for all anfl z) , , - - 

._Hot-.au' function -if .\- x ..is considered the donmin. yariable.* It^ls . a 

function if the set of ordered pairs (y|z) is considered the domain 
with y and ^ real numbers. The range ig {^) 

(g) x + y = 2 ^ *■ # ' 

^* ' A function^ domain ^. {x j x is a real^^^r]^ and ' - 
range = [y : y = 2 - x) ^ or vice versa. 

(h) y - a^c- + 3 

A f\inctionj with domain the set of^pll real numbers and 

range - {y I y > 6 ) * . : 

V /- ■ ^ 

If y is taken as the domain variable^ the range^set must be 

. .,xeetricted,.to avoid ambiguity^ and if the range is restricted to ^ 

reals ^ the domain may have to be restricted to real n\ambers*> 3 • 



(i) y^ ^ k ^ K ^ f 



If fk is an element^ of the domain^ this e(|uation does not defiae a 
'^--function-explicitly, -- But t \ xe-*- y — Vx +- , x >^it.,.. aM.... . 



g ^ X X- y « -Vx+~~f , X > , are functions whose ifanges are the 
^' nonnegatlve and nonpositive real numbers^ respectively. Also 

h ; y X = y . * U ^ y < -2 pr^ y 2 2 , is a function whose rang^ 
is {x I X > -i^l , ^ 



C" 



— (J) y < 23C - 1 



Not a fiAetlon. 



(k) f(x) 



A funetion* Usually, the domain is restricted to the set.'. 



{x t ^k:< X < ^) so 
interval [-^^O] * D 
the calculus • 



{£): 3^ + y^ - 16 




range will be real nimiheri ^ here the 
OThers are not used in this course In 



• irtis^ equation does not represent a function explieitly,, , See part 

p , ■ 

' (k) for one pdssihle f^inctlon obtained from* this equation,, , 

(e) ^ ^ ' (f) 

^- if 



I 
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g ' Ifl funetidn defined, 



'rIfM .g(0) = 0 '^ 



■A '\\ (c) s(-i)' . 



/^'6. . ^Vhiah the^ follDi/ing mappings repr^Berit ^^ctitpto^? ' J") ; 




number are f 'and ' ij. tft^ same funqf^^tp^? Why or why not? / ' 

&^^ B^&/^l^^^l%hG-B^B'f-\^^^ion, sinoe; x - 0 is not in the domain of § 




370 
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— — ^ ; — * ; i^TTi 7^ 

MVen th© functions t ; k xj; 2 andV g i x-* _ g • If x , li 
■■ " reklj are .f 'and g th^ sama function? Why^ or why not? > ■ . 

They ara not same funqtion, einca " x ^ 2 ■'>le not in the domain of ff - 

^'v- V -X . . ... - - . . *' . ^ ' . • ■ ; , . 

..but. 4s in ..v; ■ . . ^. ; . --. ...... ' ' . . . 

U -What number or nunibers have tiie image :10 under the following ^plngs? 

• ''^x--5 ■ 





f • 


X 






w 


g 1 


X 






( o) 


h s 


X 


vx 




(a) 


a I 


X 






(a) 


it 


X 







X = + 8 ' . * , • ■ 

X = Ik , '6 ■ ' . ■ 

10 < X < 11 



□ •^^«ft4ch of the following atatements are always true for any function f ^ 
aing that x^ and Xg are in the 'dpMln of f ?. 




x^ ^ Xg ^ then f(x^) ^ f(xg) * ^ . . 

(b) \ ^ ^2 ^ ^^^"^ -^"1^ ^ ^^^2^ ' (a) and (d) are alwaye true, 

(c) If f (x^) ^ f(xg) ^ then \ ^ ^2 ' - ' 

(d) If f(x^) 4 fC^g) ^ '^hen x^ Xg , 

.1. If f(x) ^ |x| ^ which of the following statement i are true for all real 
numbers" x and t ? . . 



(a) f yje an odd function. 



(b) ;f 



(b) an^ (d)'are true statements . 



(g) _ f(x - t) < f(x) ^ f(t) 
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* >:*i2t, Whibh of. the followtag functlDns are pven, ^hleh are oM, and whioh itre 
^ ■■'^■■"KS- . nii^^tr even nor odd t- ■ ■ ' /t.v 



(a) 


f 2 




odd 0 




(b) 






.even, 




(°) 


f 1 


x ^-*- X V - ^ + k 


. ' ^ neither 




ta) 


i 

t % 


^ ^r^' -Sx + 1 / 


' V neither - . ' 

?# - - 




(e) 




| X —4 x^ + , ^ 


nej^the^ S 




(f) 


f I 


X ' 2x 


Odd 




(s) 


t 1 


X 2 ^ : - ' 


neither 




(h) 




^ ■ ,2 ---^ 
-X..^==^ 2-.- 


V ■:. even.- ,. 





13* 



WJileh of the following graphs could rapreaent fynctionaf 



(a) 



(b) 
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definea by v .f(;}c) m ( '^1 ^ 

, ' ^ Vv. ■ 0 for.; x ^ 0 



: l^".' . 'A fundtion .. is 

Identify to graph. 



:Thm signum functlbri* 



y 

1 



}■§ • _ Ske 1 9h t^.a graph of e ach f un e t ion ap f c i f y ing it a_. d oma in . and,* ra nge * 
in eaoh casei the, domain is the set of all rea^ nmnbers* 



(a) f J X Vx^ 
y 




hix) 3 3x\,- fsxl ./ two perioiid functions ^^Like^i^ bf jarb (a) ^ 
.Ftme.tibns g and h = hptve ^periods y and j ,*^re^pectivalyi. henca 
*g h Ma^ periodic and "its period is the least coMon integer 

mj^ipls of I and | ; 'Vriieh is 1 j i.e,^ 2r 3 • | ^ 1 . - In : ; 

genaralV itf two* periodic functions f and f * Jiaye periods 'p. 

and ' pp , tespeotively (p^. Vpp positive real /numbers ) ^ ai^ 



•exist integers n^ ■ agd n^ sueh'that. n^p 



1^1 



~ n, 



then 



1 *2 



Note also that f£he slope of each piee&* of sbhe graph df ■ f" is 
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K 



In this case, f (x) ^ g( 



h{x) - X - [x] . toie periods' of ' g and h 



whe^e g(x) ^ ~ L^^J ^ 



3 ' 1 
are = and 1 



respectively, and since these numbers are ^nconunensurable , - ■ 
f.^ g + h is not a periodic funGtion* ' Note that the pointst of 
discontinuity occtir at the integers tod' at Integer multiples of 



— The slope of each ^iece of the graph of f Is 1 + y2 # 



t 7 
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f „ This funetion li alip called 

f;-"^ « the -HBavislcle Unit funetion 
: , ' -'and la designated "by ■ 
.'f * H(x) . ■ 



m4t 



4-0 



fVx%. + H(x = 2) (a) f 1 (k='2)2' . Htx) 









































































-r-l^ 










— 1 


























































1 






























0 




L ^ 




J 







































































































































































































































L 


s 

































J 







■ ly 








































































































































■p 


































1 H 





























































■ — -<s 








































































































































































t 


















































































































































































r 

















1 



"379 



I If**- 



ERIC 










































■' 








- 








?i — 








i, 




.' ■ J 


r : ■ 


























































1 










'■•/' 


















J: 






















U 


















■ 

■ A. 
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2q,'_If f and ■ g -Ariei periodic f^ln^ *and n , reepectiifely^. p 

(m and *r:^ ^ Integers*)^ .show that* + g and. f are also periodic.; 



Give 63ca?nBQ.es to sho^ that the per.^d of f g. cart, either, "be greater or 
less =than lidth of m and n • Repeat^ the^ same for "the product t * S * ^■ 
(Note: . -The proBlem in the text laeke the condition- "m and n j 
inttegerg.'')- . „ 



r 



since, ^ly^ integer mi^Mple of a" period ie :afSo a pe^od^ ft + g^ 



• g kre perlodiG with:^ period rim , HoweYer^ thls'^inay o; 




^fuhidamfental period* v 
--■r. ;: V^\'.V-^^^ 
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:'. '-C V ' ;■• W"^"^'^" '^^''^ ^ sm"^ (period, 3) , and . •. . 

' • i^Vpln^iic-- th.n ^ f +,s 'ha? period 2. 



9 \ 



; f,(^) iin «S iC^riod 2) 1 s(^J ^os }t% (period 2) , then 

^ J, "^(3^)..\^g(:fe) ^ B±n2nK ^hiiXi bag period 1 



funGtloh bfe bdtti aven '"and od^^ 



.C.ii • . Yea; only f :.x-*..;0 



I 




U I 



i 



lEVEN 



31) 'an even function an , even functaonr ^ 

(2) an even futicttpn by an odd function?^ . ^ ODD 

(3) '' an 'Odd runqtl^pn by an Odd^fwl^tionl 



/ ^ 



■(3)- an .odd runqtipn hy an ddd^f^ctionl ' - ?VM| . , ^ . 

,/ ^ qv,™ tViBt Pverv function whoeft domain oontaini -x Tihenever it \ 
S.lf, r'SnSeexpreBe«d„the%umof.ane 

. an odd fyLpctlon. . V ^ 



MM 



ODD 



ft 



' . ■ ■ - , , . ' J.;*-*. . „ rACi ." ff-Tc1 -1 (called A" functional 
aa A Fin4 functions f(x) " Batisfy.i.ng r(^kV f(-xj - J- ica^. 

■ 'equaftlon):,. _.:„„.,-, , ^ ■ „, /■ S''*' ^ 

~L^f " tUr = ECx) + e(x) wher. 1 even and e tfl ad^. 'Then^ « 

f.(.x) = E(x) - "e(x) . UBlng the given oonditlon,. have, )^ 
f{:-x); p^(x) ^e"{x).-- l . Hence, itx) = @!(^) and 



.^^ 1 + e2(x)% a('x) , where: 1 is an v-MM 



^ example J 



.V . e(x) ^ X , f(x) = + X I 

...y..., ..^.^ ' - - 

■ 0(i) - tan X , f(x) =^ s© 



x_ +'tan X 
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; . / Alte^riativalv. Let f (o) = l"! c»-; /'.l - an^ i^t Ux) ' be' ar 



nonzero f&nptlpn f or" x > 0 [[^nlisfips- fiC-x)> ,:^r )x > 6'1 
given funatlonal BqTlaiioniv'.J'' ■ ' .* • ; • ~):\;'| ' ■ ' 



23. Umve that hi perlodlJj'jhinetion other than a constaat oin bA : rational 
;|unctlon. (^ote: •A iatlonar unetjon is the ratio of ' twfej'vfenQtaial ' 
. , funQtlons ,■) ■ ■ ■ ■ , ■ i ■ v, ; . i _ ■ , it. ' . .,, ■ f " »,'^^'-7— 

1' ■]■ 



' 5''°°- l^airect'. .ASaime thfltThere .existed a ratlonarfSrctlon , ' 

" ■ ■'. ■ Ort}"; ^fi -Q^j'Ssplyn^lkiB) which has a period ;ni,> 0 . h&tyii'' flanote ' 

■ - . , thi value oi^ the. fTOctlto'at ic = a vher^; ^(a) ^ 0;. Fow q%Bider the 

polynomial, equation- P(k) ' -. kQ(x)' = 0 . Thls^pblyriomial' vatiiBhis Tor - 
• ,.- X = & ma n = 0", X^.2 ., ... Sine&'=a polynomial of , de^l>ie d; can,. ' 
. !^ have at most ' d rootB,-% get- i contradiction, . and thus our''lhltlal 
' " asBumption' is faliB.' ' . ' ■ ^ ■ / . 

TC Ag-a> , Comp'bslta Ftinetl4nB . ' ' ' ' ' ' V". 

■ . In- the' iritroduQtlon to^this se^etlSn it 1b auggeBted that, the' operation 'of' 
copogi|lon; for' functions has no ' counterpart In the algebrk of numbers. Emf-f 

' . consisting of^all ohe-to-one m|tpingB of tfte set ".A j4^, 

qnto^ltsplf /, with thq opa'ratlon of ooinpgaltion hd#^ the' following properties;'- , 
(we detote t^e Invert of f , by. • und the IdentMiy funotlon by 1 )• 



^ (ii) -;.(^g)^i;^ ^(gh) /for all f , g , h , £ P(A) 



r 



\ 



These are' the pQstaates for grout* Thus, P(A) ; shared the same alg^bteje' 
structura with the positive _^eala^der tmipj^Amtipn , with the reals unfler 
addition, and' many other fami'liar groups". ' ''''-----t. ' s_ 



/• 




"-.V '" 



i. , 



38:2 



■ Given that -^f-, t ^ 



+.1 .for pH real^ 3^ , ! 



V 



(d) gftsfeL^ 

(fX- thi, g(i) |'x3 - ax^ + X - I 



H-x 

t 


1 ' 






3x/+ 2 

/ /. 


and 


B(i) 


= '5. 7 find 




- 




^ I.- . . ■ -'■'"^ ■ 


4. b(3x 


+ 2) = 


5 






' and 
any J *i 


re'' " 


fi(x) . anqi 



f g ^ gf When 2x^ + 1 * tx^ + + 1 , or Sx" + kx .~ 0 , or . ; | ; 

. X = -0 , or -2 . ■,. . 

■ : ■ : ■ ; . 'U , /' •, - ^ \ ' ; ■, ' ■ '^^ - ' ) 

k For each . ^ir of ' funotlons f g , find the composite functions fg 

and gf ' and specif r the donAln (and raile, .ir.p9flBl'blf) of eaoh. ■ « 



(c) f : X - 

(d) ' f' • 



2 

X 



Kx 



(e) f : x-^-'x^ I x --*#^' 

^ ■ ^;■,_^t^■ 



^ t 



(f) £ I -X ; 



-383. 



Jo) 



tx - 6 



Dotnain 



( 



,x 4 2,-2 
' X > 0 



fiange 



y-.? 0. 



V > a 
y > 0 



4U 



Domain " Range' 



»= » 
X 1^ 0 

X > 0 



• y"> 0 ' 



(e.) 
(f) 



4/- X 

i ' 

-X - 1 



,x >*0 



y 5 0^ 
y <>i 



a- real function 



5- Given tha:t f(x) ='x + 3 and gCx) - ■ v^x + 2 , 



[0,8], 



solve the equation 



ERIC 



fg(x) = jx + g|;^ 3 ^ /k^^ .^.5"^' E^i^y if and only if V 

x^ + Itx + If + SJk + 2| ■+ § ^ x" + 5^,ar lx'+ 8 + 6|x + a] 0 ^ ,whe 

Note I The uee of ."if and only if "J requires absolute value. 



6g>^olve Problem ^.t^ing g(x),^ /x 




^ternaj4vely * Solve x + 5^ ^ the set of possTble solutions^ 

and Jthen" 'Check the results In the o^ginalf equation, ^ ^ 

i - * ' ' ' . ^ . * . 



solutions • 
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.... ■ 9 n 



7. |ip€SCrlW funetioni f tei g 




,^e*aoswer Sk not imiquei A i 
Iqual to function' ^^o^T^^y 
I Used later. 

8. For eacli pair of 'fuhdtions f 
^ ' . and gf anSs specify the doi 

' sketch tlie graph of aach^ and 
^ vhicft^ara perio^c. " / 
* (a) f rx— Itcf J g — 

- ' *g(xV- Nn(x - 2)1 
• .Range? 

^ . ^ . / ^- - y 



a;^le anw^ toy be f(x) ^ x and s^) 
ftinQtldne ahg^n above are typical' of those. 



^and g fl^a thjfe c^poslte fujfictlons f g - 
n (and r^rige^ ifrposslble) .of epch. Alsb^ 
give the perlbd (fundamental) of thoie ^ 



= s) 









1 , \ " 




— 




1 

































bHx) j'sgndyl - 2) 



Domain: all reals | 
RangBt {-IjOjl} 







—a ' 




-2 -1, 









• • 

r'i 
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(b) As X — *«• |x| J ,g s X ^ 2Bgn(x T 2) - 1 ■ 



■ , fe(x) = Is.BgnCx .'a) '. :gf(x) = 2lgii( ]x|^,'a) -'1 

Domln: ©11 realsj ^ ' DaiMlns , all r^alsj. . 

y Ranges ;{3/^j3 ^ ' ; Rangei ■ tl,-i/-3] ' \ 



^.1 



" 1' 



1 a 



■•-1 



9, What aay you aay about the evenness or o^dnese of the eonippsite of an 



(a) even funetion of an even function? 

(^) even function of an odd funGtlon? 

^ (e) odd funatibn of an odd function? 
——(d) odd-functioh bf an even funotion? 



ETOJ 
EVM 
ODD 



10\ = If the funotion f Ib periodic ^ what can you ^ say about *the periodie' 
= ^ ^aharacter of -the oomppsite functions fg . anfl* gf assuming these exipt,. 
g, is an arbitrary function (not periodiG) * Illustrate by exampiear - 

gf . has the same periods as f and^may have a smaller fundamantal 'paridd* 
fg wneed not bf periodic * 



'. Example, ; 



f I X sin X. ^ 
g ^ X X , 



if I X (sin x)^, ^ 

2 

fg • X sin x * 



period ,1 2^ J 
period jt I . 



11. ' if the funetloijB f and g are saoh porlodic, then the oo^poslte func- ■ . 
" tloM fg and gf (Waaumed to exlBt) are also perlofllc.- Can the period • 
._j of *^.ther one he leoB than that of both f and g 7 , • 



Yes./ If f(x);4 ain «x , and If g is-doflnea by 

1 , 0 < x < 1 

8(x) 




' . 1 , 0 < X < 
, 1 <.x < 



-. ^ s the. equare TOve function).' Than 

^ fg(x) ^ 0 for all X j and . f g _ has 
; \sny period p >^ • (The period of 

. \ . ' ^ gf Ms^i .) ' ^ — ' . ■ 

* - 1 ^ a is defined hy the equation 

Al2,^ A aequence^ ^0 ^ 1 ' 2 ^ ' n ^ is a^ixiieu j ^ ^ 

a ^ ^ I n ^ 0 , 1 ,.2 , 3 , 

where f is a given function and k is a given number. If/ = » 



A sec 





and f ; X Va.+ X J 


then" 


















Show that for any n > 


i ff(a^) 


= fff(i 





(a) a^ < 2 



By InductiQ_n : 
For ■ n 1 jf 
Aesume 

Then 



A. 



= VP < 2 



for n = k 



5 ^ a. 



< /2.+ 2 



< 2 
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1 



■ (b) ■ ;;a;-> 2 - n >. a . ■ ' , 

• 1 ■ ■ '■ . ■ s: ; ■ •• ■ ' ■ •■ ., . . * ,T ., 

^- , The statement ii true for .n - J. * sltppose It ie true for n - k . 



■ ■'■\ 



i4 - 

" 2" 



frOT which the* concluelqnv fpllowa 



A13. If a^^^ ^ ^ ^ n r ^ ^ V ^ 2 ^ # ^ find ap a function 

of ^ and n ^ for the fo^bwing functions ' t 

(a) f ; X a + bx . . ^ . : 



J 



a ^- ^ f (8 ^) ^ a + b^i ; 

^ f(a^) ^ a + b(a t b^) 

- f (a ^ ) ^ a + ab + abf + . . . + ab^"^ + b"u 
n n^i. - - 



a 

S 



(b) f . x^ 



»0 = ^ = . 

I SI 

a ^ - 

n^l m / Us 



^r: 
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( ^ u 



^0 = ^^ 



1/2 



> 0. 



>A2-2 



.■'■■^3^?.■•..;.v■ 



(a) 



^1 = 



fir ri > 0 



(e) f 1 x'-.-"(l - x)" 



*1 1 - 

1 



,3 1 - (i - ^ 



•= U 
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3£>ff 



(c) f ': x -^;^' 



1/2" 



',x«r.'.-. 

'■■•iP: 



•an 



' . * ' ' <^ I — ~l 

Owl «ia ftan+i ' " ^ 



fir ri > 0 



(e) f -1 x'-.-"(l - x)" 



*1 1 - ^ 
1 



*2- = 



1 



,3 1 - (i - ^ 



1 



1 
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=1 =Tf-=^||jS?T •= - 



TC A2-3t Inverse Eunctlons « 

Given any set A , a relaLiun k uu a 
pay for any pair x^y in A wheihei- ...l ...a hs. ....a ii.d L^i^.iu.is 

R to y ^ If- A has itie r^i^ii^jn l\ ^ > fsen ^ i n, n n / | ir nut , 

we write x . Thuo r._.* iii?; i. elt. i i i.^ , . ijii. i . 

The graph or a x ei& 1 iw** i s i iic , ^ i , i . . . ^ 



Thus, the graph of the ^si^.n^n'^ ■ i ii.^ ... ci^ s i . l .e. .n^- ii... f - x 



Considet the reiaiiwii « h ^ i i ..^ . ? .1.,^ ^i-^^i. .1 

this relation lb ihc ii it i . , . t . i. 



when the r ii,. lu. 

^t'he dotna J u of ih^. it. , 4 

iltnoug,h iijS^fei.. ii. ts } 

sine 1 a I u t i . . . .. ^ 



1 . i - 



1 



t . tl- 111. >^ A ( O , 

BiiLhUi a . i =3 Ci _ i 

•"•A.J i., . ^ 



i I . I ^ . ,. 
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A2.3 



Solutions Nereis eg Ag-j 

1* What ia the reflection of the line y ^ f{^) - 3^ ^^^c line y ^ x ? 
Write an equation defining the Inverse df f . ^ y 



3^ ^ By 



2. Whict^- points are their own reflrttiuxib in ti. 
gi^aph of such points? 



Those points with orainaL. 
y ^ X . 



3. (a) Flua 

that the 



Since prw-ju i 



line y ^ A . 



b a 



Del eriM " ahy'f line t ion or f\f^cti6ns you can thinkJ of which are theife own 
Inverses . 

i 

Any ftmc^ion whose' graph has y = x as an ^aIb .bymtiietry i e,g,, 
f(xT' ' ' 



An equation or tUi eA^raoe? l ^ii { i. €A ... ) I.. z^L^i 1 s . _ L 1 i iii X and 
y if th© equations or the ^«.presB It^i... iS:jniain Uir i t r^d by iiiLerctiaiiging 

A and i ^^S'^ a" » ^ U i p , ^ , U j| - U * jI ^ 

about the y = x 1 i ne . 

Geome trl ^ 1 ^ > can i i , ■ » ^ - > » ... / i ..^ m 1 1 i ur^ 

l.e.^ fui^ &iiy pwr. 1v_ju oi^ u.s ^. . si-i. I . ... * ^ Lc. a . ui^t 1 -n which 

the mirroi imagg. The et^uat lui 

k 

of syiinnetrj' imiri-ui .,^) ^ n , 



11.. . I . 

I 



Con^lwlei the ^ 1 ,^ i'O^ 

( i ) 61 ^ L > e , 

(i) b ^ > a 
I._.4 Li,6 wUi * 



k max (a b^^i ^ wi.i^i 



8. Find the inverse of each function: 

(a) f I X 3x + 6 g ^ X ~j— 

(b) f f X - 5 - . X ^ ( . . , 
' {□) f I X ^ I ^ 3 ^ - - , T ^ 



9. Which of the fojllowlng f\ai^ l i m^.^. i.av. i., i' . ^ 

means of a grapn or equation and give it& auinal:. tmd i^^uge. 



(a) f ^ X ^ ^ iiti Jinv . ... 

(b) r . A /x ^ . .. i 

(c) f ; X |a| u 1.. 

(d) f ; X Ix] iK.^ i ^ . 



, 1 ...h'-= 



:> 

10. As liave a^^t^ I 
Do the following: 

(a) Sketch graphs 



. i JL 



X 



< 0 , aiid J^Lt;.iiiK 1 ' 'J 



(h) What relati^^.nel.li i 



.4 , , 1 il '1 



U . ^ - Oj ) 



A2-k 



TC AS-U. Monotdne FuiiGtlons , 



Example. Ag^Ub , The doimnents (TC Example A2-lb) a"b^t the extst^^ce ^of a 
square root applfy^'. equally well to the existence n-th rqgt^i.^ ^'fe^ Earalkdea 
proves the e^ietence of n^th rootle Thu€, let ^ ii^ .at ^i^^atlve 
^rnmbers whose a-th porwe^ is le4 than p . Sincfe Q - A .iU P ie 
u^ar hound for A A *has a least u^jpfei t^ui^d 



V 



and 



■k' k-l 
4 



X } 



I): 



\ 



Thus J a a in TC lllAaiuivl A^^ 



fore 



y 



Tilers- 



Is £3 wilt; I 



is wne 



all real y . In ...Uf^Avi 
y. > 0 , 



.............. ^...^ ^ 

One* reason for this rlatric^lon Is that 1^ prea^rs/es the laws gf exponents . 



in particulBr \' 



m\ n mi 



Otherviaej the following anAigUity wuuld 



and 



i . . i . ~ ; , ^ ■ LI ^ w .. 



4i i 



f 



i 



Which of the following functions are nondecreaslng'^ nonAuureaBiug? 
deareaslng? Increasing? ^In each cage the domalfi is the aet of retil 
n"umb€rs unlesg otherwiee. regtricted , 



(a) 
(t) 
1(c) 



Irici'cMlaitlg, 



(a) f 15 ' ^ ~*" "ft" 
(f) f_ : X ^ 



-1 



(g) ' 4 ^ : A ^- /X 

(h) : X x|x| 



(i) 
(J) 



X ^ La 



i i 



(m) 



FuA' ^^ch t I i ■ i : * 
Int.. parts ^licl, i,at u 



We are given that the funotions 

Is weakly increasin 

1b increaping^ 

1^5 weakly deci'^adin 

in a coMOn domain. What i.^ iLr^ luonutui,., k 
following runutions , 



(a) . , 

(r) r^^ 
(i) S'^ 



*1 



( i } I'^ . 
(j) I * 



TC The Circular (Trlfionometric) WunctionBT ^ 



There are three closely related^ though distinci^ Kinvi^^ of igunometrlc 
f\^ctlons passing under the same naipe* Flr^t^ Lheic lu^ ii l^LJiiunietrlu 

functions of -eeome trical objects^ riaiiicly J the angless iiiLiMJu^^ed in ^euinetry ^ 
Than, when we introduce an angle measure^ the I'uncliuns aie funct^oria ut' & 
^ real variable* The real functionsi^dep^eiid upuu thy Ui^^asi.t.^ a ttie aii^ieB. Thii^, 
the numerical functions obtained by -^aaui^ing uu^^iea in dc^iee-s (a ijeliy of tti* 
Babylonian sexag^imal rBomerat^^) are nut- the ^mucj ..i^ ruiicLions ubtalxied 

measuring the angle in radiariia. Bl^o^ eiii ^ii^i.^ mt^s^^.i a 'lj^ a a^^i«^^s is 

ft ^ _ ' ^ 

measured by JJq ^ radiaiis^ a t^I^iiwii^eLi i f.*..>ii.ni, i ^iiic ruwctl^^ii, 

' defined in te^roe uf degree meu^vii?.- i t ^ 1 ^ i . s - i .„ ^ « i i^wiiymt^t ^it. 

w 

function defined in Leme .L >M .a^. . ..- . 



In t tic 1 I 1 ^ ,1 ii. 

as tru.- i ii l.i^me L It, I, 



! .. . . t 1 4 . 



I b4 Uij J 



.1 n 



I 

1 



(a) - cos ft - *1 . / Bln(n: + ^) ^ ooti n from (h) 

■ " % ' sln(fr +, ^) ^ sln(- ^) from 



(f) cOiC-l-) ^ 0 . ..ii.^i |; ' cOh"^ ^ |i i 



2 , Prove I 

(a) sin(x + - goe 



^ b) Siu( X ' ,0 , eli 

^ sin X i - 1 ) ' ' 



(a) B . 1. 



. . ■ . . , . ' ' . r ■ ^ 

(b) cos(x t y) ^ COS X cos y ? sin x gin y 

' eos(x t y.) ^ sin(x t y + |) = pin('l« ♦ |l 1 ^) . 

' use (5)^ Nxunber ( fctiia 

[q% gin it ^ ^ siii^L uv^. L 

1 ^ A = ^ 111* (i+i . 

(d) COB - cwe'^y • yl..'^ L 



^^^^ 

(e) gin 

(f) uU8 4^ 



.0 



(b) cos(x t y) 5^ cos X cos y ^ sin x gin y 

' eos(x t y) ^ sin(x t y + |) = pinl-l^ ♦ |l 1 ^) . 
' use ifk) J (5)^ Nxunber 2{tx)^ [■.) tti^a Si a; 

(c) ^ gin ^ ^ siii^L uv^. L 

1 ^ X = 111* (^K*- ^ 

(d) COB dt = cws'^y • yl,.'^ L 



^^^^ 

(e) gin 



(f) uU8 it ^ 



1 i t£iZi ,1. 




Prove I 



(•b) COS ^ ^ I. Y — ^ — ^ ' T . 

= -7 ^. c . - . • . . ■ ■■■■ • . . • 

(c) Ej^laln tha ilgnlficwica of the t sign in (a) and (b). 

=.-■:• -.^ - ' ^ ^ ^ ■ = ;^ ■ , ^ 

Fot .(a) ('b) use (a), of Number 3,* letting k - 2t, and t ^ § • . 

The 'slgnlf iaanfce sf .the t;;^ sign is that the ^ square root inay "be either 
- positive or negative. Apparently which eign, to use depends on thfe value 
of X . To simplify the discussion, we will also assume that sin x > 0 
for Q < X < g-- . It now foluLqws that 

sin X > 0\ for 0<x<jt, 
"sin X. < 0 for jr. < x < 2^^^' ^ ^S^: / 
Trom * ' sin -x ^ sin( irt = x) ^ " " ~ ^ " "^ 

and # -sin x ^ ein(jt x) .* 

tothermorej from go^x ^ &in(x + -) , it then follows that . _ 
5 cos X > 0 for 0 < X <!' 

and ' 2 ^ ^ ^ * 

and ' co^ x < 0 for j < x < ^ * 



5, Determine the numerical yaluos of the foll»flng: 

(a) sin ^ = Bln(n + |) =" - sin | = -1 
- (h) cefr ^ eos(2n + p ^ coa |^ . --=——=- 



Since 0 ^ cos | ^ eoe 3(|) - ^ cos^(|) - 3 co^ | # | ^ T 



Ag-5 
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ill". 

Sit " 
COS ^ ' 



"it 

GOB - 



Slnde eos |^ ^ * cos | =' 2(|) - 1 ^ | . 



Since 



J ;ein^.x + coA - 1 , sin § — f sin | 



^an ^.^.^^ 



(d) 8ln(^ |) - . iin 1^ 



,3f 

-_.QOB ~ 



2 



(k) slnOg) -sln(| + |) = Bin | .- cos | * cob | • sin | 



(f) tan I = 



Bin 



5T 



1^ 

i ^ 

' "3 



(g) COS ^ qOS(y + f / ^ ^ 



iin 



'2 - ^ 



(h) sin ^ 



/l COS 



^4 + vf 



V „ 2 



!+0 
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Aa-5., 



>eB3; (fO - EcQS (| . |)]3 . hsin .|)]3 . [sin |]3^ ^ 



A' (d) tan I ^ V§ - ayf ^ 



a sin Jo oas ^ = If cob -^3 cob . 



cos J5 > 0 , aoe ^ ^ 2 sm - 3 



1*. gln^= = + a sin ^-1^0. 



2 ff l"+ 



GDs j ^ COS ^2(— ) ^ 1 = 2 Bin J5 - 



and sin 



^ - y 1 - COS ? - " - 1 



Finally 



, taL | s4^^= ^ni= .727 
■5 1 + Vf 



6.' SketcK the graph of each of t^e foliowlng functionB* For those funQtions ^ 
/■ which ar%periodiC; indicati^ their peridde*= IndiGate those funetions' vhieh, 
are even or odd. > ■ \ 



(a) f I ^ ^ sin X + cos x 



Period = 2jr 
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'Also note: f(x) = ■*€ sin (x + |) 



■ I.-. ■ ^ ■. ^ - ■.. ■ \ ' .- , / ■ ■ = 
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(c) fix Bin X + COB 
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(d) f t X Bin £x ' Period . odd, ^ 

\ 































































ft 



















































































_ :,: ^ .■JJ-a--.'. 

o 

ERIC 



'(a) "What is tha period' of gin ax ,,^ f:\'^^ 1: / * 
(b) ' WJiat is the period of sin(ax + ^) --"^ a 0 ? 
(g) ' .For ^hat values' o; 



8, 



m (a) aM.-(b), the period is ^ ..For a/O , h ^ nrt ,.n: an Integer 
than^ plnCax + h) ^ii an odd functlpn,^ .\ ^ - ;= • ' : \. 

Fgr!--^ ^'^^ g'^^ff ^ n/ an Integer, x _^.a^ax^ ;hi) le an even; , 
function* ^ . . . , * , v^- /' 

For each pair of funotlohs f and g find the compoeite |mekar^^^^ 
and gf and epeqify the domain and range, (if posaple) of each. Aieo^ 

■ sketah the gtoeph of each, and ^give the period ^fundamental); of thoee 

y "which are periodic* ' • . . ' ■ \ 

(a)^ f 4 X ^ siii Jtx J g * X --i^ sgn X . ^ . 



1 



fg ;i _x Bin jt(sgn x) ^ .0 \ 
' 7 



gf. I X egn(sin Jtx) 
• =-1 • 



2 



t 1 4 

2 2 



Domalni. all reals * 
Rarigei {O] . - 
Period ^ 0 , 



Domsini all reals 
Range: . .{-1,0,1) . 

period; - 2 



U09 

4;b' 
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("b) f s X -p*- sin ajtx jf a '^Aj 



'If m an Integers 










»a -1 

a a 


1- — • 

a 







a a 



Domain! all reals. 
Hangei ^ [O) . r 

■ , - A. 

if a 1^ an Integir i 



Domaini all real smters. 



Perlofl - 

' ' a 



\ . sin B3t * 

\ -H 






-oi ^ : . i 


N — — 

* gin (*-aif) 





Domains all reals* 
Rangei {sin(-ait) , 0 , ein art J 



(c) \t I X 3|Blnx| j g(x) ^ [x] 
X ^ 3|ein[x]^ 



2.73 
^2.52 



Domain: all reale 

Range; 3|sin n| , n integer 



0 1 



\ 



klO 



4i 7 



gf : [3|sii»c|] 



2 



7' 



Pomaln: , all (reals, _ 
Ranger 0,1,2 3 



-3 ^1 



A(d) ft x=^BmK{sln jtx ^ X - [«] J rg s x — i?- ml^x J 

2 £ " ^ " 2 

■ .fg I m^[B±n n(^n/^iK )) ^ (minCxjX^] - [mnCx^x ]]) ] 



For : jx| < 1 ^ x^ ^ So^ fg. 



dan be written ag 



/^4aPC{Bin ftx^^^x - [x] 3 , 



x >1 



^ 2 "2 I I 

max { sin If x^ ^ x" - [x J,) ^ |x| <1 

A V ^ ' ' 

Tha graplj/bf f g is glven*y the solid line aurve . The value of 
fg ^ in^^the va'rlous interYalBj "itf. given by the :ftjinotioni^ Indiaated 

on-top'of the graph in t hat ^ interval. 

/ -.2 . 




Periopc outside oft the interval [-1^1] with period-^ 2: , ■ / 
gf i k ^ min{(max{8in jtx , x - [x] ] , max^Csln jfx , x - [x] 1 . < 
Sije, 'maxCefiiitx , x - .[x]3 ie alwaye between ^ 0 and 1 , the 
nmx^- will^-be the ffl^inmmi .. , u..^. ...^ 



We may therefore write " . 

2 

gf I X (max C sin 'itx , x - [x]) 
This is periodic uith period ^ 2 * 



9* Solve for i^il x in [O^Sjtp: . 

\ ein^; x + cos^ x ^ a / (m an Integer > 2) 

' Since^^ sin" x +\fOS x ^ 1 for all x ^ and 



.2 ^ . m 
sm X > sm X ^ 

cos ■- X ^> COS X , 



' ' Solution^ muat-s^iefy ' » . 

: sin x^^ 1 or cos x - 1 . 
9 - _ 

' 5t lit ^ r\ ^ 

. ^ For m ^ even, ^^f^'a" or^x-u^jti 

' For" m ,-odd^ X or X ^ 0 . " . 

m odd has as solutions x ^ 0 , , 

. " ^ 4^ 7T Iff . ' 

For m even, solutions are x = 0 ^ ^ ^ ft ^ • 

A 10. If '(3) oft page 30U Is replaced by cob x ^ sin(x + p__ then using 
(l). to (5), show that ^ ' ^ ^~ ^ ' 

O Q ^ 

cos^ X + sin^ X ^ 1 - 

A notation in parentheses after a statement will indicate the has is for 
-^'=-"=--^^tKe st^ TC^ the axioms. The derived state- 

ments are numbered in^ sequence starting 'from 6 , 
• (l) iin X Is periodlq with period 2^ - . - 



■(g) ^^siii'i '''i^-. ••;•>■'■ '-'^ 

f-^V BlnCx COS X - . 



(^^) 'ain(x + y) = eln x aba y,+ cos x sin y . 
(5)- ain(-x) = -sin X. , ' . . 

; (.6). sin 0 m O , (5) . , 

■'(7) cos 0;- 1' , ( " ' ; ■ ,■ ' 

-(8) 'cob(- P = 0 , (3) ,-(^)- 



(9) .in(x ; :f > .in x =os^- f . f oos K = -oa x , ^ || ^ ^ 



(10) cos(|) = 0 (9) , (6) ,. 
(U) Bin B s 0.„, (3) , (10) ? 



3a(x + |) , 



(13) icos X ='eos(-x) , (5) , (9) ,^(12) f 

■ - ■ . , 

(iM) cos(x +1) = slri(-x) = -sin X ,(9) , (S) • 

• • ^ • e.' — 
(35) ;8ln(x.+ y+|) -cos(x 4- y) = Bin(x + |) cob y + sin y oob.. ■ 

} S / " " " i (3) , (« . 

(16) oob(x,+ y) = cos X 008 y - slri x Bin y J (IS), i (SX , W • 

■8ln2(x + y) + cos2(x + y) = ( oos^x + sln2x)(ao^^y + Bln y) , Wi,. 
' . ' . ' \ (i6) • 

If y = -X /(17) become.. .Ir^ 0 + =08^ 0 = 1 = ' ^ \ 

* (6) I (7) * 



2 2 
And BO, QOi. x + Bin x ^ 1 



An. 



.Show how to solive the oubio equation 
metrically. 



I4.x3 - 3x = a ( |aj < l) trliono- 



^tet- x-.=°B -e^r-^^OB^ B^:1.o6b_B -.=ob 3i .by Number 3(f). , So,^ J 
cos" 39 » a I f ina 36 from trlgonoaeti^lc tablee and then .qob e - x , 
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" ■ ' A2-6 



; TO A2-6, Polar Goordlimtag . , ; . 

Bssoartes Introduced oblique &xee as well ai /pe^endlcular axes The 
only reason ttet reetangulpr coprdlnat to oblige axes 

(atvM angle Q ^ 0 < 0 ,< ^) ^ is timt the foOTula e^^reselng thfe distance 
■^etwaen points wcmld' heGame more □ompliQated .(by/ involving the familiar Law 
of Cosines), r . ^ ? * 



. , ' Sfifatlone ExerQises Ag-6 . ■ . 
Is Find ail polar eobrdinatas of each of the foUovlng points; 

(a) (6,|) - (6,| + 2mt) , (-6,|+ (/n + 1)«) . 
' (b) (^6,1) = (.6,|+ gn„) ^ (6,|+ (2n + . 

(a) (-6 , - f) = (-6 f + 2nrt) , (6 , - f,+ (an +-l)n) . 
2* ^Find ^eetangi;iar coordinates of the points.^ In Number 1* 
(a) (6,|) -.(3#,,3v^ 

(o) (6, - f) = (3vf "=3^ ' 



3* Find polar coordinates of each of the following pointe given in reetangu^ 
lar epordinates:- 



(a) . {k , -1^) = (U^ , - f + 2«t) 



, (a) (0,-10). = (10, 2nit) 
(a) (-3*0) = (3 , (an + l)it) 



' J Mi - 



: . ; ;(f) ' (^3j^) ^ (-5 , areeiti + injr) or (-5^ tarctan |) + 2m) 



M Givsn the cartesimri cQerdlnatas (x,y) of a point/ fomilate unique 
■polar cQOfdinatae (r^a) for 0 < 0 < « # (Hint* *uie arecos .) 



2 2' 

+'y J arccos 



Betemlna the polir boordlnates of the 3 vertices of an aquilataral 
trlangla if .a sida of , the triangle has length L , the centrold. of the 
triangle coincides with 'the pple^ and one angular Gbordinate of a vertex 



is radians. 



'a?he centroid is at'-the intereaction 

- ' - 'if 
Of the Medians. 

£ . L ^ ^ jfl L diitanee of vertex 
3^ -2 3 

from centroid, 

CoorainatBS of the 3 vertittBB arei 

in 




Find equationi, in polar cOQrdlnate.i^ 0f the follovlng curves • ^ 



(a) ' %^ d , e a Gon^tant. 

(b) y " c I G a cpnjtant* 
(q) ax + by c - 

(y = W = . 



(4) 



-(e) - y . » Jtax . 



(f) -x^ = y2 = 



r cos # c ' * 

r eiri'S'"^".c 

rj^^co^ .'^ sin §)'^-ag 
r I'-ik 'sin- 0 ' ^ ;5 ■/ 

" 2; 



3in 



1- COS;© 

COB 2€^^ '^a^ 



0^0 
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* . " 7. '.PinO. eauatiOni, in reetanguiar aoordiiatesi of the foUowing curves: 



r. ^ a 



2^ 2 - 2 



(b) t sin 0 =<-5 , 
(e) r - 2a sin 0 ♦ 



(b) r s, g 'tan 3 , 



■ r = -5 



■ a. 
^ I 








^X + y . 7 3£ ^ 


.1 




X. + y - 




[■ 


' \ 2 


2x^ + 




X = 


iy^ 




. a 

J 2 
X 




X; . • 


. 2 2 J 2. 
+ X y - i4yv ^ 


- d . 



2 " 



r'gV'^^rlW an 'iquaW cbordi hates f or epriic aidtiqhi" witK Ja' fpcu^i^'"" 

at the pole and diTectrix perpendlciilar to the ^olar ax±e/and; p' unite- 
to' the .right of the pole. 



(0,0) 



1 + € cds *0 




directrix 



^- ' ' " 1 . ' ■ 

9* ^Repeat Number 8 if the dir©ctH^''ii Pa^^^l^l^o^he po! 
unite^ above ^ the fomiB at the pole 



p - r sin 0 



1 + € sin Or 





i 














^ ■ . 


\ 




i 
I 

S. 1 




(0,0) 




s and p 



■■■ ■/ ■■ •'.'■•'•.V ^^■V.■> ' ■ . . ' • ;■■ 

10. Repeii S If the di^eftti^ Is par^lel to the pola^ axis and p. 



'3r ^" 



- H. •DisG^ii.-&a^ elcetGh ©afeh of 'th'4 following. vCUWe^r in p^^ coordinates: 
(a) ^ 



;1 ^ =GQS © 



/^Inca € ^1 J the graph i's a parahpla arid^^ta 'direc-trix is ,8, unite 
to th€ laft of the polSi 




^^^^^ ^. " rri^Te 



^inee ;(S^'^i;^gi:V'ifte graph Is' a hyperbola: -^h iti directrix k unite 
' to the^^le|t■ af 'tfie!':pole . ^ . ^' ^ ^ 



•X 



1+17 
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. ■ ' r. -iS: . = .' ? , 'f' V' : • . , • f 

10. Repeii , 8. If the dl^eqtti^ Is par^lel to the polar axis and p. \ 



5 



- H. •Disctiii.-#tf-eKetGh ©Afeh of -the' folloVing vCUW^^^^ polar coordinatei 



1 ^ GOB 5 



/^^tnca c ^ i > the graph I'e a pa"^bpla iii"a\4ta 'direc-trix Is ,8, wattB 
to th€ left of the pole* " .. ' ' ■ ^ =^ * . . % 




^Inee :^^r':i:^31"V'ifte graph Is' a hyperbola: -^h' Iti directrix k unite 
" to the^^left■ af-'tfja^-jpol^ . ^ . ^' ^ ^ 



•X 



1+17 
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.12* Certain types of syimnetiy of curves in polar coordinates are readily 
deteeted* For exampla, a curve is symmetric about the pole if the 
equatiott is "unchanged ■when r li replaced by -r « *What kind of 
a^mietry occurs if -an equation is unchauiged when 

(a) B is replaced by -9 ? 
Syiimetric about the poI&A saIb. 

(b) ; 9 ii replaced by jt o i 

Synmetric about the iina ^ 

(c) r and B are repl&Q«d Uj i y.. . c^^y^ ^ i ai^ r 
Syiroetriu &buuL i h. i . 

(d) 8 ia repisi.;^ 4 i-^ 
- tiytmaeUriB ^b^u it. 

graphs tha fc.iQwiiit^j i.4 . . i 

(a) "r^ ^ U alii i^u . 

\ 

the ^1,..^ I . 

I 

alii oilh ,^ ^ ' - 

(y) r(j 



...... . 

o 
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(c) r = cos 26 ■ ' 

* 

Since f(e) = ti-e) , symetrlc about polar, axis. ^ 
Since f(0) = f(l - e) , it ayBketrlc about the line 8 = f • 
Since coe(x + n) = -oob x , and thl8 angle ii 26 , and the ooe 
is squared, the linefl' fl = | and e - f -re axes of ByBmetry. 

llj.. Sketoh the followi\g curves iu pola*- a i uatv., 
(a) r - ae 



^-6 



4 6 



15. In eaab of the following, find all polnta of interseption of the given 
pairs oi aquations i (ReealJ. that the polar repreeentation of a point 
Is not imlque*) 

. ' (a) r ^ 2 - 2 sin 8 , r = 2 2 063 B . 

■ 0" 

filn 0 a COS & ^ ^ tan e - 1 

Points are (2 - Vf , |-) aiia < Jk ^ ^) ^.,a x in each 

aquation nay equal 0 j the point (u,j) Im coiittnoii to both (for 
, different 9 ), 



(h) r ^ =2 sin 20 



-2 sin 29 - ^ 
sin 8 - ^ I 



r ^ 2 ^ 



» = 3 , y =3 



(o,|) , f ) 



auggeeted Teat Itemg and Solutions AppendiA d 

The items Included in this colleotion were selected bacausa th=y ooTer 
Ideaa pertinent' to the oalouluB. Notice that they hav= no, b.«. grouped to 
fori lor^ teste, they are merely repr«entativ= .f U^ms UAt may be uB.d 
for dlagnoptia purpoBea .1 th« .t«.t u.= ...... -i't-' « ^^l^^ "vie. oi 

f imctions , 



4. 1 



Describe the domain ai^a .^.^g^ ea . ^ >^ f -^^'^.n^ ar^ even odd 
sketch their graphs. Also, nute whether th. functions are even, oaa, 
periodic, or monotonia (in Lhe whol^ domain) if peri.diy, ^Iva the 
funaamental (smaxltst) period. 
(^) f . X -. *^Tx - [3x] ^ [^^] 




X 
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i poeltae exist) w 



l) f : X— ^ 



X 



fg X—* - oi 



"'^'s,. Range: ^ > 



Ran^ . 



I I 



I 1' 



,(d) f I X ^max(sln Jtx , cos nx) ^ g i x— * ^[x]' * ' ^ ' '^'^ 

■ , ■ ■ 'A; \ ■ * ^ ^i..^ 

fg I X— • riiax{sin «[x]^ cos n [x] )j ^- ' 

DOTfin: a 11 .reals-j 

Rangei [0,1] . ' ' " • " - 

gf I X— [max (sin jtx ^ <^ye jtx] J i 

Dofflfll^*' - hi 1 reaisj , ■ \ ^ . 

^ ^nge: ^ ^ [-1,0,1] , - :, , 

(e) '^'f * K— * 1 + sgn 2x , g • ^ ...^ 2|i 



fg I A^^* I t agu d .as ^ , . 4. ^^^^ ^ 

'■^ .'"'Rangef (0/1,2) , Ran^e . f^l^O,lpv : - 

Which of the fpllpwdii^ i.,x,.. I K,iid when px , . i^ri^.^i uav^ iiiv^ii^eur 
Deacriba an inverse' fo. each by ui^ans of a ^ti^.L (sKet h) an equaiiwu 

Also^ give the 4anaiii ai.d ra^^ge uf 'tiw ti.jii ^nd i v^^r^e. 

(a) r : X — * .x~ + k 



a*hi^ ruii(ution^ ,^ _ 
either pf ^he two a 
If domain of f is 
g ^ X . 
Domain of g ^ [^^^ j 



■ . ^ . . * ^5 u of 

a.igfc ii3 ) aji 1 ' in v^^rBe ^lli be 




f t 



I i 

i i 



4 i i i 



t * 1 

I I I 




A2 



' .lliglbla ^OTaina of f are subeets of either ( - ^ , O] or [O , ^) 
If the d^ln'of f is taken to [0,«) , then its range is the 
. Baffle set.. 

1 



'The inverse is g i tl 





If we tHti*.^WSe I he I . ■ ' 



4^ 



11 : 



1 1 
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' ■ ;l4.. If'* f{x) + t±M at least tvo different functions g such 

that- f g ^ gf . ■ . ^ ■ -. ■ ■ ' V ; ; ■ ^: 

. ' . fimetioa i x i- x may, be consiaerea trivial, but it is valid. ; 

The inverse of f ^ defined by g(x) - j ^^ ^ , is also sueh a v . 
"t : . ' function. , . ' ^ / / V . 

I - \ \ ■ ^ ^ ' V ' - ^ ' ' ' ^ ^ ^ ' ^ \ • . 

' ^ 5* StErting f rom %i.m Identities " - ' ^ I \ , . * : ^ 

^(i) sin(5c + y^) ^ sin x age y + cos x sin y , " . * ! 

r \ ... , ^, . " " ^ / : "^^ . : 

.cos X - sin(| ^ x) ^ : _^ ; . 

(ijil) ^^-sih x;^ s,jh(-x)' . 



0 

( iy)'^ »ein ^ 1 , ' . ^11 ,x " and y , # 

prove that . 

(a) dosCx + y)^ cps x eds y - sin x sin y-*:: 

^ ■ _ _ _ . , ^_,.„. 

Prom (lii)'^ ^ ei% 0 ^ sin 0 ^ or sfn to = 0 . - . ' » 

^hen fey (ii) r 0^ ^in 0 - sin(|"-^)' ^ cos | ^ 0., " 

By (i> and (ii) , cos x - srn(|' + (-x))^ " ^ ' ^ - 

^ ein ^ cob(-x')'. + cos eln(-^) ^ , / 

hencej coe x = c©s(-x) , _ ^ ' 

Then by (li) and (l), cqs(x + y) i gobC-x y)^ ^ ainCl- + x + y) 

- ein(§V+ x)cos y #"^ed%(|' + x)sin y/ 
By (ii) slnCy + x) ^ cos(-x) = cos x ' ^ ^ ' • . 
and CQs(p' + x) ^ ein("x) ^ -sin x , - . 

So coeCx + y) pos x cos y - sin x sin y # ' \. 



U32 



sin 33^3 sin(^ x) ^ sin 2x ctfi x + cos 2x siw x # - 



.... - , . J . g g 

^ ' . Ix ^ cos(x*+ 3t) ^ aoi 55t - ain x^. * = . 

'ifr HeniW. ^slh 3x ^ 2 mOM x eos^ 3^ + iln x cos x - sin x 

,r ■■ ^: ■ 2 ^'^ " 

^ ^3 'B^ X boB fiin^ X 



* 



< ^^ F^om tha dafinltlon ten x ^ ^- ^ 9 



hava 



^ . ^* aln,gx ; a sin. xVaos m 
xan 2x ^ ~ : wo 

2x . 00 2^.* Bin X . 

■ aoB X -1 2 tan x ^ 

-2 " ~ 2 
. !. . sin x_- .. , . 1 ..=#tan . x^. 



^ 2 . 

□OS X 



6,- Evalmatai 



(a) sin 53t f sin ft - 0 

(b) cos J ^ g ■ 

(q) tan ^ - 

(d) /siri 31 I - Bin ^ -^-J 

(e) CQs(-^) ^ cos ^ ^ - ^ 



^33 



•Mr ■' 



7* Sketch, uslBg goUr. eoordiaatei, a ffpaph of r = tan 2e,-. 




k3k 



4» 
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Teacher's CoinaBntary 
Appendix 3 



J : ■ , . • ' ■ ■ ^■ ' ■ " . . ■ . / ■ ,, 

«rn The frlnolple of Mathematteal Induotlon . ' • 

^ The PrlnolBle of 'Mathematloal Induetlon may he^ thight of m a postulate 
: for thi^W ^f:natufal^i^^ , '™ther than as a pSBtulate ahout legitimate 
methods, of. proof (MetamathematioB) . . thus, ^e may st^e the principle In the 
foUowing fomi ■ : 

. Let M be m atibeet of N . / ' . . 

. (I) 1 t M , " - . _ 

■ ^ (il) If ■ n i M ^ tten n + 1 « M , = . ^ ^ . / 

then M = K . ' : 
^ "-"---"^te^carr thah deducS^ the principle - In the -text W~ Mttlng - M^,. „ 

equal to the set of natural numherB n for which ,1b true. 

As stated here, the Prlnolple of Mathematical Induction can be uB«d to 

play a central role Ih the axiomatic development of the natural nuntoers. fii 
. Matl^ of W E. Landau- (Chelsea), the arithmetic of the natural, 

■rational, rial, an* complex numbers la developed soley on the basis of the , 

five postulates offaano. The fifth postulate Is the postulate of Induction. 



Solutions Exercleea A3"l 



The solutldhr. of several of t^e exercises follow the same pattern for the 
■sequential step. In each case after assumins , we add an appropriate tarn 
to'each^side Of the equation .hlch le the expression of, , and show that the 
resulting equation reduces to A^,, • For brevity we glv. only the solutions _ 
c^two such exerclsesj these wiU be found. below in 2 and 12 . 

^ i' '. . ■ ,.: - ■ ■ ^ ' ' : " 

1... Pfo^e by, raathematioal Induction that 1 + 2 + 3 + = fn(n + 1^. . 

"^^^^ Follow! the^^ 2 



1+35 



ff, ^ njatheoatlcal Induction prova the; familiar result , "gi^dng the suni of 
V, an. arittoetie progression to n temsi ■ 

a'+ {a. + 4) + (a + 2d) + ... + + (n - - |[2a +,(n '= ' ; = 

Initial Step ! a '^. ^2a 4* o • d) = a * ^' ~~ ^ — ^ ^^^^ 

Beguentlal itep . Assume i a + (a f a), + (a + 2d) + + [a + (k - l)d] . 

^ Add m kd to both aides getting ^ Li ; . - = . .. 

4 a + (a + d) + . . . > [a + (k - l)d] + (a :+ kd) ' . 

, ■ . : = |[2a + (k . l)d] + (a t M) ; / 

' ■ " '^H''^'^ - ^ - + i)a. ^^ - k^2k -^ ;|y^;;^ ■ ; 



^ ^ ^ {2a + [(k + 1) '. l]d) 



2 

which ia. A 



k+1 



G?hla oompletee the proof. 



3* mathem%idil induaiion prove tha familiar result j giving the eim of 
a geometric progression to n terma: 

, : . . . ' ''a + ar + mr^ + ... + ar""l = . 

r - 1 

FbUow the pattern given in 2 * 

Prove the following four statements by mthematical induotion. 

1** 1" + 3^ + 5^ + ... + (2ri « 1)^ ^^^kr? ^ n) . 
. Follow the pattern given in 2 , ^ 



Initial 8tip , g yl < 

■ ^ : . ■ k '^^^'^^ ' - ' ' 

Theni^ - : ^2U^1) -a\|<2k^.^^ ; _^ ; : alnea k > 1 . 

■ • . . < 2 ■ 2k < 2 • H , . ■• ■•: 

Thli aQmplates= the proof ' ^ ^ 

; - . . • .. - "-^h' - ^ . ■ \ ' ■ ; -. ■ ■ . ^ ^ ■ "■ . ■ • ' 

6. If p > I. then/fOT ave^. positive Integer n , (l + p)"/ i^,^ * 

S^ue^^^^' ABBuae Aj_ l +;:p)? : > I + 1* • , ■ ' 
inequality by I'+ p vim^^fmmm'i^B^:»^ 



2 



quantity.. ^ we- get (l f , p) / -^'^fc" ■ f f;.l*i';»!t' ^^^^ 

fhie QoiK^letes the proof. _ ' ' " '^'^^t-'^^ ,V V' 

- Pollow the pattern given in 2 . 

p V. the followl.« by. the eecold principle of mathematloal induction. ^ 
Prove the. following oy , „ + i either 1b a prliae or can 

■8. -For all natural numbers n , the^number n+1 either l ^ P 

'= be ' ^ = 

We use the second" principle W induction. . . • 

Initiaj/ Step. The number .2 is a prime . ■ ^ ^ 



444 



iaquCntl^ Step ;; Let 'be the statement of Ibcerciaip asa'im^'^^^ 

,that is true for aia natural numbers s BBt±&fy±Yig\':i'-<'k\s ^^^^^ 

'other .voi*ds, every. Integer 2 >3 , ... ,,k + l' li^; ^km% 
■ duct Qf prlmee.: In ^rder to prove A ^^ ^ 'yg muet ihpv. ;feha^vK^ 
ie prime or can he factored Into primes.' If k + 2 ia'^ji^ltoe- 
If hot ^ we ean wlte k + 2' .as a ^product of factors 
than k + 2 henee, both less than or equal to 
then^ 'both factors r ^^t must be primes or prodt 
follows that' + 2 can be written as a product of priM^sVa&^:'tha¥^' u 

^+1 




A^^v true 



For each natural nkiniber n greater thffn one, let U . ^^bA^k^?]!^ 
" _ 1 ' _. ■ * ■ ^ n.u / ^ 1;'° 

with the property that for at least one pair of hatural. ^iMbrfp^i^^'j^^^^^^^^^^ 
with + q n m u + U . " ' 'la' -Ifi-S'Mh'^A^- 't^^^^^ 



V^en n - 1 , we define U,^ ^ where ^ a la some giTOa >^ai^*^Smrifi|ti''^''=*^^^^ 



Prove that U - na for aH 

n . 



■"•/ 



Initial Step . U. ^l*a by definition* . ^ ' v. V, ^ 

Sequential Step . Let A„ be the statement • of EK^sis^i'^sV;^^ 
second principle of induction we aeeume %Ym% for Jeii^ i^bb^-;'^V2 
that A is true. \ , ^" V^; "l^.^^j? /'r ' ^ 

Now A^^^ must be eitablished.. -vfiut ^i^ ; i^reii:^/;!^^ 
for at least one pair of hatural" number e, / f an#='>g'^Uuch''.th4t "vfe^^ 



f g ,k + a , 



' 'if* 



we know that f^ and g ,must maM ^' be * le s a thaii ; ' pr k qua'tf ■ & . k . ■ j , " and 



therefore ^nd U ^ are real n\Aibers to .w^h^ch^the'-sfgii^ 



may be applied. Therefore ■ , ''i./r 

* # ^ / - i; ^ , ' ■■ 

. . - . - . ,U^. ^ f sa and . U^. ^ g^ M*..-'--' 

and jso ' ^ ' \ ' i 

which Is Aj^^.j_ • f' ■' . ■ V," .' 
" ThTs' eolplBtaa "the, proof ■' ■ ' ' V,^ " ' 



■^3.8', 

4ia 



>V Attempt to- prove .8 and 9'frpm the first prlnpiple 'to ' Bee .hat dlffl^uWlea 
. ; arise. : . = =' \ . 

r and t are each af most. It + 1 , not neoeBsarlly .equal to', k + 1 . I* 

■ 'vould therefor. M impoBeible t.e derive- t^m alon, and we can- 

■ not employ the flrBt principle., Similarly in 9, «e kn^^^ f ^nd 

. ■ : . e are at most k , not that they are necessarily equal to K . So, we need 
:■ - ^ -to -be ahle to refer to .A^ for b < k to: jiiBt , 

'■ in the na«t three jro^l^^^^^ for the. sum, and then ' _ 

prove W mathematldal induction- that you are a 

■1 ■ ■ 1 -I ' 1 " 

. U.. + fTf + * n(n + 1} 





To dlBGDvar the 


formula 


for the eunij 




in suQeessiori* 










h 


1.2 2-3 








3 ; 3 • ^ 












% = 


3 + ^ 




So ve piesfl^^ 


'! :■ ^ti .J 
i; '^ h' -^' i 





1 = 1 



.1^1 E*'-'" 
■=1*1 3 

■a 

' 5. 



For the proof foUdw the pattorn of 2, ' ;V. ;.; ■ . . . 

no i3 + p3 ^,.,3 + • + . (Hint: COTpare the s^ma you get here with ' 
L4L«^3-U A3Si m the text, or, alternatively, assume that the 
• required result la a polynomial of degree h .) . 



.... .-3... ....... T, 

a, = ^fi + u3 - 100 - 10'^ - (1 + 2 + 3 + 





l3 = 


< 1 




.l2 


% = 


...1 + 




-■.9 ... 


■=,3'" . 




: 9 + 


33 


- 36- 


- 6^ 


= 


36 + 


U3 


■ 100 


- 10'^ 



vX^^X- s, = .1 -.9 ...'-..3^ - (1 -2): 

■m\\.v.. q _ g + ^3 . 36, ,6- _ (1 + 2 + 3) 
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Wte^^iess thtrtfort ^ (l + 2 # 3'+ + n)" . pr^l this / . 



. dlraetajr ty inductloh'is quite messy (ti^ It), but if we remember frrai,' i..'vi'>' 
' Hu^er- 1 that 1 + g +. 3 . . . + n = K» ^ ', wo get a foimula much 



1 . - 2 2 



T 

Nov we follow tha pattern of 2. 
. Initial Step . 1^^ A-'^'^) 1 * 



gequantlal Step. =\ Assume A- \ l^ + 2^ + + j M^.^ ^)_~ 
= — / — ^ — . \ k " p^- h, ' 

Ada* (k +. l)n to both '81368, getting the following f 



l3+,.23 + ... + k3 + (k + 1)3 = Lil+iL + (k + 1)3 

.y>': ^ . • ■ # I - ^ ..... . .. 



which li A. _ , '.'^^S i'" 



This completes the proof* ' ' ' ^ 

13. 1 * 2 + 2'^^ 3 + 3 ' ^ + jt- n(n + l) . (Hint* ' G^are this with. ^ ' 

Exainple A5Jp.g in the tpxt*) ' . - 1^ / ^ \ / ' ^: 

To guess the m\m we write down ig succession . the= foliQwipgi v 

^ ^ ' S^' - 1 • 2 , ' ^ 2 . - ^ . n / 

. ..^t ' ^ 2 + 2 * 3 - 8 . ■ ^ > ^ ■ 

' '/'Thil'dbes not seem to hel getting ug very far. ^^We try anothri* approaofci^^^^^ 
= If you have worked Exampie A3-lg (and remember It) try wltlng S s in" '^- 
this Jfashlonj . 



kkO 
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s 



s^. & + a ' 3 + 3 • + ti.; + n(n + 1) . .'r ■= ^ 
1 1(1 + 1) + 2(2 + 1) + 3(3 + 1) + ^ 
e 1? + 1 +2^ + 2 + 3 + 3 + ... + +.n 



^ .+ 2^ + + ... + 1^):+ (1 + 2 + 3 + ;... + n) ^ 

= — ^ Z f ' ^ ^ 

nfn 4. iKn + 2) _ . 

Another way pf gueaelng this formula would be to k^B^^, aa In Example 
A3-1B, that alnoe the general tem Un-' 'ie, luadratia, the formula 

and then let. taka.on the 'euccaasiva values. 1^, 2 , 3 i and k to 
datamina a / b > o v^and d . Thus, by iwcesiive subtraationa, 

.__._:..:,1.1.„, , 7... .^.7a . + + ^, ^1 ■ . . ^.... .^l 

8a + ltb.+ 20 + d ^ B; ( 1 

- ^ " .'-^^ ^^IjWa'-^ 5b + 0 ^ 12. 

" ■ ^ ^rtF " - / - > l8a + 2h^^- 

■ V. - ^ / 37a + ;T*- + c ^ 20^ '^''{^^.'^ 

X;6iia + i6b f^e^^^^ ^ ^0^ 

a = i , h -= 1 , d = 0 , 

an4 : . : 



1 - 



£ . - I S 2 2 nfn + l)(n + 2) 

n 3 , ^ 



13 2 
^ |n ^ + n 

- i 

The proof of the# roBUlts follows ths -pattern of 2 and 12. 
Prove for all pQeltive integers n , , 



if 



ChecH the Initial etep. ■ , 

Assume \ V and multiply .oth aides of the" resulting equation by tha - 
-apprbpriste factor, and . reduce to get A^^^ ^. ^ _ _ _ 



hkl 
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;■ '15. Proye thsit (i +. x)(l + x^)(l + x**) ...'(l + x- ) - - ~ ■ 



J : ... J^ollov.tht pattern pf/BQlut Ion lU. , ^ 

l6t prove .that n(n^ 5) is divisible by 6 for all integral n 

" Initial Step . 1(1 + 5) ^6 and this is divisible by 6 . ^ 
.Assume 1 k(k + 5) - 6p where p is a positive . integer - 
. Consider: . ' 



\ 



(k + l)^(k + 1)^> ^ ^ (k + 1)3 + 5(k +:;i) 



; • ^ k3 + 31^ + 3k +^1 + 5k + 5 ^ / 

^ (k^ + 3k) + (31^ + 3k) -t^-l +.5 i 

^ ' ^;;{ ' - k(k*'+ 5)' + 3k(jc + 1)^ + 6 , \ 

=ve know that/r.k(k" + 5) - 6p , and sihcQ k\ 4b a posit^Lva 
^integ^ either k :,qr,;^^. +.1. is an .eyeft integer. _ .ij;erefore..the:.stcond°.. 
t^ftUi divisible both by £ iby 3 , and- therefw'e ]&y^ -6/# . ^ Finally 
we I^i^^ 



arij-zthls finiihes the proof ^ glnea we know ^hat.the sum of 3^^ea positiye 
iiitegers is a ppaltlve integer, . ^ ; * ' ' 

-. • . " . " 

17* An^^ inf ihite straight line, separates 1;hf plane iiito two parts j two 
,/3SijBeriectlng straight ^Sines sepsrate- the plane into four pfertsj and 
>/three non-concurrent lines ^ of whlen no twb are > parallel/ separate the 
- plane into seyen. parts* Dateraine the number of parts Ipto.whidh the 
.plana is separated by n * straight lines of which no three meet in a 
/ single conniion. point and no two are paraljRj then prove your result. 
Can you obtain a 'more general result ,whe^^parmllelism permitted? 
If boncurrence is permitted? If both are pemltted? 

BothvOlir method of'gu^slrig the answer^ and our proof will be sequential. 
Let R be the number of regions into which the plane is divided by n 

lines of which no two are parallel, and, no ttoee are Qonaurrent. If we 

, %' ^ . - *Ji ■ . * -■ ' _ ■- . 

' . draw (n + l}=th line under thejsame conditions ^ it mist meet gll the 

other linee in, n new pointa of intersection. ,In crossing n lines It ; 

■j^must go t_hrough _n + 1 regions of the plane, dividing each region into^ ■ 

"^^^^"^^^^"^^^^ ^ - ' - ^ -^^^ - — B - ---^^ 

'two parts, thus adding n + 1 new regions. We conclude that ^ - 



R^' ^'^-^S':'; this is a 'recursive. deflnWion for^ * We hayei , 



R ^ (n + 1) + R„ . .. ■ ■ = 




--^-T^-r--^— 1 ±.^.^^__„._....^._.^,,.r.:_..u^,.„g j:.. _.- ............................. . 

'r':a^thig result can.."ba obtained directly from the recursion formula by 
■ a ftralghtforward inSuotion. . ■ .-s i " " ■ ' 

,.If p^W^ffliBin ii permitted, each pair of parallel- lines exi 
■R ' -bv ''1^ . since one = droeslng .is " eliminated . vtfhus if ' lines are . 

parallel, yoh Un piel| ' T^i ' P^^^^ °^ P^T^^?^^?:: ^^^^ and -there will 
^ "ba^'^his many fewer .regions ; . 



,f^y \ ' : - ...... ^ ^ ... ^ ^ ^ ^ _ 

.'For. example if tour lines are" drawn, three of which are parallel, there 
S^illJIae ^ ^ . , . ^ 

^- ' ^ ■ _ 1 1>^..2^^.8 regions, ] 

^Similarly, any line which concurs with an already existing iHtersection 
/ point reduces the total number of ihtei^ction points by one/ and the 
number of regions of the plane by ine. ■'^Again we must remember, as In 







nmkj p^, CfO 



n^^, c^O 
R^.10 ^ ^ 



n^i+, .p^, c-3 n-i4^> P^2| c-3 



the parallel case, that pairs. of extra concurrencies must all be counted. 
Thus if c lines, concur at one point - ^ 

n(n + 1) _ (e - l)(c - g) 



1 + 



o 
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' v^stll -m-^llLnf^ MOvides 'both e&^m of ^araUeliim .ana a oaie bf eoncu^rihGe, - 
' -It aiufit bi' s'pu&tad '©aah;way r^uelng tha number bf ragloni," as Is 

'sfeow^ In^the^^guri*' general' if thei;a are J families of parallel 
.''4^^^ea .y^-fck , --..'tr/p^ --^iMs ln each family md k faaniliee bf 



conetirVent lines -with' , j j c, lines in each family , we liave 



+ •■..+ 



'\ ■ L-^ :| !• " a — ' — +...+■ — J 

TYlb proef of thlB 1b too lengthy* for insBrilon.liBrB,' ^ ' . • ' 

Consider tha sequence of fractiong - ' ■ . - ^ 

1 I 3 7 17 : . -n 



."^ ■ V 1:^1 ^ 3 ■ IS * ^ fl ^ 



• i • 

n 



.inhere each fraction is obtained from the ^ preceding hy the rule 

. . :^ . ^ . ;n .*^n^l -n-1 



Lent,!^ lar^ej ^tne differenca- between ani 



*Show t^t for- suffdcii 

vf ^-ei^- he^ made as "smalO. as desired* ^ Show also ^that the appppximatlon 

to. VS"-. is Improved iat eacli successive stage of the sequenaei and that' " 
the eF,rQr alternates ~ in Mgn* ProVa also that . "and^ "are ; ■ 

relatively primes ' that > is ^the fraction ' ^ — . ie in < lowest' termd* ^ 



r ^ ^- ^ --^^ -^n 

Let the error -at the n^-th stage he denqted by e ^ - ■/2 # We may 

■ ^ ■■ ■ " ■ ■■ . ^ r ■ . . 

define the error < e ^ at the next stage recursively in tems of e 
n+l " n 



as |f ollo>^8 : 



p + 2q 



"n+l . p* >- q 

- n ^ ^ n 

' .P. 

.... ....^ 



P 



-a + 1 -H^, 
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6' +.2 + V2v 

e +.1 + Vf ' 
n , , ' 



e +1 A*^^ 



,^ ■' Slice ,1 -, S ''iB negfttiva, it follot^B that e^^^ ha| thB, opposite ^p . 
fr^.. e , and t^e ilgn alternataa If the aenorainator ks ^shown^ to^te , 

' ■ , siiitaneb\ri3jr^* ahd.^hat tli^ ■ ; ^ 

r '^enrbr can n*de as small ■ka aeslred ijy talt&g n .suffloientljf larger ' 

' . ' initial Stap . |l - ^j - ..W^V.. <| v v ' ^v^' . 

-j:/ Baquentlaa Step : Asima \%\/<^^ the ^ dendhiinator 'of , ^ 



. . . \ 

= W have — ' . " . '; ' = , . — ^ . " - " - ^ V *:^v 



We„alBO Mve _ ^ .- ^ ^- ^ ^ 2 * ° . ^ , ' , ' ■; 

it foUidvr^m tha recurslY#*63^eB^n.^ that ' ,^ ' " , „: "'::•'/ ;' 

To prove' that. -Pj^. and have no comijion faci^'other' than^ l^P wa npte 

' that ^ . ' . ; . ^. .^V 

We theri/iaaeon Inductively as/ollo^s: - ' . k.. . \ - ^, 

■ '.. ^^l^r, ■ V^ -- ' - ; ■, :y ■ ■ ■ ' : 

InltlaJ. Step . The only ooimnon faotoi' of : p^, and of -q^ is, 1 . . . • 

^ 'Bea^^^S^/' AsiW Pj^' and ^ ■ have^nQ comon factor otter: than , ... ... 

1 Tf and q ^ had such a common factor, then, ^ the above , 

• . Pk^4 %+l . ^ V ^ 

fgrmula it w^^^ haye'.to he' a cbmon I'actor of p^^^pd q^^ , ^ 

GontradictlDnsV,""' . . . " ^e^^ ■ " \ 



19* Let p be any pol^omlal of degree m .. Lei ^(u) jenuic ^imi 
(1) . 



q(n) ^ p(l) + D(a) + p(:i) ^. 
Prove that thfee is a polynumial 'q of d#^i"e 



se Hi 



Inltialg f Ste^» We obaerve that ii 
c is a constant and we ha ^6 



(1) p(l) ^ p(d) 



Sequential £3 1 ep , 

p of degree Iso^ 11. 



(i) 



su /, I. 



Furthermore "dk expression^ia braces reduces by successive additions and 
subtractions to + l) - 1^*^ , and we obtain th^esired polytiomial , 



N©v we prove (3) • 



I nitial Step . If 
of Is 0 5 

e quen 1 1 al B t etf^i 



.p(l) + - ^ i^U^ 



k 0 i A ♦ i )^ 



^ and Liie ae^^it^e 



Let the functiuii fUw 4^-' 
Initial Step , fu) ^ j * 

Sequent lal, St^^ . r(n + 1) - / 

In ^particular, iiave x(j) 
Similarly^ gin) d^rinfed l 

aitiai step * .'^y.) ^ ^ . * 

Sequential Stg^ . ^(a * n ^ 
Find the minlmuBi .al\i^ u. t i 



11 t.4i^IJ^ 



lie I s 



ff2) > . 



0 



21, ^ Prove for all natiiral num'bers 



2°^ 



is . an integer . 
n-1 n=l n-' 



- y 



Let F 



Initial at££ 



\ 



A3- 2a 
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1, 'Prove 



Th© linearity euiiaiia l i i , ' 't 

tiva properties of real nvL^.tae^ a tiiid ro.ii..^^ ii, / i. i.^ i ^. ^ u^au 
tion* 

a. Write each of the luiiwvw.*^ . a, . ^ 

5 

(a) 



j u 

■ 1, 

■ L . 



r=0 



• A3-2a 
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3* Wiich of t>ie followlhg. Btatements ar€ true and which are false? Justify 
your conoluslonsl = 

10 

(af 2 k ^ 1 *k ^ 2B 
n 

y ilo) ^^'^ ^ kin m ^ 1) 

10 y 
(a) ^ K- - 10^ 

1000 iuwu 

. . . (d) ^ . , . 2] 

k^l 

n 

E^^ 2, 



10 



(1:) 



1 

k=0 

1. 

k-0 



k^O 



J-' 



A3- 2a 
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(fr) ^ale^^^ ^ i+ - 8 * 1^ - 32 

(b) True 

10 ^ I 

(c) Falsei ^ - 10" * ^ k"' ^ 

(d) True 

(e) True 

(f) False; unless h 

(g) False; unleiK k - u 

(h) True; li 

( 1 ) True j Hi h t&KE . i k 

(J) i-rue. .. ^ 2. 

k^O k^u 



mm 

is ^ 



BuMiylde tha int#rv|J^ [0,1] into n equal parts « In each iubinterval 

' - 2 

oMain upper and lower bounds for x~ , Using glgma notation, use theee^ 

upper and lower "bounds to obtain expressions for upper and lower estimaibes 

of the area under the curve y ^ x on [o^l] ^ If you can evaluate 
thfse sums without reading elsewhere^ du so. 



n-1 < u -l 



Lower sum ^ ^ i (|"^ . ^ ^ 



iii . llitilitti = Li 

^ 3 



k-0 



Upper sum 



n n 



k^l 



(a) Write Out uhe bu4.. i . ..it , , i uluueiic piogression 

with firBL tenn ^ nd omiiiuw i ir^U'-. . . Express tne same suin 
^ in ilgna notatluii. 



. >a) ? (a + 6d) 



teitaB of I , 
rafelu 1' 



i f . I . ( lt.r a a..d G ^uimpn ■ 



ERIC 



A3- 2 a 



(h) Give an extmplo of a function g (Blmllar to that in (a)) such that 



g(n) B 1 , n = 1 , 2 , 



g(n) = 1 _ (n ' l)(n ^ a)(» ■ ^ 

10 ! 



8. Write each of the rolluHJn^ j, 



1+ / 3 
n^l ^ r^l 



1} 



n^l 



iii: 



1-0 



1. )^ 



A3-S a 



2 3_ ' 

Evaluate : 

m, n 

i^l J-1 ^ 

m n_ 

1=1 j=l 



1^1 ^J=l -4 



i.i 



9 
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A3- 2a 



ERIC 



Nov use (^) and (c) j to give' 
' m n 



1^1 3^1 ' 



m n ' (m - l)(m)tm 1 jj 



10. (a) Show that ^^^^^ ^ ^/^ k > u , i , 



1 1 _ k - (k - i) i . . i 

k ^ 1 " k ' (k - l)k Kik - I) ' 



lOOO 
k-2 



1000 



k^2 



.4 JOw iOOO 



Tn general, Z . k(k ^ 



11. I£- ^t...) ^ 



i- 



i ■ 



1^1 



A3- 2 a 



(b) n ^^f(l) 



n_ 

(c) . ^f(i) 



i^l 



f(m) ^ I , m > 1 



(d) an^ + bTi c - ^ ^ 



= ( 1 ; 



1=1 



A3 



(b) ( 



f^s ^ _n.'_ - 
^0^ nlOt nl • 1 

^n- Oinl 
J. i,* ^* _ 

riui 1 )'.("-( 11 . r)) 



r 



r4 r 



In 



:"r]T(r'^in' ' CrT^Ur + 1) 



r+1 




li5, Ivaltfate? the following sums. , 



SiilCe (i » A; 



(°) ip 



2, 



If 



2, 



I, 














































n - ' 


= 2* 





^ 2 



2/ for X ^ 0 , 1 ^-i j.^,. i^^s/n 'by i^mber 15 and thus 



satiif isi our requirement a • 

HI).. 




Solutloria ffixer claee ^3-2b 



1, Write the foliowini sums in telescoping fornij i.e.', itigthe form 



V [u(k) .= u(k = I))", 



11 

fa) ^ k(k + 1) 

'.-,k«i, : 
M k(5k - 1) 



and evaluate 



n 



(f) 



E l 
k(k l)(k + 2)- 

k^l 



'0^ 2 k(k + l)(k + 2]J 



-k-l 



, k^i, 

■(h) 



k ' ki 



#1 - - ^ ^ ■ ^ ^_ ,J.^M^ — i^-A=^ - -, - ' ... — : ....... .. . . ^ 

(b) k(2k - 1) = ak(k + i) - 3k . JJBlni (a) 3k = f CH(k.+ l) - (k - 



the sum ii ^— ^— — j • 2 



(o) 8k(2k + 1) = itk(k + 1) - 2k i Uiing (a) and (b) , the^aum la 

U H«e; u(k) ,;kfk .l)(k|-a)(k.3) 1^ . . ^ ^ 

ntn + l)Cn fa)Cn + 3) f " ' ■ ' F 

4. ^^^^ ■ - . . - 

.' (>'' ■ , 

lal^rrk(^' + ^aHk^'+ 31t(k + ir="k mence ' ' 

' ^ _ kfv -^llfk + 2)(k 4- 3) . -^kfk + l)(k +.2) ^ k(k^+ 1)^ 

and the sum is 



f rffh.^ lUhH- 2)(n + 3) . „(n | i)(n +2) - 

1 



n WkV »- - ■ - — "-WT and tlie pum 1 
(f) H^re,.,^^|= alk + l)lk + 'd) 



{g). H^re>-u(k) = (H + and lihs atm is (n'+ l)l - 1 

* ^ ' ..k+1 " * 



(h) Here, u(k) = J 



r - 1 



n+1 

and thb s\im is j, j ^' ; j r f J- 



2. ■UBlng ^ (u(k) - u(k = 1)) = u(n) - u(fi) , «Btahllah a short dictionary 
of Bwmition formulae by considering the '''f oiloving funatlopB u : 

. (b) The r'ebfti'ocal of- (a) . ' • * 

. (d) kr^ : . ^ . . . " '.. ' 

(e) k^r^ ■ ■ ■ . ■ 

" Jf) ki . ^ : . ■ . 

(S) (kO- • . ■ ' 

_^ (h) arctan k ' ' K 

■ -(1) k sA-k^ ' ^ , ' ffl . « • 

' ^ . . , ' . "+^1' ' , ' _ . . • . , , 

J. ■ • ^ . ^ A t _ 



,. ■' v(a);/;:(B ■!■ l)d.y^fo + kd)(* +^ + 1^^ .r. Ja^H^ .(k,+ 



^ (a + nd)(a + (n + l)d)*.i(a^^ (n^^^ p) + pd) / ' ^ 

(b) . (p + i)d2^ (fa 4- (k^ ; . 

' = (a(a + d),...(a t pfl))"^ t {(a I nd) (a + (n + l)d) . . . (a + (k+ p)a) ]'^/; 



k-1 n(r ^ l)r" - ^^riM^jJ^r 



kr 



k^L 



k^l 



(e) (r ' 1) y r\ a n r + r 

. (Now use (c). and (d)) 
. n 

(f) ^ (k 1) ^ IT^'l 

k^ ' \ 



kr 



k-1 



^|g) , ^(k^ ^ l)((k ^1)1 



3^ ^ (nir I 



k-1 



arctan 



s arctan ri 



_k-l. 
1^ 



k- - k + 1 



(1) ftin l) ^ 

(Now use Iquation 8) 



k cos(k - 1=) ^ n sin 





sin(k - 1^ 



ERIC 



k&2 



4 (do 



3* /Bimpll-fyi 



Since 



.. sin X. Wsln Bx 4- *#v + slti((2n l)xV 
cos X 4^. cos . 3x + ... + cos((2n -.l)x) 



E . ,„ :,s Bi n xn sin xn -■ . .•„' 



by letting a ^ -Sx b - I- ^ and 



2 

QB xn aln xn . 
by letting a' ^ 2x , b ^ 0 , 



WlienQ%> 



;' '^-cQe-x(ak '- 1): - ~ 'SB 

n 

Bin K(2k - l) 



^il- -. - ■- ^ tan xn , 

n ' . - 

.V 'J^eos x(2k = 1) ■ * : 

;U. AnDth^r method for swrnlng 2 P(k) (P - a polynomial) can %e obtained ^ 

'by uiing a epaodal caee of Number 2a, i*e., ^ ^ ' ^ 

• n^ * . . 

EHk 4, l)(k)(k - l)...(k - r + 1) - (k)(k J l)(k ^^a),.,(l| - r)it 

. . . ^ . e. . ^ . . 

. . fn 4^ l)(n)(n.^ l)...(n ^ r +a) * ^ 

or * - . = 

V^ w. \^ (n ^ l^n)(n ■ 4)..!(n - r + l) * * 

2^k(k ^ l)...(k - r + 1) - 0r + 1 ^ 

. oSit.-^- ■ - ^ ■ ^ ^ M . C_ 

First, We Bhow#''how to represent any polynomial P(k) of r-th aegree 
In the form - i • > • a , \ ■ 

(1) P(k) ^ ^ a^k;^ ^-ir^ ^ . rl ^ "/ ' ■ 

If k = a , then = P(o) i if k- = I , then = Fil) - P(0) I if 
, k = 2* , then Sg - P(2) - 2 P(l) + P(d)tk general* It can he shown |3 
that ■ " 



W3 



Birice both sides of (l). are polynomlale o^'degree r and :| i) . is:; sail^^^ 
for mm 0 f-lr y , .ff it Mat Be , an. Identity . 



Now sum 



a^(n + l)(n) 



(n * l>(n)(n •.|a):,,..(n - r + l) ' ^ ' 



+ ■ *. + 



'5, Using Problom find the following' sums: 



k = Bq + Sj^k + 



where a'^ ■ 0- , a^^ = 1" - 0 I > 



a„ = 2 - 2(1) +0=2 5' Thus, k - k + k(k - l) and * 

2 , , ■ - » . , ,-. .■ ■ . 

, k- = + + l)(n) (n - ^ / o(n + (a» 3-) 



k=l 



' 3 
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n \ 

'hi 



V ^ ^ a^k(k'^l) a_k(k - l)(k - 2) ^ 

- + a k + - - +^ ^ ■ ^a.^\.«K1.J -C 



3 - 2(1) - 6 ; a3 . 3— 3(8) + 3(l) = 6 . •'^^^^^^m^^? 




» 1 , flg - 2 

k + 3k(k - 1) + k(k l) (k - S) ( compare wlth^imtt^r-l^|.v^. -^^^^ 
and ' ■ -^^F- .^ u 

n 

k^ 

k^l 



3 _' (n + l)n ^ 3(n + l)(njin - l) , (n + 



n^(n> 1) 




464 



4 U. 



Qur proof %s "pf mffthematlcal induction. Aseume that 



.'\'^hat '^W;j^i^s^^^ for" n - m" . -This la. 



(for-.thejyailites-^^^^^^^^ n.B-l':,' 2 j-^".- /'m .■/this 



(J - 



r 



ilpw \^at k j ■ ;\{i^l||^e:h^ x ; 

Natlng^l^h^^'" * ^ 'H)^ / and Interchanging ordar of eummdltionj 



_■ :i4"-..*'-v - ■ ■ - - - - . jmi . . . - 

.4i ^^^^ . Nq^^^I^'^ ^ J i + r , which reduces, the. last aiimmation to 

...... . .... 



r=0 



1 if 1 = m 



(s^'d fficarcises A3 -2a, No, IJb). 



4 7. 
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.J 



Finally, " P(i5^^vhich vas to ^be ehown. . 

Slricf. □ur,,inductiva. hypothesis (a). is valid for n - 0 , it is 



valid for^?all n . 



(h) Stow^.that la zero f or m > r . ^ , . 

' Suppose jJBntefl equfttion f'( x) = «#qC q) +» ajto^ + * .*m^m' 
. (wb« n , Is anyjiwi^ to aatisf led f or x = Q , 1 , ^ * 

■ . . . / m" ifhere F(x) la s6me gJA^en fun^lon. By setting ' x = 0 , - 
1.^ 2 J ... V » in' turn the a^'s will have to Batlsfy. . 

1 ^ -mJ-^ , 



F(l) s BqCJ) -Ha^C^) , 



It foiloVB (from •algBbra) that this Bystein of (m.+ ;i) linear 
equations In (m + l) unknwns has a unique Bolutlon f or all 

our inductive. argument in part- (a),^h8 Bolutlon is g4ven as , . 

= F(n)(|) ^ F(n ^DCj) + . . . (-l)/^(0)(^) . ^ 

for n = 0 , 1 , 2 , ... J m . ' • 

If ve now choOBe F(x) to he tha polynomial P(x)^ of 'degree r ' 
m part, (a), than P(x) li identical to , 

(from "PrDblem 1^), It then follovs that 

' VanlBhee for .X 0^ 1 . 2 . ' ' ' V m . If a pDlynomlri of degree ^ 
■ m^^ vafilehes for m ^ 1 different- values, it mait. identlffaliy vanieh^^^l^ 
Therefore/ " ' ' / ' 'f; 

r+1 -r+S m ^ ^ 

for all m > r , ^ ' 



47i 



EKLC 



• • ■ . ■ 

. • . ' i . ^ ■ i Solutions Bcerclseg . ■ ^ . ! 

'.1, 18 the .c»»tlnulty of > iesentlaa to tha hypotheBls of ' th, a,urideto„B ; ; 

YeS, . Consider 



X 

P .. X = Q 



on [0,1] 



2. Can a SlBaontlnuoue . ftmctlor, vhose pAma^ a closed Interval be bounded? / 

. »s. Cbneldar X— ^] on 40,1] i-* [nx] . 

ii Do Numtei-B l ana 2 .^imt to' the sBine question? r^'^^v::: ' 

: . NO. taber 1 tfis, 1. the BoundetaesB Theorem true If we drop th^ hypothe- 
sis of oontlnu^ty? 4hile Number 2 asks,; Is continuity necessary for . , 
"bouiidedneBB? * 

: 1,. can a nbnconsttfrt function whose a«maln^.';|^ set of real numbers he 
bounded? ^ 

.. ^ ' 2 

Bin X or X — ^ 



Thsj e.g.. X- ^ ^ 



5 . Glvrf m example of a monotone function on [0,1] ' with exactly n points 
of discontinuity. 



A 6. can a monotone function on [0,1] have infinitely many points of dlscon- 
- ■ tinultyl , Justify your answer. ' ^ \ . 



YeBj e.g. 



. X / 0 



q-'.:Si?;.x - 0 



V 



4 75 



?■ (a) Gi ve ^e xaa^l^ of m bounA/ed function f defined on [Ojl] 



^f^r 0 < X < 1 , 
y f or X m 0 , 1 V 




(t) Repeat (^) with the extra oonditlon that -f- have ^ iiiverfi 



X + 1 f^r X i , n 



for K m ^ 

n ^ 

for x^ 0. » 



a poBitl\^ Integerj 



2- 



(Domains % < x < 1 , ) 




8,^ Give. M example of a function, f defined in the Interval [0,1] eueh 
^ that* 

f ; has*' neither m upper .or loiter houndr" : ! ^ 



tanCx + .g)jt ., for 0 < x < 1 , 
0 ' for X = "O j 1 , 



X 



I 



for 0 < X < 1 ^ 
for X ^ 0 J 1 . 



(.b) f . ..haa a lO'wer bound but no upper bound* 



- for 0 < X < 1 , 
0 for X ^ 0 . 



or 0 ^ X <^ , 
- 2 ' 



for ^3 3t < 1 



(c) f aehlgveg the upper mia lower bounds m infinite number of tlmea, 
(For thiB-'caBe give a function that is not constant, in any Interval,) 



EKLC 




4r 
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^-1 ^ 

-< . v.. • 



9. 'Show that any. function f eatlsfylng. Number 8(c) cannot be continuous In ' 
. the entire iQterval. ■ , . , , • ; •. I 

" ■- Sudee'ssively' aivide the Interval into^alves; and in' eadti" caeg' ehS'oBe one, 
' haU IntervAl in' *ich the.runction asBUmes its upper -and lo^r tpunds 

(M and m) . infinitely of fan. ^ the Nented Interval' Proper# we obtain 
';^ V a number s with the property that in every nelshborhood ,.ot b , f 

assumes' the , values - M aid m . But this is Ineosslble at 4 'point of 
; eontiriuify. unle^ M = m , , ■ ' j , . 

'■ \ ■ ^ ' • ■ ■■ ' ' ' ' ■ ■ ^ _ ■ ■ ' ■ . ■ ' 
10 Give an 'example of a function f defined on [0,1] such" that ' f takes: ' ' 
-^'-~"6n eye^^ -1' once and only once- but.iiB .aiscqntlnuouB „ „. 

• . for all - ,x, , , ' . ' , 



X for X Irrational 

i * E for X ■ E , rational, 
•i q • q 



. Is. discontinuous at all polnto but x *= i .To rid ourselveB of this , 
point of contlriulty ve only need to intercjhange two valuesj e.g., sot- 



■f(p) = |. Wd f(|) =. 1 . So ' 





for 


X 




I for 


X 


r 


1 

for 


X 








. for 


X 



for X irrational ^ . ■ . - 

V * " 1 

E rational, 5^ 0 , -g , 



1 
g 



Buf fleas; 



n Show that a function which is increasing in some neiihborhood of each, 
• point of an Interval ,,(a,b) 'is m incre^Bj.ns funotlon in (a,b;. _ 
■ (Note- me text problem using the concept inereasing at a p^nt is , 
.-...,™,.Out of^jlace. ...It.i Biven in Ejcerclses A7-2. } 

■—--■CBMtaer^the-ser A of polntB In (a,b)- - such that:- i:. is jncMMing - 
'in (a,a) . Call 5 the least upper 'tound of A . Then f or p > a , 

f ' Is' not increaalng in (a,g) . ■» • ■; 

— - - — 

■ We are given that f is inoreaaing In a nelghborhoo»f a If a < b . 
Thtrefore, for some h , f is inereasing in (5 - h,a + h) . Hence, f 
' Is increasing in ,(a,S + h)^ But this raeans that a + h Is in A:y " ■ . 



■while a le an upper 'bouna of A_. Sa_a ai.b„aoa.^j: ia-lacreaBiag^b— 

.(.a,b) . ■ t ^ , . . 1 

A function 0 is said to be weakly InQraaali^ Von the rlgHt" in a'rtalgh- 
torhood .of a if ^ixY > 0(a) for all x In th# neighborhood satisfying 



(a) Show that if 0 is oontlnUQus and weakly increasing on the right of 
allrpoints in (h^e) ^ then 0 _le weakly Incre as Ij^ (b^c) • 



If 0 Is riot weakly increasing on, (a,b) j there exist joints \ 
Xg i (a^b) 'such that ^^^g ' ^^^1^ > 0ix^) Since ^ is 

, continuc^e^ it has a toaxlmum t| .on^ [x^^ Xg] , Let | ^ 
|up pc v^^^^ri , k ii r^^.Xg]} . % continuity, ;0(y ^ t] 
Nov 0(Xg) is not the m«limim since ^ 0(Xg) < 0(x^)j conaaqufentlyy 

f t- .~&±m^- X > i in some naighboi^OjQdr of — 

I >, "tbe^ condEitlon that 0 1s everywhere 'increasing on the" right is" 
contradicted at k = | , ^/ 
..... .. ^ ■ ^ .^t ■■ ' ^ ' ■ " - 

■ ' V \^ ■ -. ' - : N - ^ ^ 

(b) Show by^^a counter-^txample that (a) does not neoessarily hold if ^ 0 
^ . is discontinuous X^^J ^ ^ ' ^ . . . 

• , * , ■ - ■ ■ ' ■ - . ' * , 

— . ' , P ' , for X « [0,1] 

'fx - 1, for X f [1,2] , . ^1 ^- 

A j'unatlon ha^ the proEierty that for each point of Bn interval where it^ls 
defined, there is a neighborhood in which the' function is bqimdad.. Show 
that the functj-on is founded over: the. whole in-^erv'al. (feiis .ls^an exan^le^ 
where a local property implies ^a global one. It is clear that the global 
.property here implies the. local one/) . 

^Imt I . bo'^'thartnterval for -ilfrich ■ f is locally ■bounded ^iiid lat"^ - bl mdr 
b be the^respective^left^ahd right endpolnte of I (nq .lm5).leation\ ^at 
I is either open or ^closed) . Let ^ be t^e set ^of^polnts consistii^ pf ^ 
the pQlnt a and. -those points a of I for '^which ^f(x) is bo\mde4 oh 
the,,Intarva3^^^-^ xn^Cx 1 x < a), » ^Take^^^. m mp A- * If^a >a-/f- 
then f canr^ot .be bounded on . ^ ^If 5 - , %hJn f ^ boun^d on^ 
I , if 3 < b , then*" f is bounde^ on a neigKborhood^f ,5 . f of lows? 



jthat f is. bounded on -the union of Ar ^d this neigmprhood, contradict- 
ing that there; is no intei^al 'I with, a >'3 f ©r wfiich f is^bounc3^d. 



ft 



/ ; unboi^aad im the neighlDorhood of ^very point of the' interval. (Sugge^tio|i, 



- '• • ^- = • ■ f 0 / if " X.' ;is-.lrratlona4y • 

' . . . Iq ^ if X irrational and x - ^ in 
■■ lowest terms.. ' v . 



" .-: ^ ' . ' ' , ^olutlond BxeyeleeB . AU-g -. 

Can a diocontinuouB function havi the ■Intermeaia/e Vulum Property? Give 



Yesj 



X - X 



A 2. 



Let the^'function f be the derivative of a function g \ Prove that " f 
hag tiie Intfrmaaiata Value ^operty. ^ ^ ^ 



Let \M - 



g(k + h) - g(x) 



h 



"between and p Let 



^ . Let Ub) ^ a and f(b). - p , Take ^ 
e^= i ndnClr - If - P^l) • TheTi we am 



find 5^ , 5^ . so k^t >^Ca)- < e " ' if ^^"0 < h < &^ , and^.^ 

Take h'^ less thari both 5 



>^(b =^.h) < € if 0 < h < 6. 

Than ■ r between r^U) . and r-^(b) 



,^ and 



But "i^ continubuB and 



hence ;has the Intermediate Vklve ^operty. /^toufe fo?: some x' between . a^ 
md- b r (x) - r ^ But then, by; the bw of^ th^^an there le^ a point^^ 



'hetwaen x and x.+ h for. -^ich f(i)- g'(!) 



.• Oiveri the;ha]^=oircle y ~ ^TT? can b'fe ehoTO that chords perami 

Mo'ihe x-axlB Of, .length , | exist where.- > Is any positlye .integer. ^ 

: This result can be ganeralized to W^oontlnuous finction taking on the / 
■VBlue' 0 at . 0 and 1 . Chords which intj^sact the, curve, or. lie - 
entirely outside the curve, or coiacitre ,with the curve are permtted. 
'bve '.''tlid.s, ■' ,«» . . ■ . ■ , ■ ' 



^Ehe problem may he' stated analytically" as followB . '^i-oye that if - f. is 
^^coiSm:ouron^;iO,l] and frof^ f(I) =.0 ,;^^her for eacr positive Integer-^ 
'n ve^anfindan x in . [0,1]. such that f (,) , + . The functibn 
^^(x) = f(x + i)^^Cx) ■aefiffedon.[0,l-i] is ^ntlnuouB:., It is . 

lmpoisl^le-.th^t 'sCx) % 0 for x in ro,.l = -].- , since If it.were, then 

f (4) = £(|). + +« 



+ aCl - i) > 0 which oontradicts f(lj 



- 1 • ehw that thi Veiei^st-rass- f ^ctiofi^ la . not Tninotone in .any , Interval . 



chojOie fi --^ large enough ao-^that we omn 



; Giyen any Iritewal 
-find ^TO^^^^i A ' in I ' . Then "by the conatruct'lon of f ^ 

3 3_.^- -3. . 3 ^ . 3 3- T - - - - 



' : roriotone , .on I 




■■ ■i- 



♦ 



hl-h 
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" , Teacher' s Oonanentar^ ^ 



Appendix fV • . ^ . 
TOGTIOTS OTD TI^IB. SlEiyATlVES 



: : ■ 'Wherv w speak'-'about a metlon, i' R, , of ' two vari|files we wouia Be /more 

' - ■ ■ t 

: eorislBteat If W8, . wrote 

■ ' ■ • ■ >■ .• — ^ • ~ — -"-^ — .■ — — ' — T-^': — — 

, ' ■ ' (x,y)'—^r((x,y) )'.■,. ■ ^ - 

■ Having Bald this:, we .cW.af forfl/'^he ' oonvanle^nqe^ the lloppler riotatlon ' 

.^/ilnce'a llneK; B-nffciir^^^ a,;,conslBts of^aalpolnt^ x . ^whosi '/ 

' disti to a is'le^B than , It miiht Beem.tnora na^l Ao define a planBr 
fi-ne-Qhbdrhood. . (a,b) : feVon^Bt of ^ (x ,y) Buc^||t / 

: ■.since every .square neighborhood' oontalns a- o^fear nBJ,ihborhoQd and vice 

versa, the two notlonB' are equivalent. For ' ou^rposei/ It has heen more 
"'oonvanlent .to work with' square neighborftoodB/ . ^ ■ ^ ^ ^ 



1. i Find .aond^^^^^S for which the equations 

" ^ ^ ' a^t + t^x + -^c^y + ^ 0 



< 



detarmine x and. y as functions of t 



J 



■ f 



Frbm the two equations' we easily obtain 

U) 

and 

(11) 

Hence, if , . b 




1- Vs ^-° ' 



find 



y = 



2*"^ CQnli'der llnaaE Approximations to F. and G y then Kum"bet 1 to 
I T gengralize ^aorem AJb'to. the situation Fi%jX^y) ^ G(tjXjy) ^ 



f ' - Su^pse . g^tQix^^y ^) .= 0 a ,0(t ^jX^,y ^) ' J ana BupgoBg th at P^anj (?:■ ■ - 
■^"S ..iavifrepresrtitatlonB'^ • ■.■ , ■ ,■ ' 

+ {'t -,to)e^(t,x,y) + (^^ '.,^Q)eg(t,5c,y) " ' ■• ' \. . 

G(t,^,y)^ a^Ct - t^) ; bg(x^= Xq) ^ Cg(y ^ y^) _ / 

:+ jt r tQ)e^(t,x,y)--t. (x ^ XQ)€g(t^x,l*) = ^ 



vhere 



( 



lim^ e (t^x.y) > 0 , i ^ 1 /'g 6 

iX**^* .- : 



Then If h^c^ b^c^ / 0 ^ ^ imlque functions t — f (t) / t4— *g(t). ^are^. 
Jeter^lined suclj that ^ ^ " . ' \, 



(ill), 



Fft,f(t),B(t)) b G(t,f(t),g(t)) ■ 0., 



^ ; TJiie method can he generalised to 



^ ' ffiere^ urider appropriaf^ eohdltions, (l) uniquely determine s ^ «• • *i 
V a§ fun,Ctiori& of ^ . * . , x . » The theorem ^escriMng this altuation is 
<• callel' -thi Impiicit FunctloS^ Theorem and is discussed in idvanced texts* 



ERIC 



';'f;;?tbve'that"th&."iEpiidw^ -eiwitiorte ~uiia'qiae:3j defln^^ - y as'; ah inipll.clt. ! .! 
', ftyictlon of x' near th^"i|oi;^ts,lri^lca-tie|d. ■, (Note: Bio ^ordlng', .Qf the; • _ : , 
•';:!p¥Qbleni.'hai;.been, Bll^htdy,; (jhafagfd .from.lthftt ;in,.tiie; text-. ) I ., ■ , •, , ' ■ 



.. 1 :. 



^ 0' (x)'.' fdW^4li-'^l-;^ hence Gton'tiinubus,5,;&ic3.^s|^i(^ ^ 

' y i 0 . 'Alt' ^ {i) : ar^' Boiynomlala'-in !: ,hfence Gohtlnuous So *:F(x'^y) / ' 

■■ '- 'I' ^ '.'-'1 !." ■ ■;■ • i -l ' ■■ ■ ; .'- '.'4! "-^^ 

■-at Xi^ 0]l ■ meet g/, 'the ■cQJidlt ions of Impllaif j^ct ion 'Thec^rjemi- ' 



■ if^(x>. ^e pqa^oirtals^vln; and y-^ .raspectiyely.y ^^S-- 



' , ) . 0|'(y)'< 0. for yf. < i . . ' 
Since 0.' is oontlnuoue, 0 ' <y) > 0 or 0,' (y) < 0 in some 

■Wlghborhood'' of : all point e such that ' y".^i ■ Therefore, ^ U 
monbtone^n a^nkghhorhooa of each if ' thesepMnts. Siiice. 



' ' -^f)^ i 1 ^ areVinished. ; ^ .. ' f " 

(c) F(k^#.) ^ X cos'^QT ^ 0 , x^; 

--T^^ -^(^yY Y QQB ty V f con^lfmous Yiinction of - y^^fOT -eJ.l -;|^- , = .^ 
.0-'(y)^ it^Bln ly .. . For |; close to 1 , y close to |/^ 



sin fy > 0 andy 0^(y) < 0 . . Then 0j'(y) is . ieoreaslng. in 



1^; 



' \, 'V « miw^ v#^|iave s}io%?n ^^hat^toie dbnditlQiiB, oJ.i^Phipre'm are met at 



■ f 



y^k, ' itn4 thfe'fli*Bt^anfl.'fecond».deriY&tlyee^ef ^He^ ift^liclt functions dafi 
' t# (a)\ '(t))/ an'd ^(c) of W ^Hot^ai Th€. TOrding is sl±gl}tly d 
^ "ferratVW'.that 'in the tixt,)' . ' " ( - 



1 



''4 



x + 6\ 



(i) 3x- - 3xy' - 3y * 3y^y' y' =»2.-^ , 



it - y 



2x = xy" - y' = y' + y'^y '4 2y(y')-^ = 0 
' ., ^ Sx. - gy' + gy(y')- gx^y . + gxjt' + Sxy 



( c) X cos xys^s' 0 



^ '-^s.._We noM^tlipt tlie given equation li^ire.e.: :x - O. ■ 033 ^ ^coi = 0 . ;^^ 
COS xy ^..0 ^^^xy ^ = + mt ^ n an integer. Hence '1 



(ii)^xy?-+ y* + y* 2 J^y" ^ 



I' 




.^'kUi^ tb^/iam^' anaaV^ls as :±ii caij^det^^ :a ;piild\;e fuii^^ 

V ^ ^.il.^ ia pbeitiva to the-W^Cdf . 2 .^^ and negative to .the^left.;; . , 

^: : . i • , V--,.'' 

; Hance the ^u»€tion^hae 4: mjiiifti^vifc,. 2 — Thus In ; ara^;'naightaQyhqo^^ 



5/ i- 'Fp^ poBslble lijyara f\inotioh,# of f :;,'x— y y , show 'that ^ ■ 



2 . ' :/aysa- i 



f(x) \ 



Wfferaiitlatlng y = f (x) Vimpllaltly with respect to y. , we hkve 



\ 1 ^ f ^(k) 



ferantiating again' Ve obtain 



....v.. ^2 ....^A, ... ....... 



Hence J 



■dfx 



■f'(x) ■ : 

|2 



.l„«e and, f.(x)-M 

^ dx 



ay 



